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Abstract. In this paper, we investigate the existence, uniqueness and Ulam-Hyers stability
of solutions for nonlinear implicit fractional differential equations with boundary conditions
involving a ψ-Caputo fractional derivative. The obtained results for the proposed problem
are proved under a new approach and minimal assumptions on the function f . The analysis is
based upon the reduction of the problem considered to the equivalent integral equation, while
some fixed point theorems of Banach and Schauder and generalized Gronwall inequality are
employed to obtain our results for the problem at hand. Finally, the investigation is illustrated
by providing a suitable example.
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1. Introduction

Fractional calculus studies the differentiation and integration to fractional
order. It is considered as a generalization of classical calculus. The fractional
differential equations (FDEs) have become an emerging area of recent research in
science, engineering and mathematics [1–4]. So, in the literature, there are several
studies covering comparable topics to distinct operators such as [1, 5–11] and the
references cited therein. The stability of functional equations was originally raised
by Ulam [12] and next by Hyers [13]. Thereafter, this kind of stability is called
the Ulam-Hyers stability. For some recent results of stability analysis by different
types of operators, we refer the reader to a series of papers [14–17], and the refer-
ences are given therein. Recently, Almeida in [18], presented a new type of fractional
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differentiation operator called the ψ-Caputo fractional operator and extended the
work of the Caputo [2, 4].

This article is motivated by the importance of implicit classical differential equa-
tions f (t,u(t),u′(t), ...,u(n−1)(t)) = 0, the implicit fractional differential equation
(IFDE) involving a Caputo fractional derivative of the form

cDα

a+u(t) = f (t,u(t),c Dα

a+u(t)), t > a, (1)

and fractional differential equation (FDE) involving the ψ−Caputo fractional deriva-
tive of the form

cDα;ψ
a+ u(t) = f (t,u(t)), t ∈ [a,b], (2)

under various (initial/boundary/nonlocal) conditions. The problem (1) has been dis-
cussed by many researchers, see [9,15,19–22], by the use of different fixed point tech-
niques. Very recently, the problem (2) has been studied by Almeida et al., in [23,24],
Vivek et al. [25], and Abdo et al. [26] under different conditions and techniques. For
instance, in [24], the authors investigated the existence and uniqueness of a solu-
tion of the initial value problem (IVP) for a nonlinear FDE involving the ψ−Caputo
fractional derivative

cDα;ψ
a+ u(t) = f (t,u(t)), n−1 < α < n, (3)

u(a) = ua, u[k]ψ (a) = uk
a, k = 1, ...n−1, (4)

where cDα;ψ
a+ is the ψ-Caputo fractional derivative, ua,uk

a ∈R, t ∈ [a,b], u∈Cn−1[a,b]
and f : [a,b]×R−→ R is a continuous function.

Motivated by the above works, we prove the existence, uniqueness, and Ulam-
-Hyers stability of the nonlinear implicit fractional differntial equation with boundary
conditions and ψ-Caputo fractional derivatives of the form

cDα;ψ
a+ u(t) = f (t,u(t),c Dα;ψ

a+ u(t)), t ∈ [a,b], (5)

u[k]ψ (a) = uk
a, k = 0,1, ...,n−2; u[n−1]

ψ (b) = ub, (6)

where cDα;ψ
a+ is the ψ-Caputo fractional derivative of order n− 1 < α ≤ n (n =

= [α] + 1), f : [a,b]×R×R −→ R is given a continuous function, uk
a,ub are fixed

reals (k = 0,1, ...,n−2) and u ∈Cn−1[a,b] such that cDα;ψ
a+ u exists and is continuous

in [a,b]. Also, we denote u0
a = ua.
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2. Preliminaries

In this fragment, let us recall some basic definitions, lemmas, and results related
to the Caputo fractional derivative with respect to another function ( [2,18,24]) which
are used throughout this paper.

Definition 1 (ψ-Riemann-Liouville fractional operators [24]). Let α > 0, h an in-
tegrable function defined on finite or infinite interval [a,b] and ψ ∈ C1[a,b] an in-
creasing function such that ψ

′(t) 6= 0, for all t ∈ [a,b]. Then the left sided fractional
integrals and fractional derivatives of order α of a function h with respect to another
function ψ are defined as

I α;ψ
a+ h(t) =

1
Γ(α)

∫ t

a
ψ
′(s)[ψ(t)−ψ(s)]α−1h(s)ds, t > a,

and

Dα;ψ
a+ h(t) =

[
1

ψ ′(t)
d
dt

]n

I n−α,ψ
a+ h(t), t > a,

respectively, where Γ(·) is a gamma funcion and n = [α]+1, [α] denotes the integer
part of the real number α . 2

Definition 2 (ψ-Caputo fractional derivative [24]). Let α > 0, and h,ψ ∈Cn−1[a,b]
two functions such that ψ is an increasing function and ψ

′(t) 6= 0, for all t ∈ [a,b].
Then the left sided ψ-Caputo fractional derivative of function h of order α is deter-
mined as

cDα;ψ
a+ h(t) = Dα;ψ

a+

[
h(t)−

n−1

∑
k=0

h[k]ψ (a)
k!

[ψ(t)−ψ(a)]k
]
.

where h[k]ψ (t) =
[

1
ψ ′(t)

d
dt

]k

h(t) and n = [α]+1 for α /∈ N, n = α for α ∈ N. 2

Lemma 1 [24] Let n−1 < α < n (α /∈ N), and h ∈Cn[a,b]. Then we have

cDα;ψ
a+ h(t)=I n−α,ψ

a+

[
1

ψ ′(t)
d
dt

]n

h(t)=
1

Γ(n−α)

∫ t

a
ψ
′(s)[ψ(t)−ψ(s)]n−α−1h[n]ψ (s)ds.

In particular, if α = n ∈ N, one has cDα;ψ
a+ h(t) = h[n]ψ (t). 2

Lemma 2 [18, 24] Let α > 0. The following holds:

1. If h ∈C[a,b], then cDα;ψ
a+ I α;ψ

a+ h(t) = h(t).

2. h ∈Cn−1[a,b], then I α;ψ
a+

cDα;ψ
a+ h(t) = h(t)−

n−1

∑
k=0

h[k]ψ (a)
k!

[ψ(t)−ψ(a)]k . 2
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Lemma 3 [2, 18] Let α > 0 and h : [a,b]→ R. Then we have

1. I α;ψ
a+ [ψ(t)−ψ(a)]β−1 =

Γ(β )

Γ(α +β )
[ψ(t)−ψ(a)]α+β−1 , β > 0.

2. cDα;ψ
a+ [ψ(t)−ψ(a)]β−1 =

Γ(β )

Γ(β −α)
[ψ(t)−ψ(a)]β−α−1 , β > n ∈ N.

3. cDα;ψ
a+ [ψ(t)−ψ(a)]k = 0, ∀k ∈ {0,1, ...,n−1}, n ∈ N.

4. I α;ψ
a+ I β ,ψ

a+ h(t) = I α+β ;ψ
a+ h(t), β > 0.

5. cDα;ψ
a+ C = 0, for any constant C. 2

3. Main results

Before stating and proving the main results, we given the following Lemma.

Lemma 4 [26] Let n− 1 < α < n and g an integrable function. Then a function
u ∈Cn−1[a,b] is a solution of the fractional boundary value problem

cDα;ψ
a+ u(t) = g(t), t ∈ [a,b], (7)

u[k]ψ (a) = uk
a, k = 0,1, ...,n−2; u[n−1]

ψ (b) = ub, (8)

if and only if u(t) satisfies the following fractional integral equation

u(t) =
1

Γ(α)

∫ t

a
ψ
′(s)[ψ(t)−ψ(s)]α−1g(s)ds+

[ ub

(n−1)!

+
g(a)[ψ(b)−ψ(a)]α−n+1

(n−2)!Γ(α−n+2)

]
[ψ(t)−ψ(a)]n−1− [ψ(t)−ψ(a)]n−1

(n−1)!Γ(α−n+1)

×
∫ b

a
ψ
′(s) [ψ(b)−ψ(s)]α−n g(s)ds+

n−2

∑
k=0

uk
a

k!
[ψ(t)−ψ(a)]k . (9)

2

3.1. Uniqueness result via Banach’s fixed point theorem

Theorem 1 Assume that f : [a,b]×R×R→R is continuous and there exists a pos-
itive constant 0 < η 6= 1 such that

| f (t,x,y)− f (t,x∗,y∗)| ≤ η [|x− x∗|+ |y− y∗|] , (10)
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for each t ∈ [a,b], and x,y,x∗,y∗ ∈ R. If

W : =
(

1
Γ(α +1)

+
[ψ(b)−ψ(a)]+n−1
(n−1)!Γ(α−n+2)

)
η

1−η
[ψ(b)−ψ(a)]α < 1. (11)

Then the implicit fractional BVP (5)-(6) has a unique solution on [a,b]. 2

PROOF Let

cDα;ψ
a+ u(t) = Fu(t), t ∈ [a,b], (12)

u[k]ψ (a) = uk
a, k = 0,1, ...,n−2, u[n−1]

ψ (b) = ub, (13)

where Fu(t) := f (t,u(t),Fu(t)). Set

Ω := {u ∈Cn−1[a,b] : cDα;ψ
a+ u ∈C[a,b]; t ∈ [a,b]}. (14)

In order to transform the problem (12)-(13) into a fixed point problem, we introduce
an operator T : Ω→Ω by Lemma 4 as follows

(T u)(t) =
1

Γ(α)

∫ t

a
ψ
′(s)[ψ(t)−ψ(s)]α−1Fu(s)ds+

[ ub

(n−1)!

+
Fu(a)[ψ(b)−ψ(a)]α−n+1

(n−2)!Γ(α−n+2)

]
[ψ(t)−ψ(a)]n−1− [ψ(t)−ψ(a)]n−1

(n−1)!Γ(α−n+1)

×
∫ b

a
ψ
′(s)[ψ(b)−ψ(s)]α−nFu(s)ds+

n−2

∑
k=0

uk
a

k!
[ψ(t)−ψ(a)]k . (15)

We first show that T is well defined, i.e. T (Ω) ⊆ Ω. To this end, we suppose
u∈Cn−1[a,b]. It is obvious that T u∈Cn−1[a,b]. Also, by (15) and Lemma 3, we get
cDα;ψ

a+ (T u)(t) = cDα;ψ
a+ I α;ψ

a+ Fu(t). Since the function Fu(·) is continuous on [a,b],
the Lemma 4 shows that

cDα;ψ
a+ (T u)(t) = Fu(t).

Therefore, cDα;ψ
a+ (T u) ∈C[a,b] i.e. T u ∈Ω. Next, we shall apply the Banach fixed

point theorem to verify that T defined by (15) has a fixed point. We just need to
show that T is a contraction map in Ω. Indeed, for u1,u2 ∈Ω and for each t ∈ [a,b],
we obtain

|T u1(t)−T u2(t)| (16)

≤ I α;ψ
a+ |Fu1(t)−Fu2(t)|+

[ψ(b)−ψ(a)]α−n+1[ψ(t)−ψ(a)]n−1

(n−2)!Γ(α−n+2)

×|Fu1(a)−Fu2(a)|+
[ψ(t)−ψ(a)]n−1

(n−1)!
I α−n+1;ψ

a+ |Fu1(b)−Fu2(b)| . (17)
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From our assumption, we obtain

|Fu1(t)−Fu2(t)| ≤
η

1−η
‖u1−u2‖ . (18)

By invoking the relation (18) into (17), we get

‖T u1−T u2‖

≤
(

1
Γ(α +1)

+
[ψ(b)−ψ(a)]+n−1
(n−1)!Γ(α−n+2)

)
η

1−η
[ψ(b)−ψ(a)]α ‖u1−u2‖

= W‖u1−u2‖ .

As W < 1, T is a contraction mapping. In view of the Banach fixed point theo-
rem, u is the unique solution to the problem (5)-(6) on [a,b]. The proof is completed.�

3.2. Existence result via Schauder’s fixed point theorem

Theorem 2 Assume that f : [a,b]×R×R→ R is continuous and there exist two
positive constants k0 and k1 with 0 < k1 < 1 such that

| f (t,x,y)| ≤ k0 |x|+ k1 |y| , ∀(t,x,y) ∈ [a,b]×R×R. (19)

If

k0

1− k1
[ψ(b)−ψ(a)]α

[
1

Γ(α +1)
+

n
(n−1)!Γ(α−n+2)

]
<

1
2
. (20)

Then the implicit fractional BVP (5)-(6) has at least one solution on [a,b]. 2

PROOF Consider the set Ω and the operator T : Ω→ Ω defined by (14) and (15),
respectively. The hypothesis of Schauder’s fixed point theorem will be verified in
several steps.

Step 1. The operator T is continuous.
Let {un}n∈N be a sequence such that un → u in Ω, as n→ ∞. Then for every

t ∈ [a,b], we have

|T un(t)−T u(t)|

≤ I α;ψ
a+ |Fun(t)−Fu(t)|+

[ψ(b)−ψ(a)]α−n+1[ψ(t)−ψ(a)]n−1

(n−2)!Γ(α−n+2)

×|Fun(a)−Fu(a)|+
[ψ(t)−ψ(a)]n−1

(n−1)!
I α−n+1;ψ

a+ |Fun(b)−Fu(b)| ,

which implies

‖T un−T u‖ ≤ ‖Fun(·)−Fu(·)‖
[
[ψ(b)−ψ(a)]α

Γ(α +1)
+

n[ψ(b)−ψ(a)]α

(n−1)!Γ(α−n+2)

]
.
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Since Fu(·) is a continuous and un → u, it follows that ‖T un−T u‖ → 0 as
n→ ∞, which implies that T is continuous.

Step 2. The operator T maps bounded sets into uniformly bounded sets in Ω.
In fact, it is enough to show that for any r > 0, there exists some r′ > 0 such that

for each u ∈ Br := {u ∈Ω : ‖u‖ ≤ r}, we have ‖T u‖ ≤ r′.
Let u ∈ Br and for each t ∈ [a,b], we have

|(T u)(t)| ≤ 1
Γ(α)

∫ t

a
ψ
′(s)[ψ(t)−ψ(s)]α−1 |Fu(s)|ds+

[ |ub|
(n−1)!

+
|Fu(a)| [ψ(b)−ψ(a)]α−n+1

(n−2)!Γ(α−n+2)

]
[ψ(b)−ψ(a)]n−1 +

[ψ(b)−ψ(a)]n−1

(n−1)!Γ(α−n+1)

×
∫ b

a
ψ
′(s)[ψ(b)−ψ(s)]α−n |Fu(s)|ds+

n−2

∑
k=0

∣∣uk
a

∣∣
k!

[ψ(t)−ψ(a)]k . (21)

With the aid of our assumption, and definition of Fu, it is easy to get

|Fu(t)| ≤
k0

1− k1
‖u‖ ≤ k0r

1− k1
. (22)

Consequently,

‖T u‖ ≤ k0r
1− k1

[ψ(b)−ψ(a)]α
[

1
Γ(α +1)

+
n

(n−1)!Γ(α−n+2)

]
+
|ub| [ψ(b)−ψ(a)]n−1

(n−1)!
+

n−2

∑
k=0

∣∣uk
a

∣∣
k!

[ψ(b)−ψ(a)]k := r′.

So {T u} is a uniformly bounded set.
Step 3. The operator T maps bounded sets into equicontinuous sets of Ω.
Let Br be a bounded set of Ω defined as in step 2, t1, t2 ∈ [a,b], with t1 < t2, and

let u ∈ Br. Then

|(T u)(t2)− (T u)(t1)|

≤ k0r
1− k1

1
Γ(α)

∫ t1

a
ψ
′(s)
[
[ψ(t2)−ψ(s)]α−1− [ψ(t1)−ψ(s)]α−1

]
ds

+
k0r

1− k1

1
Γ(α)

∫ t2

t1
ψ
′(s) [ψ(t2)−ψ(s)]α−1 ds+

[ |ub|
(n−1)!

+
k0r[ψ(b)−ψ(a)]α−n+1

(1− k1)(n−2)!Γ(α−n+2)

][
[ψ(t2)−ψ(a)]n−1− [ψ(t1)−ψ(a)]n−1

]
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+
k0r
[
[ψ(t2)−ψ(a)]n−1− [ψ(t1)−ψ(a)]n−1

]
(1− k1)(n−1)!Γ(α−n+1)

∫ b

a
ψ
′(s)[ψ(b)−ψ(s)]α−nds

+
n−2

∑
k=0

∣∣uk
a

∣∣
k!

[
[ψ(t2)−ψ(a)]k− [ψ(t1)−ψ(a)]k

]
≤ k0r

(1− k1)Γ(α +1)

[
[ψ(t2)−ψ(a)]α − [ψ(t2)−ψ(t1)]

α − [ψ(t1)−ψ(a)]α
]

+
k0r

(1− k1)Γ(α +1)
[ψ(t2)−ψ(t1)]

α +
n−2

∑
k=0

∣∣uk
a

∣∣
k!

[
[ψ(t2)−ψ(a)]k− [ψ(t1)−ψ(a)]k

]
+

[
|ub|

(n−1)!
+

k0r n[ψ(b)−ψ(a)]α−n+1

(1− k1)(n−1)!Γ(α−n+2)

][
[ψ(t2)−ψ(a)]n−1− [ψ(t1)−ψ(a)]n−1

]
,�

which tends to zero as t1→ t2 , independent of u. Therefore T (Br) is equicontinu-
ous in Ω. So T is relatively compact on Br. By the Arzela-Ascoli theorems, T (Br)
contained in a compact set, hence T : Ω→ Ω is continuous and completely contin-
uous. To apply Schauder’s fixed point theorem, we need to verify that there exists
a closed convex bounded subset Bε in Ω such that T Bε ⊆ Bε . To this end, there
exists a constant ε > 0 such that

ε ≥ 2

(
|ub| [ψ(b)−ψ(a)]n−1

(n−1)!
+

n−2

∑
k=0

∣∣uk
a

∣∣
k!

[ψ(b)−ψ(a)]k
)
. (23)

Define Bε = {u ∈ Ω : ‖u‖ ≤ ε} ⊆ Ω. It is clear that Bε is closed, convex and
bounded subsets of Ω. By (21), (22), and inequalities (20), (23), then for every
u ∈ Bε and t ∈ [a,b], we have

|T u(t)| ≤ k0ε

1− k1
[ψ(b)−ψ(a)]α

[
1

Γ(α +1)
+

n
(n−1)!Γ(α−n+2)

]
+
|ub| [ψ(b)−ψ(a)]n−1

(n−1)!
+

n−2

∑
k=0

∣∣uk
a

∣∣
k!

[ψ(b)−ψ(a)]k ≤ ε

2
+

ε

2
= ε.

It follows that ‖T u‖ ≤ ε for all u ∈ Bε , and hence T Bε ⊆ Bε .
An application of Schauder’s fixed point theorem shows that there exists at least

a fixed point u of T in Ω. This fixed point u is the solution to (5)-(6) on [a,b],
and the proof is completed.

3.3. Ulam-Hyers stability

This part is devoted to proving the Ulam-Hyers and generalized Ulam-Hyers
stability of solution to the problem (5)-(6).
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Definition 3 The equation (5) is Ulam-Hyers stable if there exists a real number
λ f > 0 with the following property: For every ε > 0, ũ ∈Cn−1[a,b], if∣∣cDα,ψ

a+ ũ(t)− f (t, ũ(t),Fũ(t))
∣∣≤ ε, (24)

then there exists u ∈Cn−1[a,b] satisfying

Dα,ψ
a+ u(t) = f (t,u(t),Fu(t)), t ∈ [a,b], (25)

u[k]ψ (a) = ũ[k]ψ (a), k = 0,1, ...,n−2; u[n−1]
ψ (b) = ũ[n−1]

ψ (b), (26)

such that

|ũ(t)−u(t)| ≤ λ f ε, t ∈ [a,b].

Definition 4 The equation (5) is generalized Ulam-Hyers stable if there exists ϕ f ∈
C(R+,R+) with ϕ f (0)= 0 such that for each ε > 0 and for each solution ũ∈Cn−1[a,b]
of the inequality (24) there exists a solution u ∈Cn−1[a,b] of problem (5)-(6) with

|ũ(t)−u(t)| ≤ ϕ f (ε), t ∈ [a,b].

Lemma 5 [27] (generalized Gronwall’s inequality) Let u,v, be two integrable func-
tions and h is continuous on [a,b]. Let ψ ∈ C[a,b] be an increasing function such
that ψ

′(t) 6= 0,∀t ∈ [a,b]. Assume that u and v are nonnegative, h is nonnegative and
nondecreasing. If

u(t)≤ v(t)+h(t)
∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α−1u(s)ds,

then, for all t ∈ [a,b], we have

u(t)≤ v(t)+
∫ t

a

∞

∑
k=1

[h(t)Γ(α)]k

Γ(αk)
ψ
′(s)(ψ(t)−ψ(s))αk−1v(s)ds. (27)

Further, if v is a nondecreasing function on [a,b] then

u(t)≤ v(t)Eα [h(t)Γ(α)(ψ(t)−ψ(a))α ],

where Eα(z) =
∞

∑
k=0

zk

Γ(αk+1)
, (z ∈ C) is called the Mittag-Leffler function. 2

Remark 1 A function ũ ∈Cn−1[a,b] is a solution of the inequality (24) if and only
if there exists a function h ∈Cn−1[a,b] (where h depends on solution ũ) such that

(i) |h(t)| ≤ ε for all t ∈ [a,b], (ii) cDα,ψ
a+ ũ(t) = f (t, ũ(t),Fũ(t))+h(t), t ∈ [a,b].2

Theorem 3 Under the assumptions of Theorem 1, the equation (5) is Ulam-Hyers
and generalized Ulam-Hyers stable in Cn−1[a,b]. 2



98 H.A. Wahash, M.S. Abdo, S.K. Panchal

PROOF In view of Theorem 1, the function u ∈Cn−1[a,b] is a unique solution of the
problem (5)-(6) that is

u(t) = Au +
1

Γ(α)

∫ t

a
Rα−1

ψ (t,s) f (s,u(s),Fu(s))ds,

where Rα−1
ψ (t,s) := ψ

′(s) [ψ(b)−ψ(s)]α−1 and

Au : =

[
ub

(n−1)!
+

f (a,u(a),Fu(a))[ψ(b)−ψ(a)]α−n+1

(n−2)!Γ(α−n+2)

]
[ψ(t)−ψ(a)]n−1

− [ψ(t)−ψ(a)]n−1

(n−1)!Γ(α−n+1)

∫ b

a
Rα−n

ψ (b,s) f (s,u(s),Fu(s))ds+
n−2

∑
k=0

uk
a

k!
[ψ(t)−ψ(a)]k .

Let ũ ∈Cn−1[a,b] is a solution of the inequality (24). By Remark 1, we have∣∣∣∣ũ(t)−Aũ−
1

Γ(α)

∫ t

a
Rα−1

ψ (t,s) f (s, ũ(s),Fũ(s))ds
∣∣∣∣≤ [ψ(b)−ψ(a)]α

Γ(α +1)
ε, (28)

where

Aũ : =

[
ub

(n−1)!
+

f (a, ũ(a),Fũ(a))[ψ(b)−ψ(a)]α−n+1

(n−2)!Γ(α−n+2)

]
[ψ(t)−ψ(a)]n−1

− [ψ(t)−ψ(a)]n−1

(n−1)!Γ(α−n+1)

∫ b

a
Rα−n

ψ (b,s) f (s, ũ(s),Fũ(s))ds+
n−2

∑
k=0

uk
a

k!
[ψ(t)−ψ(a)]k .

Due to (26), Aũ = Au . Hence

u(t) = Aũ +
1

Γ(α)

∫ t

a
Rα−1

ψ (t,s) f (s,u(s),Fu(s))ds,

From our assumption, we obtain

| f (s, ũ(s),Fũ(s))− f (s,u(s),Fu(s))| ≤
η

1−η
|ũ(s)−u(s)| .

Thus

|ũ(t)−u(t)|

≤
∣∣∣∣ũ(t)−Aũ−

1
Γ(α)

∫ t

a
Rα−1

ψ (t,s) f (s, ũ(s),Fũ(s))ds
∣∣∣∣

+
1

Γ(α)

∫ t

a
Rα−1

ψ (t,s) | f (s, ũ(s),Fũ(s))− f (s,u(s),Fu(s))|ds

≤ [ψ(b)−ψ(a)]α

Γ(α +1)
ε +

η

1−η

1
Γ(α)

∫ t

a
Rα−1

ψ (t,s) |ũ(s)−u(s)|ds.
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It follows from Lemma 5 that

|ũ(t)−u(t)| ≤ [ψ(b)−ψ(a)]α

Γ(α +1)
εEα

(
η

1−η
(ψ(t)−ψ(a))α

)
≤ [ψ(b)−ψ(a)]α

Γ(α +1)
εEα

(
η

1−η
(ψ(b)−ψ(a))α

)

for λ f =
[ψ(b)−ψ(a)]α

Γ(α +1)
Eα

(
η

1−η
(ψ(b)−ψ(a))α

)
with t ∈ [a,b], we get

|ũ(t)−u(t)| ≤ λ f ε,

This means that the problem (5)-(6) is Ulam-Hyers stable. �

Theorem 4 Let the hypotheses of Theorem 3 hold. If there exists ϕ f ∈ C(R+,R+)
with ϕ f (0) = 0. Then problem (5)-(6) has generalized Ulam-Hyers stability. 2

PROOF In a manner similar to Theorem 3, with choosing ϕ f (ε)= λ f ε and ϕ f (0)= 0,
we get

|ũ(t)−u(t)| ≤ ϕ f (ε).

4. An example

Consider the implicit fractional differential equation

cDα;ψ
0+ u(t) =

1
2
(
u(t)+ cDα;ψ

0+ u(t)
)
, t ∈ [0,1] (29)

u[k]ψ (0) = 0, k = 0,1, u(2)ψ (1) = 1, (30)

Here, f (t,u(t),c Dα;ψ
0+ u(t)) =

1
2
(
u(t)+ cDα;ψ

0+ u(t)
)
, (t,u,c Dα;ψ

0+ u) ∈ [0,1]×R×R.
Let ui,vi ∈ R (i = 1,2) and t ∈ [0,1]. Then

| f (t,u1,v1)− f (t,u2,v2)| ≤
1
2

[
|u1−u2|+ |v1− v2|

]
.

So the condition (10) holds with η =
1
2
. We shall check that condition in (11)

holds too. for example, α =
5
2
, n = [

5
2
]+1 = 3, and ψ(t) =

√
t +1 for all t ∈ [0,1],

then upon computation we get[
1

Γ(α +1)
+

[ψ(b)−ψ(a)]+n−1
(n−1)!Γ(α−n+2)

]
η

1−η
[ψ(b)−ψ(a)]α ≈ 0.184 < 1.
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Thus, by Theorem 1, the problem (29)-(30) has a unique solution on [0,1].
Further, by the application of Theorem 2, it is easy to see that condition (19) holds

with k0 = k1 =
1
2

, i.e. | f (t,u,v)| ≤ 1
2
|u|+ 1

2
|v| for (t,u,v) ∈ [0,1]×R×R. Also the

inequality (20) is satisfied, i.e.

k0

1− k1
[ψ(b)−ψ(a)]α

[
1

Γ(α +1)
+

n
(n−1)!Γ(α−n+2)

]
≈ 0.220 < 1.

Therefore, Theorem 2 shows that the problem (29)-(30) has a solution on [0,1].
On the other hand, the problem (29)-(30) is stable in the sense of Ulam-Hyers with

|ũ(t)−u(t)| ≤

(√
2−1

) 5
2

Γ(7
2)

E 5
2

(
(
√

2−1)
5
2

)
ε, t ∈ [0,1] .

5. Conclusions

We have provided sufficient conditions ensuring the existence, uniqueness and
Ulam-Hyers stability of the solutions to a class of a boundary value problem for
implicit fractional differential equations involving a general form of the Caputo frac-
tional derivative with respect to another function ψ . The proofs rely on Banach’s
fixed point theorem, Schauder’s fixed point theorem, generalized Gronwall’s inequal-
ity and some important results within the mathematical analysis. As an example of
future work, one can generalize existence results in an impulsive fractional problem,
a neutral time delay problem, and a time-delay problem with finite and infinite delay.
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