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Abstract. In this paper, we investigate the existence, uniqueness and Ulam-Hyers stability
of solutions for nonlinear implicit fractional differential equations with boundary conditions
involving a y-Caputo fractional derivative. The obtained results for the proposed problem
are proved under a new approach and minimal assumptions on the function f. The analysis is
based upon the reduction of the problem considered to the equivalent integral equation, while
some fixed point theorems of Banach and Schauder and generalized Gronwall inequality are
employed to obtain our results for the problem at hand. Finally, the investigation is illustrated
by providing a suitable example.
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1. Introduction

Fractional calculus studies the differentiation and integration to fractional
order. It is considered as a generalization of classical calculus. The fractional
differential equations (FDEs) have become an emerging area of recent research in
science, engineering and mathematics [1-4]. So, in the literature, there are several
studies covering comparable topics to distinct operators such as [1,5-11] and the
references cited therein. The stability of functional equations was originally raised
by Ulam [12] and next by Hyers [13]. Thereafter, this kind of stability is called
the Ulam-Hyers stability. For some recent results of stability analysis by different
types of operators, we refer the reader to a series of papers [14—17], and the refer-
ences are given therein. Recently, Almeida in [18], presented a new type of fractional
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differentiation operator called the y-Caputo fractional operator and extended the
work of the Caputo [2,4].

This article is motivated by the importance of implicit classical differential equa-
tions f(t,u(t),u'(t),...,u" D (¢)) = 0, the implicit fractional differential equation
(IFDE) involving a Caputo fractional derivative of the form

‘Dx%u(t) = f(t,ult),  2%u(t)), t>a, (1)

and fractional differential equation (FDE) involving the y—Caputo fractional deriva-
tive of the form

“D%Vu(t) = f(t,u(t)), t € [a,b], )

under various (initial/boundary/nonlocal) conditions. The problem (1) has been dis-
cussed by many researchers, see [9,15,19-22], by the use of different fixed point tech-
niques. Very recently, the problem (2) has been studied by Almeida et al., in [23,24],
Vivek et al. [25], and Abdo et al. [26] under different conditions and techniques. For
instance, in [24], the authors investigated the existence and uniqueness of a solu-
tion of the initial value problem (IVP) for a nonlinear FDE involving the y—Caputo
fractional derivative

‘D Vu(t) = f(t,u(t), n—l<a<n, 3)

u(a) = ug, ugi](a):uk k=1,..n—1, 4)

a’

where “2%, " is the y-Caputo fractional derivative, u, ub € R, 1€ [a,b),ucC" a,b]
and f: [a,b] x R — R is a continuous function.

Motivated by the above works, we prove the existence, uniqueness, and Ulam-
-Hyers stability of the nonlinear implicit fractional differntial equation with boundary
conditions and y-Caputo fractional derivatives of the form

DeVu(t) = f(t,u(r).S 2,V u(t)), 1 € [a,b), (5)

a

(@) =uk, k=0,1,....,n—2; ul N (b) = up, (6)

where C@zﬁw is the w-Caputo fractional derivative of order n — 1 < a <n (n =
=lo]+1), f:[a,b] x Rx R —> R is given a continuous function, u*, u, are fixed
g a
reals (k=0,1,....n—2) and u € C"~![a, b] such that 2% " u exists and is continuous
a
in [a,b]. Also, we denote 1 = u,.
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2. Preliminaries

In this fragment, let us recall some basic definitions, lemmas, and results related
to the Caputo fractional derivative with respect to another function ( [2,18,24]) which
are used throughout this paper.

Definition 1 (y-Riemann-Liouville fractional operators [24]). Let o > 0, & an in-
tegrable function defined on finite or infinite interval [a,b] and y € C'[a,b] an in-
creasing function such that y/(¢) # 0, for all ¢ € [a, b]. Then the left sided fractional
integrals and fractional derivatives of order & of a function /. with respect to another
function y are defined as

ZEN0) = Fgs [ VOWO = v s, 1> a

and
2%V h(t) = L4 nﬂ”‘“"”h(z) t>a
at ll// (t) dt at 9 9
respectively, where I'(+) is a gamma funcion and n = [&] + 1, [¢] denotes the integer
part of the real number . o

Definition 2 (y-Caputo fractional derivative [24]). Let & > 0, and h, y € C" " [a, b]
two functions such that y is an increasing function and y’'(¢) # 0, for all # € [a, b].
Then the left sided y-Caputo fractional derivative of function % of order « is deter-
mined as

h[k](a)
A o) -yl

n—1
‘D% Vh(t) =27 [h(r) -Y
k=0

k
Woy— | L4 _ _
where /iy (1) = [u/’(t)dt] h(t)andn = [a]+ 1 for o ¢ N, n = o for ¢ € N. o

Lemmal [24]Letn—1<oa <n (o ¢N),and h € C"[a,b]. Then we have
1 d
y'(r)

In particular; if o =n € N, one has “ 7. h(t) = hgﬁ] (1). O

aen = | s ] = [ VO - g s

Lemma 2 [18,24] Let oo > 0. The following holds:

1. Ifh € Cla,b], then 7Y 75V h(t) = h(t).

2. he C" Ya,b), then Y <%V h(t) = h(t) —
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Lemma 3 [2,18] Let & > 0 and h : [a,b] — R. Then we have

1 7% [y (o) — y(@)P ! = F(Fa(ﬁ)m W(r) — w(@)] " B >0

¢t L _T(B)
2 T W —v@ ' = pp s s O —y@ T B>neN

3. 9%V y(t) - w(@)] =0,Yk€{0,1,...n— 1}, n€N.

4. 7% 7PVipe) = 7PV, B> 0.

a

5. C@;&"’C =0, for any constant C. 0

3. Main results
Before stating and proving the main results, we given the following Lemma.

Lemmad4 [26] Let n—1 < o < n and g an integrable function. Then a function
u € C" Ya,b] is a solution of the fractional boundary value problem

P2V u(t) = g(1), t € [a,b], (7

(@) =uk, k=0,1,...n—2; ull " (b) = uy, (8)

if and only if u(t) satisfies the following fractional integral equation

Up

) = g [ VOO v s [

g(a@)[y(b) — y(a)* ! n— [y (1) = y(a)]"!
(n— 2T (a—n+2) ][W) A (n— )T (a—n+1)

b n—2 uk ‘
X / V() [w(b) — w(s)]* "g(s)ds+ Y -+ [w(n) —w(a)]". ©)
a k=0 k!

]

3.1. Uniqueness result via Banach’s fixed point theorem

Theorem 1 Assume that f : [a,b] Xx R x R — R is continuous and there exists a pos-
itive constant 0 < 1 # 1 such that

[ (x,) = f(6x5y) < [l =2+ |y =y7l], (10)
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foreacht € [a,b], and x,y,x",y* € R. If

W::( ! [llf(b)—llf(a)H"—l) n

() -vy(@)]*<1. (1)

Ta+1)  (n—DT(a-n+2) ) T-7
Then the implicit fractional BVP (5)-(6) has a unique solution on [a, b). O
PROOF Let
‘P%Vu(t) =F,(t), t € [a,b], (12)
(@) =uk, k=0,1,....,n—2, uly " (b) = u, (13)

where F,(t) := f(t,u(t),F,(t)). Set
Q:={ueC" 'a,b]: “25VuecClab];t € a,bl}. (14)
In order to transform the problem (12)-(13) into a fixed point problem, we introduce
an operator .7 : Q — Q by Lemma 4 as follows
1

(700) = Fg [ YOOy Eds+ [

[y(r) — y(a))"!

Fy(a)[y(b) — y(a)]* " n—
(n—2)T(oc—n+2) ]W(t)_"/(“)] 1_(n—1)!F(a—n+1)
n—2 k

b u
X/a v (s) [y (b) — W(S)}aanu(S)dSﬂL];)k*‘; w(@) - y@l. 15

We first show that 7 is well defined, i.e. .7 (Q) C Q. To this end, we suppose
u € C"![a,b]. It is obvious that 7 u € C"~'[a, b]. Also, by (15) and Lemma 3, we get
‘DI (Tu)(t) = ‘22 7% VF,(t). Since the function F,(-) is continuous on [a,b],
the Lemma 4 shows that

QU (Tu)(t) = F(t).

Therefore, C@;‘ﬁw(y u) € Cla,b] i.e. Tu € Q. Next, we shall apply the Banach fixed
point theorem to verify that .7 defined by (15) has a fixed point. We just need to
show that .7 is a contraction map in Q. Indeed, for u;,u; € Q and for each 7 € [a, D],
we obtain

| Tui(t) — Tuy(t)] (16)

[w(b) = w(a@)]* " y(r) — y(a)"!
(n—2)'T (ot —n+2)

O)=w(@]" " _ant1:
v (n—wl)!] T

S ]a(i;l,unl (Z) _Fuz(t)|+

< |Fuy (@) — Fuy (@) + [Fuy (B) ~ Fin ()] (17)
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From our assumption, we obtain

n
-7
By invoking the relation (18) into (17), we get

[Fi (1) = Fip (1)] < [lur —ua[ (18)

|.Tur — Tus|

( 1 +W@—wm+m4>n

INa+1) w-1)T(a—n+2))1—n
= Wlu —u.

[w(b) — w(a)]* [l — ua]

As W < 1, 7 is a contraction mapping. In view of the Banach fixed point theo-
rem, u is the unique solution to the problem (5)-(6) on [a, b]. The proof is completed.m

3.2. Existence result via Schauder’s fixed point theorem

Theorem 2 Assume that f : [a,b] Xx R xR — R is continuous and there exist two
positive constants ky and ki with 0 < k; < 1 such that

|f(t,x,9)] <kolx|+ki|y|, ¥(t,x,y) € [a,b] x R x R. (19)
If
ko 1 n 1
b)— o —. 20
i YO VO e T o ra ity 2 @@
Then the implicit fractional BVP (5)-(6) has at least one solution on [a, D). o

PROOF Consider the set Q and the operator .7 : Q — Q defined by (14) and (15),
respectively. The hypothesis of Schauder’s fixed point theorem will be verified in
several steps.

Step 1. The operator .7 is continuous.

Let {u,}qen be a sequence such that u, — u in Q, as n — . Then for every
t € [a,b], we have

| T un (1) = T u(t)|

[w(b) — w(a)]* " y(r) — y(a))"!
(n—2)T(o—n+2)

[‘I’(f)(;_‘l’l()a‘)]"l oty

S ja(i;w‘Fun (t) _Fu(t)| +

x|k, (a) = Fu(a)| +

|Fun (b) - Fu (b) | Y
which implies

17~ 7l < | ()~ RO R AIE 4 AEGVAR ),
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Since F,(-) is a continuous and u, — u, it follows that | T u, — Tul| — 0 as
n — oo, which implies that .7 is continuous.

Step 2. The operator .7 maps bounded sets into uniformly bounded sets in Q.

In fact, it is enough to show that for any r > 0, there exists some ' > 0 such that
foreachu € B, :={u € Q: |ju| <r}, wehave || Tul| < 7.

Let u € B, and for each ¢ € [a,b], we have

(T00] < i [ WOWO - vl IR+ [

(n
Fula)] [W(0) - wi(a)) " y)— wia)p-!

T =) T a—n+2) [W@b)_ll’(a)]n1+(n—1)l"(oc—n+1)

<[V O e) w1 s + Ty Ll ey n
With the aid of our assumption, and definition of F,, it is easy to get
ko kor
Pl = 7 Il = % (22)
Consequently,
k()}" 1 n
T < b)— @
|7ul < T2 W) =Vl | F T T i — s 2)

el [y (b) = wla)]"! v |ual
(n—1)! k;) k!

So {7 u} is a uniformly bounded set.

Step 3. The operator .7 maps bounded sets into equicontinuous sets of Q.

Let B, be a bounded set of Q defined as in step 2, 71,1 € [a,b], with 7; < t,, and
let u € B,. Then

< "‘” . / o) = w(s))"" = w(0) — y(s)* ' ds

1_%1@ / V() [w<r2>—w<s>1“—‘ds+[ )

(n—1)!
Karly(8) — @)
(1 —Okl)(n—Z)!F(a—n_Fz)} [W(tz)—l//(a)] —[w(t1) — y(a)] ]
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kor | [w(e2) = wia))"™" — [w(n) — wia)]"”
(I—k)(n—DIT(a—n+1)

+
[[w(e2) = y(@)) = [wnn) - y(@)]

| [ Vo) -y s

ol
Jrk:O k!
T L) = @~ [wle) — ()"~ [w(e) — v
r n—2 Mk
+o ,q’;;(a Ty v -y ‘,;;‘ [w(e) — wi@)] = [y(n) - w(a)]
|up| kor n[w(b) — y(a)]* "+ e e
sl O O [t - vl ~ o) - v

which tends to zero as #; — 1, , independent of u. Therefore .7 (B,) is equicontinu-
ous in Q. So .7 is relatively compact on B,. By the Arzela-Ascoli theorems, .7 (B,)
contained in a compact set, hence .7 : Q — Q is continuous and completely contin-
uous. To apply Schauder’s fixed point theorem, we need to verify that there exists
a closed convex bounded subset B, in Q such that B, C B,.. To this end, there
exists a constant € > 0 such that

= (W O -l 5 B ) - w(aﬂk) ' (23)

(n—1)! &= k!

Define B, = {u € Q: ||lu|| < €} C Q. Itis clear that B, is closed, convex and
bounded subsets of Q. By (21), (22), and inequalities (20), (23), then for every
u € Bg and 7 € [a,b], we have

ko€ a 1 n
Zu)l < g vl FaT (n—l)!l"(a—n—i—Z)}
u o a n—1 n—2 l/tk
+| b|[‘lj((l:l)_ llgl'( )] +k_0’]::[lll(b)_l//(a)]k§§+§:8

It follows that ||.7u|| < € for all u € B, and hence .7 B, C B,.

An application of Schauder’s fixed point theorem shows that there exists at least
a fixed point # of .7 in Q. This fixed point u is the solution to (5)-(6) on [a,b],
and the proof is completed.

3.3. Ulam-Hyers stability

This part is devoted to proving the Ulam-Hyers and generalized Ulam-Hyers
stability of solution to the problem (5)-(6).
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Definition 3 The equation (5) is Ulam-Hyers stable if there exists a real number
As > 0 with the following property: For every € > 0, & € C"'[a,b], if

DY) — £ ae), Fa(n))] <&, (24)
then there exists u € C"'[a, b] satisfying

@(ﬁwu(t):f(t?u(t)vFu(t))v re [avb]v (25)

a

(@) =g (a), k=0,1,...n—2; uli V) =@y " (b), (26)

such that

i(t) — u(t)| < Age, 1 € [a,b].

Definition 4 The equation (5) is generalized Ulam-Hyers stable if there exists ¢@f €
C(R*,R") with ¢;(0) = 0 such that for each & > 0 and for each solution i € C"~'[a, b]
of the inequality (24) there exists a solution u € C"~! [a,b] of problem (5)-(6) with

lu(t) —u(t)| < @r(e), t € la,b].

Lemma 5 [27] (generalized Gronwall’s inequality) Let u,v, be two integrable func-
tions and h is continuous on [a,b]. Let ¥ € Cla,b] be an increasing function such
that W' (t) # 0,Vt € [a,b]. Assume that u and v are nonnegative, h is nonnegative and
nondecreasing. If

) <0 +0) [ W) o)~ w(s) ™ s,
then, for all t € [a,b], we have

;o k
) <vio)+ [ ;Ww’(s)(w(t)—w(s))“"“v(s)ds- 1)

Further, if v is a nondecreasing function on [a,b] then
u(t) < v(t)Eq[h(t)I(a)(w(1) — w(a))®],

oo k

where Eq(z) = ) ————,
“ k§)r<ak+ 1)

(z € C) is called the Mittag-Leffler function. O

Remark 1 A function i € C"![a, b] is a solution of the inequality (24) if and only
if there exists a function # € C"~'[a,b] (where / depends on solution i) such that
() |h(t)| < e forallt € [a,b], (i) 2.V u(t) = f(t.u(t),Fz(t)) +h(t), t€la,bl.o

Theorem 3 Under the assumptions of Theorem 1, the equation (5) is Ulam-Hyers
and generalized Ulam-Hyers stable in C"~[a, b]. O
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PROOF In view of Theorem 1, the function u € C"~![a, b] is a unique solution of the
problem (5)-(6) that is

F(a/%alts s,u(s), F,(s))ds,

where 22! (t,5) := y/'(s) [w(b) — w(s)]*~ !and

u fla,u(a), Fu(@))[y(b) — y(a)* " nel
[(”l —b1>! " (n=2)Ta—n+2) ] v() = yia)

o =

n2k

[y(t) — y(a)] %-n
ECEDICECES) /% (b,5)1(5,u(s),Bu(s))ds+ X, ZHw(0) =yl

Letie C"! [a, D] is a solution of the inequality (24). By Remark 1, we have

= i [ 75 o) Espa] < PP oy

I(a+1)
where
oo |_u f(a,ii(a), F(a)) [y (b) — w(a)]* " n
g _[(n—hl)!+ (n—2)\(a—n+2) ]["’(’)_"’(“” 1
— n—2 k
(n[w(lt))'r(lg( o / BE" (b, s) f (s, (s), Fals) dS+Z 2 [w(n) -~ y(a))"

Due to (26), <7; = <, . Hence
t ——,Q%—i——l [%“’1 t F d
M( ) u F( )/a v ( 7S)f(svu(s)7 M(S)) S,

From our assumption, we obtain

|f (s, u(s), Fa(s)) = f(s,u(s), Fu(s))] < § 1_717 ju(s) —u(s)|.

Thus

(r) —u(r)
_ 1 _
)~ gy . A5 (005 5), () ds

IN

i | A ). Fo9) = £ 5.u(5) Fo () s

b) —y(a)]” I N
< T e e | A 96wl
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It follows from Lemma 5 that

i) -l < DI e, () - ia)*)
< WOV e (2 tw) - wia)”)
_ ly(®) —y(a)]* n @) .
for Ay = F(o+1) Eq (1 o (y(b) —y(a)) > with ¢ € [a,b], we get
() —u(r)] < Age,
This means that the problem (5)-(6) is Ulam-Hyers stable. n

Theorem 4 Let the hypotheses of Theorem 3 hold. If there exists ¢; € C(RT,R")
with @¢(0) = 0. Then problem (5)-(6) has generalized Ulam-Hyers stability. O

PROOF In a manner similar to Theorem 3, with choosing ¢y (&) = As€ and ¢/(0) =0,
we get

ult) —u(t)] < f(e).

4. An example

Consider the implicit fractional differential equation

(04 1 o
Dy u(t) = 5 (u(t)+ 25V u(t)), t€[0,1] (29)
Wl 0)=0,k=0,1, ul) (1) =1, (30)
Here, £(t,u(r),* 2%Yu(t) %@a “GEVU(D)) , (1,0 DY) € [0,1] X R x R.
Letu;,v; e R (i=1,2) andt € [0,1]. Then

1
|f(t,ur,vi) — f(t,ua,v2)| < = [|M1 —up|+ vy —V2|]

1
So the condition (10) holds with n = 5 We shall check that condition in (11)
5 5
then upon computation we get
I v —y@l+n—1] n
MNa+1) mr-1NT(a—n+2)|1-n

holds too. for example, @ = +1=3,and y(¢t) = Vr+1forallz € [0,1],

[w(b) — y(a)]* ~0.184 < 1.
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Thus, by Theorem 1, the problem (29)-(30) has a unique solution on [0, 1].
Further, by the application of Theorem 2, it is easy to see that condition (19) holds
1 1 1
with kg = k; = > ie. |f(t,u,v)| < 5 |u| + 3 [v| for (t,u,v) € [0,1] x R x R. Also the
inequality (20) is satisfied, i.e.

k o
o) - vl |

1 n

(@+1) (=D (a—n+2)

Therefore, Theorem 2 shows that the problem (29)-(30) has a solution on [0, 1].
On the other hand, the problem (29)-(30) is stable in the sense of Ulam-Hyers with

wi(;)l)Ez (V2=1i)e, refol.

] ~0.220< 1.

[V

jult) —u(r)] <

5. Conclusions

We have provided sufficient conditions ensuring the existence, uniqueness and
Ulam-Hyers stability of the solutions to a class of a boundary value problem for
implicit fractional differential equations involving a general form of the Caputo frac-
tional derivative with respect to another function y. The proofs rely on Banach’s
fixed point theorem, Schauder’s fixed point theorem, generalized Gronwall’s inequal-
ity and some important results within the mathematical analysis. As an example of
future work, one can generalize existence results in an impulsive fractional problem,
a neutral time delay problem, and a time-delay problem with finite and infinite delay.
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quality of the paper.
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