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Abstract. In our article we consider jacobidac(f,h) of polynomial mapping = X“Y +... +
+f, h=X<"¥+ . +h, We give conditions for coordinatein which constant jacobian
Jac(f,h) = Jac(f,,h;) vanishes.
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Introduction

One of the most interesting issues of classicalatgjc geometry is the ques-
tion of polynomial mapping of two complex variablg@gh constant jacobian zeros
at infinity quantity [1]. In article [2] the auth®rshowed that this kind of mapping
has at most two zeros at infinity. In our article give the conditions in which
mapping in constant jacobian has one zero at tygfini

1. Selected properties of jacobians

To simplify the properties we assume thahdg are forms.
Property 1

We have following formulas:
1.1. Formula
Jac(X PY9, X"Y*®) =

pq X p+r—qu+s—l (1)
r s
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1.2. Formula

Jac(X PYPf,X9YY%) =

pX Praty P*a7lf3ac( XY, g) -
gX Praty Pralggac( XY, f) +
X POy P ac(f, g)

1.3. If f andg are2k-1-degree, then
Jac(XY, f)=Jac(XY,g) = f =g

1.4. If f andg are2k-degree forms, then
Jac(XY, f)=Jac(XY,g) « f =g+a X "
1.5. Formula

Jac(XY, f¥) =kf “*Jac(XY, f)

1.6. Formula

Jac( XY, f [g) = fJac(XY, g) + gJac(XY, f)

1.7. Formula

Jac(XY,g)=0 = g, =0,k=1
kg,“ Jac(XY,g,) =0= g, = OorJac(XY,g,) =0=> g, =0

2. Thesimplest examples

2.1. Example 1

(2)

3)

(4)

()

(6)

(7)

To study the simplest case, we must assume thgtgoialsf = X2Y? +f; +f, +

+f; andh = XY+ h; have constant jacobiaac(f,h) = Jac(f1,h,).
Then in sequence
1) Jac(X2Y?, h) + Jac(fs, XY)=0

therefore

2XYJac( XY, h) = Jac(XY, f;)

SO

Jac(XY ,2XYh) = Jac(XY, f3)
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and then

2) Jac(fg,h) + Jac(f,,XY)=0
therefore
Jac(2XYh,, h,) = Jac(XY, f,)
S0
Jac(XY,h?) = Jac(XY, f,)
and then
f,=h’+aXY

3) Jac(f,,h)+Jac(f,,XY)=0
therefore
Jac(h’+a XY, h) = Jac(XY, f,)
SO
Jac(XY,ah) = Jac(XY, f,)
and then
fi=ah

This means thatac(f;,h;) = 0, the simplest polynomial having two zeroiéihity
cannot have a constant nonzero jacobian (if it aaonstant jacobian then the
jacobian equals zero).

We may notice that in this elementary example

f=h+ah

f= X2Y2 + 2XYh1 + (h12 + a]_XY) + alhl = (XY+ h1)2 + al(XY'l' hl)

This solution confirms the fact that jacobidac(f,h) = 0 (polynomiald andh are
algebraically dependent in this trivial case).

2.2. Example 2

In the next example we may suppose that polynonfigl&?Y?+ fs+ fs+ fa+
+ f,+ fyandh = X®Y?+ hg+ h,+ h; have constant jacobian. For the reader it might
be difficult so let us try to move the pattern fremample 1. In sequence

1) Jac(X3Y? hy) + Jac(fs, X2Y?) =0

therefore

3X 2Y2Jac(XY,h,) = 2XYJac( XY, f5)
SO

3XYJac( XY, hy) =2Jac(XY, fg)

and then

3
f5=EXYh3
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2) Jac(X 33 h,) + Jac( fs,hy) + Jac(f,, X2Y?) =0
therefore

3X 2y2Jac(XY,h,) + Jac(g XYh,, hy) = 2XYJac(XY, f,)
SO

2 3 2
Jac(XY 3X2Y?h,) + Jac(XY,Zh3 ) = Jac(XY ,2XYf,)
and then
2XYf, =3X?Y?h, +§hf +a;X 3?3

it means thaky divideshs?, so it divides alsbs so
hy = XYhg)y

therefore
2XYf, =3X?Y?h, +%X2Y2h3,12 +a;X 3?3
and then

fu=0 XVh, +2 Xy, "+ 2, X Y2

3) Jac(X 33 h) + Jac(fs,h,) + Jac(f,,h,) + Jac(f5, X2Y?) =0

Jac(fo,hy) = Jac(g X Y?h, 1, h,) = 3XYh, . Jac(XY, hy) +g X 22 Jac(hy . hy)

Ja0(foshy) = Jac( XY, + 2 Xy 2 2 XY, XYy =
= g Jac(XYh,, XYh, ;) +§ Jac(XYhy,, XYhg,,) + % azJac(X 2Y2, XYh,,,) =

- g XYh,Jac(XY, hy ;) —g XY, Jac(XY, h,) +g X Y2 Jac(hy, hy,y) -

_3
8
therefore

3X2Y%Jac(XY,h) + g XYh,,,Jac( XY, h,) +g XYh,Jac(XY,hy/,) —

XYh,,,*Jac(XY, hy),) + asXYdac(h,, hy/,)

—:—; XYh,,>Jac(XY, hy;y) + 35X 2Y2Jac(XY, hy;y) = 2XYJac(XY, f,)
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SO

Jac( XY 3XYh) + Jac( XY,% hs,1h,) —% Jac(XY, hy,%) + Jac(XY,a;XYhy,,) =

= Jac(XY,2f,)
and then

3 3 1 1
fy= B XYh, + 2 hs/h, = 16 h3/13 + Eas XYhg)y

4) Jac(fs,h)+ Jac(f,,h,)+ Jac(fs, hy) + Jac(f,, X2Y?) =0
By performing tedious calculations we obtain
3 1 1 3
f :Zh3/1h1 +Ea3h2 +532XY +§b12XY
while
1,
h, = 2 hg).” + b XY
5) Jac(f,,h) + Jac(fs,h,) + Jac(f,,hs) + Jac(f,, X2Y?) =0

By performing tedious calculations we obtain
fi=ah + Bhg,

6) Jac(fs, h)+ Jac(f,,h,)+Jac(f,h) =0
By performing tedious calculations we obtain

1
h, = E Bihsn

Therefore we have received

hy =%|31h3/1' h, =%h3,12+ B,XY andh,= XYh,,,, which means, that

= XY+ Xy BXY + 2 By, = (XY +hy)? + BXY + )
Also consequently

1 1 1
f=(X%? +Eh3/l)3 + A (XY "'Eh3/1)2 + Ay (XY +Eh3/1)

By selecting right parameter = %a3 and

1 3 1 3 3 .
A= 2 +§leY +§a3bl +§bl2 +Zb1h3’l this means that

1 1
Jac(f,h) = JaC(E A1h3/1’5 Bihg,) =0

These examples show the general method.



46 B. Gawraiski, J. Jankowska, R. Moltzan, |. Wlodarczyk, GerfBiat

3. Proposition
Let f = X*Y*+ f, ,+..+ f,andh=X*"Y*"+h, ,+..+h, k=2
If Jac(f,h)=Jac(f,,h), thenJdac(f,h)=0

The idea of the proof. The particular parts of the proof lead to the fwilog forms
of polynomialsf andh

1 K 1 k-1 1
f =(XY+——h,_ + A(XY +——h,_ +..+ A (XY +——h,_
( K1 an) +A( K1 X 3/1) Aca( K1 3/1)
And
1
h=(XY+— K h2< an) 1+Bl(XY+ K h2k o) P A B (XY +—— K h2k 3/1)

While
hy_s = X k_zYk_zhzeall

This means that polynomiafsandh are algebraically dependent and it confirms
that

Jac(f,h)=0

Conclusions

We have received the whole set of polynomials fdasmihaving two zeros
at infinity in which the constant jacobian must i&dm We suppose that this is true
for every polynomial mapping of two zeros at infiniThis note will be the aim
of our next article.
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