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Abstract. In the article a queueing network (QN) with positive customers and a random
waiting time of negative customers has been investigated. Negative customers destroy posi-
tive customers on the expiration of a random time. Queueing systems (QS) operate under
a heavy-traffic regime. The system of difference-differential equations (DDE) for state
probabilities of such a network was obtained. The technique of solving this system and
finding mean characteristics of the network, which is based on the use of multivariate
generating functions was proposed.
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1. Network description

Consider an open G-network [1] with n single-queues QS. An independent
Poisson flow of positive customers with rate A, and a Poisson flow of negative
customers with rate A arrive to QS S, from outside (system S,), i=1,n. All
arriving to QS customer flows are assumed to be independent. The probability
that the positive customer serviced in S, during time [, +A¢), if at the current
moment ¢ in the system there are k, customers, are equal to s (k,)Ar +o(At).
The positive customer gets serviced in S, with probability p; move to QS S, as
a positive customer and with probability p, - as a negative customer and with
probability p;,, =1- Z (p,j +py ) come out of the network to the external environ-

J=1
ment, i, j =1,n.
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A negative customer is arriving to QS increases the length of the queue of nega-
tive customers for one, and requires no service. Each negative customer, located
in i-th QS, stays in the queue for a random time according to a Poisson process of
rate u; (l,), i=lLn. By the end this time, the negative customer destroys one posi-
tive customer in the QS S, and leaves the network. If after this random time in
the system there are no positive customers, then a given negative customer leaves
the network, without exerting any influence on the operation of the network as
a whole. Wherein the probability that in QS S, negative customer leaves the queue

during [t,t+At), on the condition that, in this QS at time 7 there are /, negative
customers, equals z; (,)Ar + o(At).

The network state at time ¢ described by the vector k(f)=(klt)=
= ((kl,ll,t), (kz,lz,t),...,(kn,ln,t)), which forms a homogeneous Markov process with
a countable number of states, where the state (k,,l,,t) means that at time ¢ in QS

S,, there are k, positive customers and /, negative customers, i =1,n. We introduce
the vectors (k,¢)=(k; ,ky»....k,.1) and (1,¢)=(, . 15,...,1,.,t), I, - vector, which is

ok,
i-th component equal to 1, all the others are 0, i = Ln.

Negative customers may describe the behavior of computer viruses, whose
impact on the information (positive customers) occurs through a random time.

It should be noted that analisys at a stationary regime of QN with positive
and negative customers excluding random queueing time, and also with signals
has been carried out in [2, 3] and at non-stationary regime in [4-5].

2. State probabilities of the network operating under
a heavy-traffic regime

Lemma. Let P(k,l,t) - state probability (k,1) at time t. State probabilities of
considered network are satisfy system of DDE:

dP(k1,1) _

2 —i i+ 2w ) (1= 5 )+ 2 @] PGk o) +

+Zn:/15',u(k,(t)) P(k—1,,1t)+ Zn:/lo‘,-u(l,-(t))P(k,l—I,,t)Jr
i=1 i=1

+Zn:,u,+(k, +1)p,oPlk+1,,1,1)+ Zn:,u,‘(l, + )Pk +1,,1+1,,1)+ (D

i=1 i=1

e g+ ) - ulk () PlkI+ 1,.0)+

i=1
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+ Z Z pit (e + Vulke, (0))ps Pl +1,—1,.06) +

=l j=1
J#i

3 (ke +0ull, () py PO+ 1,1~ 1,01)
i,j=1
where 17(0)=0, 27 (0)=0.
Proof. The possible transitions of our Markov process in the state (k,.,¢+Ar)
during time A¢:
1) from the state Az, in this case into QS S, for the time Af a positive customer
will arrive with probability A5u(k,(1)Ar +o(At), i =1,n;
2) from the state (k,l -1 ,-,t), while to the QS S, for the time Af a negative custo-
mer will arrive with probability Ag,u(l, (£))Ar + o(At), i = 1n;
3) from the state (k +I,,l,t), in this case the positive customer comes out of the
network to the external environment with probability z;" (k, +1)p,0At+o(At),

i=ln;

4) from the state (k +1,01+ ],,t), in the given case into QS S, the negative customer,
destroys in the QS S, the positive customer, leaves the network; the probability
of such an event is equal to z; (1, +1)Az + o(Ar), i = Ln;

5) from the state (k,l + I,,t), while in the QS S, the residence time in the queue of
the negative customer finished, if in time # there were /, +1 negative customers
and there were no positive customers; the probability of such an event is equal
to 4 (1 + 1)1 —ulk,())At +0 (A1), i=1,n;

6) from the state (k+],—] j,l,t), in given case after finishing the service of

the positive customer in the QS S; it moves to the QS S, again as a positive
customer with probability " (k, + l)u(k i (t))p;'At +o(Ar), i=1,n;

7) from the state (k +1,.,1— I‘/,t), in this case the positive customer, which is ser-
viced in QS S;, moves to QS S, as a negative customer; the probability of such
an event is equal to 2 (k, + l)u(l ; (t))p,j_At +0 (At), i= I,_n;

8) from the state (k,l,t), while in each QS S;, i=1,7, do not arrive any positive
nor any negative customers, and in which for the time A¢ any customer didn’t

service, no negative customer will come out of the queue; the probability of
such event is equal to

1_2[1(; a1 ()1 p)+ iy (1)) + ofar). i=Tn:

9) from other states with probability o(At).
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Then, using the formula of total probability, we can write
P(k,Lt+ Af) = Z dgulk, (O)P(k = I,,1,t)At + Z dou(l,(0))P(k, 1 I,,1)At +
i=1 =

+Zn:y,.+(k,+1)p,oP(k+I,,ltAt+Z,u, (+ 0Pk + 1,0 +1,,0)At +

i=1

+ Z w1+ 1) —ulk, (1) P(k,1+1,,0)At +

i=1

+ 2 Z w1 (k, + Vulle, (0 Pl + 1, — 1, 1,0)Ar +
i=l j=1
J#i

+ Zz pit (ke + V)l (0)py Plic+1,,1-1,,0)A1 +

i=l j=1

+ (1 B R Tl [ | e )]AtjP(k, 1,t)+o(Ar)

i=1

Taking the limit Az — 0, we obtain a system of equations for state probabilities of
the network. (1). The lemma is proved.
We will assume, that all queuing network systems are single-queue, and cus-

tomer service duration in the QS has an exponential distribution with the rate z,".
Consequently, in this case z;" (k)= uu(k,), i=1,n.
Denote by ,, (z, t), where z = (zl,zz,..., Zys Zpgl, oo 22,7), the generating function

of the dimension of 2#u:

¥, (z0)= 3.

1=

0 0
b ghngh g
z z (Zlazza > Zn>Zn4l,- Zzn)zl- 2" Zpyr By =

kp=01,=0 1,=0

PGkl r)]‘[z

»
(=}
M8

2

z|<1,

|| MS

the summation is taking for each %,, [, from 0 to oo, i=1n.

We will assume that k,(¢1) >0, [,(t) >0, V¢ >0, i=1,n.

Multiplying each of the equations (1) to Hzm z'm and summing up all possible

m=l1

values k,, and [/, from I to +o0, m =1,n. Here the summation for all k,, and /,

is taken from 1 to + oo, i.e. all summands in (2), for which in the network state
k(t) there are components k,,=0 and /,, =0, due to the assumptions put forward
above. Because, for example
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m=1
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n+m+
i=l j=1 k=1 ky=11=1 1[,=1 m=1
_[#I (3)
+Zz,u,p,,z zz Z Plk+1,1-1, t) zhm gl
i=1 j=1 =1 k,=1=1 =1

m=1

Let’s consider the sums, contained on the right side of the relation (3). Let

S ==+ 2+ w1t )+ )S

i=1

Ms
Ms

S P L] [z
k

1=l ky=lj=1 [,=1 m=1
Then

S 0 ==+ 75+ 1 ) 47 (200)
i=l

Similarly for the sum Z z(zt)zii&iii
k=l k=t =1

have:

|| MS

k I lt)]:[ ”7 }17?'777 we

m=1
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22(Zat) = Z/I(‘):ZI‘PZVI(Z’Z‘)‘
i=1

(kl I, tHz z,m . We obtain:

m=1

For the sum )" (z,1) = Z i i

|| MS
|| MS

23(Zst) zjﬂ Zn+llP2n(Z t)

0

The sum Z (z,0)= Zﬂ, P,oz

k=1

P Ms

i Z‘O:P(k-’-l ltHZm Zym has the

m=1
form:

> (@0= Zuﬁﬂ%n (=.1)

For the sum Zs(z,t)zzn:,u,‘i...ii...i Plk+1,,1+1, tHzm Zm we

i=l k=l k,=lh=1 I, m=1

obtain:

250 Z

i=1 l l’H—l

LPZn z t)

The sum ), (z,0) = Z,u,l ulk, (1)) i ii i Pk,1+1, sz zn, =0
k=1 k,=11=1 1, m=1
For the sum Z (z,0)= Zz,u, p,/i ii z (k+] -1, lt) zimglm

=1l j=1 1=1 1,=1 m=l1
J#

8

we shall obtain:

27(Z>t): Zﬂ/+p7/ /‘PZH(Z t)‘

i,j=1

And, finally, for the last sum we shall have:

(k+ll 1, t) Zhmgln  —

m=1

IELE N W LPIDDID:
i=1 j=1 =1 k,=1=1
:ZZILI:- I; "+j LP2n(Z t)
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Using these sums, we obtain a homogeneous linear differential equation:

d\¥ C + + + + - + - i
zn(zjt) :_Z|:20i +20i + 4 (l—p” )+:ui _j'O/Z/ _/101'2}'1+l _ﬂ—_

dt i=1 iZn+i

/7 Z; _Zai
_ﬂ/+2(p;7]+pi/ Z+1J \P2,,(Z,f).

j=1 i i

Its solution has the form

‘Pn(z,t)=CneXp{—Z{ﬂ&-+2&-+,uf(l—p,f)+/l,_— -'—lzt_l()_lznﬂ_ i -

= Z/Zn+i

—,U,+Z(p,/ +p7/ ]j Le.
Jj=1 Z Zj

Let's consider, that at the initial moment of time, the network is in a state
(al,az,...,az,,,O), a,>0, a,,, >0,

Platy, &ty ey @3,,0) = 1, P(kyskysenskyolisly s, 0) =0, Ve, k0, i =1,n

Then the initial condition for the last equation will be

lII2n (Z O) P(al 5 U5y Uy ’O)H lem Z;ﬁ-];;n = H Zam foi’;{" >
m=1 m=1
from which we obtain C,=1.
Theorem. If at the initial moment of time the QN is in a state (0!1,0!2,...,0!2,,,0),
a,>0, a,,;>0,i =1,n, then the expression for the generating function W,,(z,?),
taking into account the expansions appearing in it exponent Maclaurin, has the form

(bi+ci+di+gi+hi+r;)
X

1M=

S Ms

€j* T
1 1/1n/¢1/1

h
n ! n

. _

; [1r5 | |12
J=1 J=1
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o0 0
2 2
g+ 0 h= =0
]#I/ln/#l]ln ==//1n/==1
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i 7 iT8i _ai+bj—di—gi+H-hj—r; _ap.j+ci—di+R
iO Z ZVI+I
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where
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where

a,(z,t) = exp{t
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Multiplying a,(¢), a;(z,t), and Hza’" zymm we will obtain an expression (4),
m=1
i=15.
State probability of P(kl,kz, kil el t ) is the coefficient of
Z 252zl 22 2% in the expansion of ‘I’zn(z,t) in multiple series (4),

with the proviso, that at the initial time the network is in a state (al,a2,..., a2n,0).

3. Finding the main characteristics

With the help of the generating function a different mean network characteris-
tics can also be found at the transient regime. The expectation of a component with
the number x of a multivariate random variable can be found, differentiating (4)

by z, and suppose z; =1, i=1,2n. Therefore for the mean number of positive
customers in the network system S, we will use the relation:

N: (l) _ 8‘1’252(2, 1)

=L

n
o o S (bi+ci+di+gi+hi+r;)
P x
}LL=
=l,n

= 5)

s
Qg
, .
# 1M
ﬁMS

X[ L Yitn( _Vi+ei " hi " 7 o
XH (jt),)b(io:)é(r)1 (/Uz)d Hp;r {Hp; x=Ln.

blc\d g, h!r!

The change of variables will be done in the expression (5)
k.=, +b,—d,—g.+H—-h,—r ,then b=k, —a,+d, +g,—H+h +r, and
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> (ki—atj+2d;+cj+2g; +2h +2r;—H )
X (= X

n 4 Yi—ai+di+gi—H+hi+r [ _ i + i+ _\di+gi n i Ti -
) bt o o " s ' (HPUJ (pr-j -Tn

Y k-, +d +g - H+h+r)’c'd'g,|h|r' =

So like all network QS operating under heavy-traffic regime, we obtain, then
ki=a,—d,—g,—h —r+H=>1 and, consequently, d,<«a,—g,—-h-r+H-1,
therefore

¢;=0 d;=0 gj=0 ;=0 ;=0 k=1
j=Ln, j#i j=ln, j#i J=ln,j#i j=1,n,j#i j=ln,j#ij=1,n
n
> (ki—ctj+2d;+cj+2g; +2hi +2r; —H )
X (= X
(j,())( —aj+di+gi—H+h; +r,()~0)¢ ( Y+r,( _)d gi n hi n Ti
; ~ —
H | IpU | |p,j ,x=Ln.
] (k —-a,+d;+g,—H+h +r)'c'd'g,'h'r' i 4

(6)

Similarly, we can find the relation for the mean number of negative customers
in the system S, that are awaiting:

N ()=al) S

Z (ll —Qp4i+bi+2dj+g; +hl+’l_R)

- @
(Pl
X i ' -a,,; +d, _R)!dflg,-!h,-!n-! Ll;l[py Hp,j .

Example. Let the number of QS in QN be n=3. Let external arrivals to the
network of positive and negative customers respectively equal: Ay, =1, A5, =2,
A3 =0,5, Aoy =2, Ay =1, A3 =03, and the service times of rates equal: s =1,
1, =2, uy =3. Let negative customers stay in the queue for a random time, which
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has an exponential distribution with parameters equal: s =0,5, 1, =0,2, 1;=0,3.

We assume that the transition probability of positive customers p, has the form:

P> =01, p5=0,25, p5,=0,3, py; =0,2, p3; =0,1, p3, =0,4; transition probabilities
1 3 1 2 2

1
of negative customers equal: p, =—, p3=—, P51 =—, Prs=—> P31=—> Pp» =—3
g q P 3 P13 7 P 1 Pa3 9 D3 9 P T

then the probabilities p,, will be equal respectively: p,, =038, p,, =0.12,
Py = 0,096. In this case a,()=e ">*.

The mean number of customers in network systems (in the queue and in servic-
ing), on the condition that N, (O)= 0, m= 1,_n, can be found by the formula (6),

and the mean number of negative customers (waiting in the queue) may be found
by the formula (7).

Figure 1 shows the chart of change of the mean number of positive customers
in the QS §, (straight line) and the chart of change of the mean number of negative
customers (dash line), which are awaiting in the queue of the QS S, respectively.

NN ()
20
15
10 f o N
/ S
Ji ~.
Fl -~
5 K N
’ S
F ™
’ =~
1 /I “"“-,
ﬂ‘I’
0 0,2 0.4 0.6 0.8 1 t

Fig. 1. The chats of changes of the mean number of positive customers and
negative customers in the QS S,

4. Conclusions

In the paper, the Markov network with positive customers with a random
waiting time of negative customers at transient regime has been investigated.
A technique of finding non-stationary state probabilities of the above network
with single-queues of QS was proposed. It is based on the method of using
the apparatus of multivariate generating functions. Relations for the mean charac-
teristics depending on time of the considered G-network, on the condition that
the network operates under heavy-traffic regime was obtained.
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The practical significance of these results is that they can be used for modeling
the functioning of various information networks and systems, a model of which
is the aforementioned network taking into account the penetration of computer
viruses into it.
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