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Abstract. In the article the asymptotic analysis of closed exponential queueing HM-structure
with priority messages is carried out with a large total number of messages, depending
on time. The number of service lines in systems, the intensity of service messages in them,
the probabilities of message transitions between systems also depends on time. It is proved
that the density of the income distribution in the network systems in asymptotic satisfies
differential equations in partial derivatives. This provided the inhomogeneous differential
equation for the expected incomes system structure. An example of transport logistics
shows how to solve such equations.

Introduction

The concept of the closed queueing structure (CQS) with a central system of
service has been introduced in monography [1]. In article [2] an asymptotic analy-
sis CQS of arbitrary architecture with one-type messages and parametres, depend-
ing on the time, is carried out. In this article, such an analysis is carried out
for CQS with priority messages.

Let's consider the closed exponential queueing structure with priority messages
consisting of n+1 queueing systems S,, S,, ..., S,, where S, - environment, as
which condition we will understand a vector k(¢)=(k,t)=(k, (t),k,(t);k, (1),
ky,(t);...;k, (), k,, (1)), where k, (¢), k,(t) - accordingly the number of priority
and priority-free messages in system .S, in an instant 7. Priority messages have an
absolute priority in relation to priority-free messages [3]. Let K (r) and K,(¢) -
respectively be the number of the priority and priority-free messages served in
CQS, K, (1)+ K,(t) = K(¢) - total number of served messages in an instant 7. It is

apparent that in system S, the number of priority and usual messages in an instant

t equal respectively k, (t)=K (1)~ k,(t) and k,(1)=K,(1)= > k (). The
i=1

i=1

number of service lines in queuing system (QS) m,(¢), i = I,_n, m,(t) = K(t), prob-
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abilities of messages transition between them p, (1), i, =0,n, depend on time.

Disciplines of service of messages of both types in each QS are FIFO. Let's desig-
nate through z(7) - service intensity of messages of type s in j-th QS in an instant

t. Let's also enter the following designations:

&k, (1), m; (1)) = minik,, (1), m, (1)},
ki (), kj(0)+ k() <m (1),
& (k (1), ko (1), m; () =ym;(O) =k ;1 (1), k(1) <m (1), k(D) + k() =m(0), (1)
0, k;i(1)=m (1), j=0,n.

1. Equation conclusion for density of distribution of the expected
income of separate system

Let's designate through v, (k,) the full expected income which will receive QS
S, of the closed structure with priority messages in time ¢, if in an initial timepoint
of CQS is in a condition & . During a small period Ar of CQS can remain in condi-
tion (k,t) or make transition to condition (k+ 1, —1,,,t + Ar), (k+1,—1,,,t + Ar),

thus for simplicity we will consider that p,(1)=0, i=0,n. Here [, - vector con-
sisting of zero, [, - 2n-vector with zero components, except for a component with
the number 2(i —1) + s which is equal to 1, izl,_n, s=12.

Theorem. Income distribution density p, (x,7) under a condition that it is

differentiated on ¢ and is twice sectionally continuous differentiated on x,, x

Js?

i,j=1,n, s=12, satisfies the terms of order of smallness g(f) to the following
differential equation in partial derivatives:

is >

n

0Py (x,1) 2 Oy (x,1) () o< 0’ p,.(x.1)
ver?s i) A (x, 1)l 22 B, (x,1)——2 2
ot ZZ 5 (1) ox, 2 ZZ s (1) 0x,.0X

i=1 s=1 is i,j=ls=1 isYV s

—2nK (D' () ps, (x,0) + 1, (x,1), ()

where

A0 =Y (OP (00 (oL (1) + ym(r)pm(r)[ ’Ii((t’)) - Zxﬂj,
J=1 J=1

Ap(6t) =D ()P (08 (X1, % 2,1, (0) + piy (f)Pol-(t)[II%((tt)) - ijz} 3)
Jj=1 J=1
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B(]l (x’ t) = _/ujl (t)p]l (t)gjl (xA]l’ lj (t)) > Biil (x> t) = Z :ujl (t)qjl (t)gjl (le > lj (t)) > (4)

J=0
Bij2 (x9 t) = _/uj2 (Z)pj/(t) 8/'2 (leaxj2alj (t)) >

By (x,0) =Y s (1) €2 (x 11X 2,1, (1)) ()
j=0

* p,(t)_L]:l’ " l+p',(t)7j:i7
pji(t) = ’ .. q_,,(t) = s
p;(0), ] #1, p; (0, ] #i,

ro(x0) = K() Y L0 &5 0L ()i (0) +

i,j=0
+ 1 (€3 (X 1, %0, L (O) D (O, (1) +7.(0),
r () =K"(OR) @), r.()=K"(OR.(1), i, j.c=Ln, s=1,2,

Jic Jic

income from transitions between conditions of CQS R;fc) (), R.(¢) is defined in the

proof.
Proof.
Let's say that if on an interval of time [7,7+ Af] of CQS makes transition from

condition (k,#) to condition (k+1,—1,,1+Ar) (it can happen to probability
120 1 G (1), m, ()l ()UK, (1) =y (0)p,, (DAL + 0(AD), where u(x) - func-

tion of Heaviside, the income of system S, will make R'})

i1 (1), therefore the income

of this QS in an instant 7+ A¢ will be equal to this size plus the expected income
v.(k+1,—1,,t) which it receives for the remaining time ¢ if the condition
was initial (k+1; —1,,7). Similarly, if on interval [z,/+Af] of CQS makes
transition from condition (k,#) to condition (k+1,, —1I,,,+Af) with probability
120062k (1), 0., () e (0) UCKy (0) = ki (1) (DA + 0(AD), the income
2) t) which

jil
it receives for the remaining time 7 if the condition was initial (k + I,, — 1 ,,7). Let’s

Jj»

of system S, will make R} (¢) plus the expected income v, (k +1,, — I

p Jj2»

consider besides, that the system S, receives income R (¢) for a unit of time during

the stay of CQS in condition (k,7). CQS remains in condition (k,f) during time

At with prObablhty 1- Z [/ujl (t)gjl (kjl ([)5 mj (t)) + /uj2 ([)SA]'Z (kjl ([)a kj2 ([)a mj (t))] x
/=0

x At + o(At), thus the income of system S, will make R.(f)At+v,(k,t).
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Owing to the aforesaid, the full expected income v, (k, + Af) of system S, in
an instant ¢ + A¢ satisfies the system of the difference equations:

J=0

v (kot + Aty = {1 = DL O ik (0, (D) + p5 (18 1 (K (1K o (0, m () A } x

< (RO .0+ Y [0 1 (K 1 (1), (0 yuCh (DK (1) = Ky (1), (DA

i,j=0
) (RO () + Vi + Ly = 11,00 )+ 41,5 (008 5 (1 (0, e 5 (8), m () (1)) %
) u(Ky () = ko (0)p, OARD () + v (k + 1y~ 1))+ 0(AD) . (6)

Owing to the expression definition €;;, &5, according to (1) and to definition of
function of Heaviside, in the right part of a relation (6) we can lower functions
u(k ;1 (1)), u(k;,(1)). Besides, hereinafter we will carry out the asymptotic analysis
at K (t) <N > o, s =1, 2, therefore it is possible to consider that u(K,(t) — k;(¢)) =
=u(K,(t)—k;,(¢))=1. Considering At — 0 from (6) we receive a system of differ-
ence-differential equations (DDE) for expected incomes of system S.:

dvcc(lf,t) = {[/‘jl(t)sﬂ(kﬂ(t), m; (t))(vz(k + 1, —1,,,1) —vz(k,t))+
i.j=0

+ W ()€ ;5 (kj (1), k 15 (1), mj(t))(v:(k Ly =10~ VZ(k’t))]pf’ (t)}+
+ D 0 1k (0., (DRD(0) +

i,j=0

+ ﬂjz(t)b”jz(kﬂ(t),ka(t),mj(f))Rﬁ-i?(t)]ij(f) +R.(1). (N

Let's pass to density of distribution of the income of QS S. p..(x,#). Consider-
ing a case of a large number of messages 1 << K(¢f) <N and passing to a vector of
relative variables

£ () = k(@) ki (0) ko (t) kn(t)  ky(0) k,p(2)
K@) K@) K@ Ko Ko K@ )

whose possible values belong to the limited closed set
N n
G =93 =001, X123 X915, X90503 X1 X ) 0 X 20, s =125 Z(xn +x,)<l¢,
i=1

in which they place in knots of 2n-dimensional lattice on distance &£(¢) from

each other, we can use function approximation v, (k,t): K (t)v.(k,t)=
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= K" (t)v. (xK(t),t) = p.(x,1), where p. (x,f) - density of distribution of proba-
bilities of a vector & (¢).

Let ¢, =e(®)1;, e, =€)}, i=1n,and let at K(t) > oo:
K OR0) =rl(0), K (ORZ () =r2 (1), K (OR()=r.(t). (8

Jic jIL jic jIL
Let's increase both parts (7) on K*'(rf) and having added to both parts
20K OK (), (k1) = 20K (K (t) pyo (x,1) = 2ne(0)K'(£) p,. (x,1) = —2nK (£) ¥

x &'(t) p..(x,1), we receive

‘)p”a(tx D 2k (') pia (et + KOS 06 1 (0.1, (1)
i,j=0
< (pr(x+ e —e ) = pra(t) [+ 110815 (0. %, (0.1, () %
% (pi e —e ) - Pl o O+ 1 (o). ©)

Let’s spread out functions p,.(x + e, — e51), Dae(X+ep, — e,l) = Dac(x— €1),

p.(x+e, —e,.t)=p. (x+e,1) abreast Taylor in a point neighbourhood (x,?):

pr(xt)  Prel r)) N

:c X+e,—e,l)= :c x,t)+e(t
D "’)p()()[ax,-s .

Js

2 Fo Ox;,0x ox; 2

Pix.) | £ azp;(x,r)

+az<r)(62p;;(x,r>_2a pi(xt) Ol )) o0,

(x—e )= p.(x,0)—&(t +o(e2 (1)),

=y = plen—s LD SR o2

Pa(xten)= Pl + ey P L EDTPule) |2y,
Ox;q 2 Ox;;

i,j,c=0,n, s=1,2.

Having substituted this decomposition in the equation (9):

c)pvc(x ) Z{Z {ﬂﬂ O, (08 1O t))[(épll(x, n 5P:c(x,t)] .

=l | j=1 Ox;y axﬂ

20 PPt @pun Open |||,
2 for Ox;10x 8x
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+ o, (1) pol_(t){m_ y xﬂ){ Oy (x,1) () o’ pi.(x, ;)J

K@) Ox; 2 ox;

J=1

L op... op..
+ ;{uﬂ(r)pﬂ (D€ 1 (X1 (1), X 5 (0),1, (r))ﬁ P ax(’z”) - pgx(:’)]+

LEO[Op(t) 0 p(x0) , O p(x.0)
2 Fors 0x;,0x ;5 ox’ ¥

+ Loy (1) Pos (t)(lliz—((tt)) _ Z X)) J[ apvac ):x,t) egt) 0? I;V; (x, t)ﬂ
J=1 i2 I

n P 7 Dt
+ jZ:;{ﬂjl(f)P_/o(t)E_/l(le(t), l (t))l:_%m +?%}} .

Jj1

+ Z {u,z (OO0 00 (1 (10.3,2(1)., (r))[— % +
2 ;

L0 0 Pue(x,)

2 ax]z } —2nK@)e'(t)p,.(x,0) + 1, (x,1).

Using designations (3)-(5), the last equation to within members of order O(g(¢))
can be written down in the form of (2) Towers has proven.

Let’s notice, as appears from (4), (5) that — g(t) ZB,JA( ) ——= p “C(x 2 =0((1)),
i,j=1
therefore from (2) follows that to within gz(t):

DD S 00 LD 2k 0+ ). (10)
=1 s=1 Xis

2. Finding of the expected income of separate systems

Let’s integrate both members of equation (10) on x in area G and we will
divide both parts into the volume of the area G equal m(G* ):

OPvc(X D apvc(x 0
m(G” )-“. J. _m(G )ZZ_” _[Am( J)————=dx—

l_le*

Jlljlp:c (x,0)dx + G

_2nK(0E'(1)
m(G")

)”...jrj(x,t)dx. (11)
2
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Let’s designate through v’ (7) - an average on x value of the income of sys-

tem S, CQS with priority messages on condition of change of an initial condition

x in area G . Having applied to both parts (11) of a reasoning as in article [2], we
will receive the following equation for the average income of system S:

i_Pr _ L aAis(xat)_ ’ —pr 1 %
V0= {Zl Zl—ax 20K (1)e (t)}va*c O+ & [ 1 = Genpds. (12)

From (3) follows that the coefficient A4,,(x,t) is piecewise and linear on x,

j= l,_n, function, and coefficient 4;,(x,?) - piecewise and linear on x;, x5, j =L, n,
function, therefore (12) is DE with an explosive right part. It is possible to solve it
by splitting of phase space G~ into a number of areas depending on what the values
accept X, X5, J :I,_n, and solutions of the equation in each area.

Let's note that the total expected income of CQS can be found as the sum of
the income of all QS.

3. Example

The Transport Enterprise (TE) (system S, ) having a large number of cars (mes-
sages), sends them for transportation and acceptance of freights to various cities
(environment, system S, ) and then they come back to the TE base, are unloaded in
a warehouse (system S, ), receive a new task and the process proceeds similarly.

That stayed freights can be prime value or perishable, or, for example, arriving
from abroad on railway transport (thus structures have to be rather returned to
the sender), certain messages can have a priority at service (unloading - loading,
paperwork) therefore when forecasting the income in such a situation the results
of this section can be applied.

The condition of CQS in this case is described by a vector

k(t) = (k1) = (ky (1), ko (0); ko (0, kon (1) kg i (8) = Ky (0) =k () = ey (0), Koo (2) =
=K, () — ki, (t) — k5 (t) - the number of priority and low-priority messages in
system ;. The matrix of probabilities of transitions looks like

P =|p, 0], =

—_ o O
(=
(==

For a unit of time we will take one week. Practical experience showed that it is
convenient to set the CQS parameters in the form of periodic functions of type
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. 2m (2m
csin| — [+d csin| — |+d
10 10
b .
M) =a; + ,j=02,s=12,
' ‘ . (2m
ciosin| —— |+d
10
m;, .
m,(t)=m, + ‘ 21”[ , j=12, (13)
mj351n W +m]4
R(_é')2
R (1) =Ry + s ,j=02, s=1,2,

: 2t :
() i ()
R sm( 10 j+RﬂC4

R.(t)=R, + R;» =12
j - /1 2721 > ] b °
ng Sln(loj +Rj4

Let’s find the solution of the equation (12) in area

2
Gl* :{X: ll(t) < 'xls‘ < 15 lZ(t) < 'x2s‘ < laz (xls +'x2s)s 1} s

s=1
Let’s set coefficients in expressions (13) in a look: ¢, =50, a,=60, b, =11, b,=9,
c¢=10, d =20, a, =0.0015, gy, =0.001, @,=0.0025, a,=0.0013, a,;=0.0015,
ay=0.0020, by =2, byp=by=by=by=by=1, cy=3, cp=c=cn=4,
cn=cp=35, dy=dp=dnp=71, dp=dy=8, dy=6, my=my=my=3,
my=myz=4, my =7, my=2, my=8, Ry=-2, Ryy=-3, Rp=R;=4, Ry=2,
Ry3=3, Ry=Ry =10, ng)zl =-2, Rl%z = R%%z =1, Rl(;)23 = R1(222)4 = R%%zt =5,
Rl%zt =1, Réé)zl = RS))B = R1(222)2 = R§§%3 =3, Rg))zzt =10, R1(222)1 =-3, Rg))zz = R1(222)3 =4.
Then, solving equation (12) at starting conditions \755 ,(0)=1000, it is possible to
determine the expected income of system S, at a change of reference state by area
G'. This differential equation decided in a Mathematica package a Runge-Kutta

method of the fourth order. Dependence of the expected income of system S, on
time is presented in Figure 1.
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Fig. 1. Expected income of system S,
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