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Abstract. In our article we consider jacobian Jac(f,h) of polynomial mapping  f = Xk Yk + … + 
+ f1, h = Xk–1 Yk–1

 + … + h1. We give conditions for coordinate h in which constant jacobian 
Jac(f,h) = Jac(f1,h1) vanishes. 
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Introduction 

One of the most interesting issues of classical algebraic geometry is the ques-
tion of polynomial mapping of two complex variables with constant jacobian zeros 
at infinity quantity [1]. In article [2] the authors showed that this kind of mapping 
has at most two zeros at infinity. In our article we give the conditions in which 
mapping in constant jacobian has one zero at infinity. 

1. Selected properties of jacobians 

To simplify the properties we assume that f and g are forms. 

Property 1 

We have following formulas: 

1.1. Formula 

11),( −+−+= sqrp

sr

qpsrqp YXYXYXJac   (1) 



B. Gawroński, J. Jankowska, R. Moltzan, I. Włodarczyk, G. Biernat 42 

1.2. Formula 
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1.3. If  f and g are 2k-1-degree, then 

gfgXYJacfXYJac =⇔= ),(),(   (3) 

1.4. If  f and g are 2k-degree forms, then 

kk
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1.5. Formula 
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1.6. Formula 
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1.7. Formula 
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2. The simplest examples 

2.1. Example 1 

To study the simplest case, we must assume that polynomials f = X 
2Y 

2 + f3 + f2 + 

+ f1 and h = XY + h1 have constant jacobian Jac(f,h) = Jac(f1,h1). 
Then in sequence 

1) 0),(),( 31
22 =+ XYfJachYXJac  

therefore 
),(),(2 31 fXYJachXYXYJac =  

so 
),()2,( 31 fXYJacXYhXYJac =  
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and then 

13 2XYhf =  

2) 0),(),( 213 =+ XYfJachfJac  
therefore 

),(),2( 211 fXYJachXYhJac =  
so 
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and then 

XYahf 1
2

12 +=  

3) 0),(),( 112 =+ XYfJachfJac  
therefore 

),(),( 111
2

1 fXYJachXYahJac =+  
so 

),(),( 111 fXYJachaXYJac =  
and then 

111 haf =  

This means that Jac(f1,h1) = 0, the simplest polynomial having two zeros at infinity 
cannot have a constant nonzero jacobian (if it has a constant jacobian then the 
jacobian equals zero). 
We may notice that in this elementary example 
f = h + a1h 
f = X 

2Y 
2 + 2XYh1 + (h1

2 + a1XY) + a1h1 = (XY + h1)
2 + a1(XY + h1) 

This solution confirms the fact that jacobian Jac(f,h) = 0 (polynomials f and h are 
algebraically dependent in this trivial case). 

2.2. Example 2 

In the next example we may suppose that polynomials f = X 
2Y 

2 + f5 + f4 + f3 + 
+ f2 + f1 and h = X 

2Y 
2 + h3 + h2 + h1 have constant jacobian. For the reader it might 

be difficult so let us try to move the pattern from example 1. In sequence 

1) 0),(),( 22
53

33 =+ YXfJachYXJac  
therefore 

),(2),(3 53
22 fXYXYJachXYJacYX =  

so 
),(2),(3 53 fXYJachXYXYJac =  

and then 
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2

3
XYhf =  
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2) 0),(),(),( 22
4352

33 =++ YXfJachfJachYXJac  
therefore 
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it means that XY divides h3
2, so it divides also h3 so 

1/33 XYhh =  
therefore 
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so 
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and then 
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4) 0),(),(),(),( 22
2332415 =+++ YXfJachfJachfJachfJac  

By performing tedious calculations we obtain 

XYbXYahahhf 2
122311/32
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while 

XYbhh 1
2

1/32 4
1 +=  

5) 0),(),(),(),( 22
1322314 =+++ YXfJachfJachfJachfJac  

By performing tedious calculations we obtain 

1/31111 hhf βα +=  

6) 0),(),(),( 312213 =++ hfJachfJachfJac  
By performing tedious calculations we obtain 

1/311 2
1

hBh =  

Therefore we have received 
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hBh = , XYBhh 1
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1 +=  and 1/33 XYhh = , which means, that 
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Also consequently 
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By selecting right parameters 31 2
1

aA =  and 
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hbbbaXYbaA ++++=  this means that 
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(),( 1/311/3111 == hBhAJachfJac  

These examples show the general method. 
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3. Proposition 

Let 112 ... ffYXf k
kk +++= − , and 132

11 ... hhYXh k
kk +++= −

−− , 2≥k  

If ),(),( 11 hfJachfJac = , then 0),( 11 =hfJac  

The idea of the proof. The particular parts of the proof lead to the following forms 
of polynomials f and h 
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This means that polynomials f and h are algebraically dependent and it confirms 
that 

0),( =hfJac  

Conclusions 

We have received the whole set of polynomials formulas having two zeros 
at infinity in which the constant jacobian must vanish. We suppose that this is true 
for every polynomial mapping of two zeros at infinity. This note will be the aim 
of our next article. 

References 

[1] McKay J.H., Sui-Sheng Wang S., A note on the Jacobian condition and two points at infinity, 
Proceedings of the American Mathematical Society 1991, Jan., 111, 1, 35-43. 

[2] Charzyński Z., Chądzyński J., Skibiński P., A contribution to Keller’s Jacobian conjecture, Semi-
nar on deformations (Proceedings, Łódź-Warsaw 1982/84, Lecture Notes in Mathematics 1165), 
Springer-Verlag, Berlin, Heidelberg, New York, and Tokyo 1985, 36-51. 


