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Abstract. This paper contains the method of calculating the determinant of the block band
matrix on the example of #-dimensional Fourier equation using the FDM.

Keywords: block matrices, n-band matrices, determinant, Fourier equation

1. Introduction

In this paper we calculate the determinant of the block matrix in the
n-dimensional case. We express this determinant by the symmetric polynomials of
m groups of variables by the symmetric polynomials due to each of these groups.
The Fourier equation describing the heat conduction will serve as an example to
illustrate how to calculate the determinants of the block band matrix.

2. Solution of the problem

The n-dimensional Fourier equation is the following form

82T(x1, Xoygerns X, t) . 0° T(xl, Xoyguens X, t) . 0° T(xl, Xysers X, t) _

ox? Ox? Ox?
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where / is a thermal conductivity, c is a specific heat, p is a mass density, T is
temperature, X, X, , ... ,X, denote the geometrical co-ordinates and ¢ is time.

Then approximations of the second order partial derivatives using FDM
are as follows:
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8xn (Axn)
and the time derivative approximation takes the following form
AT T =T iia
— = << 3
At At 1 @

Thus, the internal iteration corresponding Fourier equation leads to the following

band system of equations
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(sz) (sz) (sz)
A 22 A @
+ 2 Tl"l,lz,.,l,,—l,/ - 2 ]—I’l,lz,. il + 2 Tl"l,lz,..,l,,+l,/ =
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At At
for each time step /.
The main matrix of this system is a block matrix having the following structure
A, 1., .. ]
In—l An—l [n—l
A = , n=22 (5
In—l An—l n-1
[n—l n-1

m,xm, (block dimension)
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while (n=1)
S _
I a 1
A = : :
I a 1
T al,
The elements of the matrix 4; are in the form
a= 2/12+ 2/12+...+ 2/12+ﬁ
() e )

Then

-1 _ m,—2\ ,._
detzﬁllzaml—[ml1 jam12+( 12 ja iy

The calculation of the above determinant is given in the article [1]. Then

4, I,
I, A 1,
A, = : : : :
I, 4, 1,
[REERRTT TP 1, s,
where
_ 0 .
0 1 0
I = : :
0 1 0
[ U i -
Therefore,

A 2
detAzzde{Al'"Z—(mzl jAl’”zz{mzz )Al 2“—...}:

= det|:(A1 _pl,lll)(Al _pljZII)"‘(Al ~Pim, ]1)i| =
=det(4, - p, I,)-det(4, = p,1,)-..-det(4, - p,,,. 1))

where p,, , 1<i <m,, are zeros of polynomial

(6)

(7

®)

€))

(10)

(1)
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filx)=x" —(mz _l)xmz_er(mz _2Jx'"2_4 +on=
1 2 (12)

:(x—pl,l)'(x—l?l,z)'---’(x_plvmz)

Consecutively,
41 ,
I, 4, 1,
A, =] oo T : : (13)
I, 4, 1,
L 1 Az_ myxim
where
o ;
0 7, 0
I=| + & @ . (14)
0 7, 0
i 0 Il_mzxm2

Then we obtain [2]

m my—1) . m,—2Y .
det/gzde{A2 3—( 31 jAz *2+[ ’ jA2 *“—..}:

2
=det[(A2—p2)11) — P20, ( —Powm 1 ):|= (15)
=det(A2—p21 ) det( =Pl ) det( pZm}I)

where p,, , 1<i, <m,, are zeros of polynomial

-1 _ A
fr(x)=x" —(m3 jx"” 2+(m3 jx =
1 2 (16)

“(x=p2) (5= pan) (v )
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Generally,
m mn_l m,=2 mn_2 m,—4
detd, =det| 4,_""— A "7 A "=
1 2
= det |:(An—1 - pn—l,lln—l)(An—l - pn—ljZIn—l)‘ b '(An—l - pn—ljm" In—l )i| = (17)

=det(A — P 11 = 1) det( pn—lj2]n—l)""'det(An—l “Puim, ]n—l)

where p, , 1<i,_, <m,, are zeros of polynomial

n-1 —

foa(x)y=x"" —[m" _1jx"’"_2 +[m” _zjx”’H o=
1 2 (18)
:(x_pn—l,l)'(x_pn—l,z)'-'-'(x_pn—l,mn)

The first element of the product (17) is as follows

—1,i,

det(4,,—p,.1,.,)=

=det| (A, =poaid,s)=Poiidss |

det] (4,2 Pyaslys) = Poiil s | oo

et (Ays=pyan dua)=Poridin |= (19)
=det| 4, ~(Pray+ P i) L2 |

-det[A (pn22+pn“)lnz] ......... .

~det |:An—2 - (pn—z,mH + P, )In—Z i|
The above product includes m, , factors, where the first of them is equal to

det|:An—2 _(pn—2,1 +p n—l,l)ln—2:| =
= detl:An—3 _(pn—3,l TP +pn—1,1)]n—3]'
-det[ (pn32+pn21+pnll)ln3] ......... :

'det|:An_3 _(pn—S,m,,_3 FPp2a TP )I”_J

(20)
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The resulting product contains m, 3 factors and the first of these factors is as fol-
lows

det|:An—3 _(pn—3,1 TPuatP n—l,l)In—3] =
= detl:An—4 - (pn—4,l Rl 2PN P o 4 n—l,l)ln—4:| )

2D
'detI:An—4 _(pn—4,2 TP TPuoatP n—l,l)]n—4:| Teeesees ’

'det[An—4 - (pn—4,mH P31 TP w2y TPy )IVI—4}

where we have m,,_4 factors.
Consequently, the initial factor in (19) takes a form

det[Al —(pL1 TPt et Py TPy TP +Pn_1,1)11]'
-det[Al —(pL2 F Pyt et Dyt Puss TP +Pn-1,1)]1]' ......... :
-det[Al —(pl)m1 F Pyt et Dy FPysy TP +pn_1’1)11} = -
=W, (P * Doy F oot Py + Posy + Pas + Py )°

N (pu S 2R ) R /N ) +pn_1,1)- ......... .

W, (pl,ml TPttt P TP TP t pn—l,l)
wherein the first factor of m; factors of the above formula takes the form

W (i + Doy ot Pris + Py + P vas + Pos) =

= ()" [(Prs Doy ot Pras ¥ Pass ¥ P s+ Pois) = |

-[(pu + Pyt et Py F Dosy TP s +pn_l’l)—ﬂ,2] ......... .

L(Prs# P+t Paas # Pasi P uas * P )= 2w, | = (23)

— 4,2, '“‘.ﬂ’ml [1_ Pt Doy +"‘+prl—4,l;pn—3,l TPy TP J
1

A

2

‘[1_ PiytPytetPyay TPysi P00 +pn—1,1J'

A

m

‘[1_ pl,l +p2,1 +‘“+pn—4,l +pn—3,l +pn—251 +pn—ljlj
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According to the above procedure we present the second factor of the formula (17)
det(4,,-p,..1,.)=
=det| (4,2~ Poaidys)=Poiales |
det (4,5 Pyalys) =Pl s |
et (Aya=PranTia) =Pl = 24
=det| 4, ~(Pyas+ P rra) s |
-det[A (pn22+pn_12)]n_2] ......... .
-det[An_z ~(Przin,, P )1 n_zJ
where the first factor of above product is equal to
det[An_2 —(pn_l1 +p n—1,2)]n—2i| =
=det| A, = (s Py 2o Ls |
-det[A (pn32+pn_21+pn12)]n3]- ......... :

-det[An_3 —(Pn_&mn,} tPuoy TP n—1,2)1”‘3i|

(25)

and once again we have the first factor of the product (25)

detl:An—3 _(pn—3,l TPuontP n—l,Z)In—3:| =

= det[An—4 _(pn—4,1 TPyt Puont pn—l,z)]n—4]'
(26)
‘det|: (pn42+pn 31T P 21+pn—12)1n 4] -------- :

‘det |:An—4 - (pn—4,mn_4 + pn—3,1 + p n-2,1 + p n—l,Z)In—4:|
The initial factor in (24) takes a form

det|:Al _(pl,l tPotetPysitPusit Py +pn—1,2)]1:|'
~det[A1 —(pL2 + Pyttt Dy TP TP +pn_1)2)ll} ......... - (27)

'det[Al _(pl,ml R R Rt ) 2R e ) ZE S ol +pn—1,2)]1} =
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=W, (pl,l FTDOyt et Dygy TPy TP yan +pn—1,2)'
W, (pl,z FTDoyt et Dygy TPy TPy +pn—1,2)' -------- )

-W%@hm+pu+m+pmu+pmu+pmu+pmm)
For example, we calculate the first factor
Wy Doy + Pos + oot Poas ¥ Poss ¥ P pns TP a2 =
= (—l)ml [(pL1 S 2R S N P 4 n_l’z)—ll]-
-[(ph1 TPttt Dysi t P TPy TP n_lgz)—ﬁ,z]' ......... .

'|:(p1,1 tPo Tt Py TPy tP o P n—1,2)_2’m1:|:

— 4,4, “"‘ﬂ’ml [l_pl,l LIV ZR RN R o MRl +pn—1,2J.

z

‘[1_ PiitPoytetPusitPys1tP,0 D n—1,2j'
A,

‘@_pu+pm+m+pmu+pmu+pmm+pmuj
p

my

(28)
And the last element of the formula (17) is in the form

det(An—l “Puim, 1, ) -

[
[

'det[ (An—Z _pn—Z,mn_zln—Z ) P opim ,,]n—2:| = (29)
[
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where
det[An_2 —(p,,_z,l +Poim, )1 n_z] =
- det[AH ~(Pasit Pras +Poim, )1 H} :
.det[ Ay~ (Prsa* Do+ P, )IH] ......... -

det [ A - ( Pussm .+ Puas ¥ Dot )1 n_s}

(30)

and
det|:An—3 _(pn—3,1 + p n-2,1 + p n-l,m, )]n—3:| =
= detl:An—4 _(pn—4,l + pn—3,1 + pn—2,1 + p n-1, )In—4] :
(31)
'det|:An—4 - (pn—4,2 + pn—3,1 + p n-2.1 + p n=l,m, )In—4i| Teeeeeeees :
'det|:An—4 - (pn—4,mn_4 + pn—3,1 + p n-2,1 + p n-l,m,_, )In—4:|
Finally, we obtain this formula
det|:A1 _(pl,l TPttty TPy i TP w2 d TP pam, )]1i| )
'det[Al _(pl,z TPyt tPuan TPy TP ron T Pouim, )]1] """"" )
det|:A1 _(pl,ml + pZ,l tot pn—4,1 + pn—3,1 + p n-2.1 + p n-l,m ,_ )]1:| =
(32)
= VVA1 (pl,l TPyt T Pyan TPyt T P2t TP uim, )
'VVA1 (pl,z TPyttt P TPyt Pwoi TP, ) """"" )
'I/VA1 (pl,m1 RIYZZ R Tt ) ZVR e o) S ol ZP S ) ZNR )
where
VVA1 (pl,l TPy Tt Ppan T Prsi TPt TP woim, ) =
= (—l)ml |:(P1,1 TPt et P TPyt Puoi TP, ) -, } :
(33)
'|:(p1,1 TPttt Py TP TP TP pam, ) - 22i| Teenneeees )

'|:(p1,1 TPyttt Pyuay TPt TPy +pn—1,mn)_/1ml}:
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B A

1

e Aady, (1_ Puut Doy tet Py ¥ Poas ¥ Dy ¥ P, J

(1 PriF Poy et Py F Puss P s * P, J
A

2

A

my

(1 Pt Doyt et Doy T Pusa ¥ Pt + P, J

Therefore, we received the symmetric polynomial due to m groups of variables
Ais Ay s Aoy 3 P11s Pras wees P, 3e0s Poiis P oo P, -
While

detd,=(22se 2y | W, (34)

n

where

W :(1_ PotPotetPus TPus1t Py TP ]
n ﬂ‘l

11— PutPotetPysyTPus1tPyns TP )
A,

‘(1_ 2Rl 2% e akto o 2Rt oy 2SSl o ZINP S o ZE J

lml .........
| PatPoytetPus i tTPusi T Puoi TP pim, (35)
4
| PatPoytetPus i tPusi T Puoi TP pim,
L
1 PatPyt et Dy T P31 T Pwo) TP poim,
A

=1-8,+8, —..+(-1)""" s

my-my-..m,

where S; (the first symmetric polynomial of the indicated above variables) is equal
to
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pll,l +pi2,2 +"'+p1n_1,m 1 1 1
S, = Z =0, M, | —t+—Ft—— || D+ Py +t D,
Isjsm ﬂ'/ ﬂ" 27 l’”l
1< <m, @)
1<, <
1, <m,
z-ml—l
: pl,m +p2,m +“'+pm",m :m2 .""mnz__ 'a)l,l Teeet a)l,n—l
D)y "
(36)
where
T =T (il, Agseves Ay, ), T, =T, (ﬂ,l, Aysss ﬂml) - the fundamental
symmetric polynomials of the rank m, —1, m, respectively,
@, ...,0, -the first rank fundamental symmetric polynomials with respect to

the groups of variables p, |, p, ,, ..., Dim, o5 Pots Prras s Poim -

Other symmetric polynomials we count based on the repeated application of
Newton's formulas [3]. Examples of calculations we have given in articles describ-
ing 2D and 3D cases [4, 5].

However, the general schemes require rather laborious and time-consuming
computational techniques.

3. Conclusion

The article describes the procedure for calculating the determinant of the main
block matrix occurring in the system of equations for internal nodes of the area
described by the n-dimensional Fourier equation.
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