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Abstract. In article method of finding of expected incomes in systems of HM-network of
arbitrary topology when incomes from transitions between network states are stochastic
variables with given mean values is proposed. For expected incomes the system of linear
non-homogeneous ordinary differential equations was obtained, to solve it we can find in-
comes in network systems.

Introduction

Markov queueing networks (QN) with incomes were examined in works [1-3]
at the first time. They are described with help of Markov chains with continuous
time and incomes which were introduced by R. Howard [4]. So at the recent time
they are called HM(Howard-Matalytski)-networks [5, 6]. Before investigation of
closed networks with account number of states was carry out. Herewith the next
cases were examined: a) incomes from transitions between network states depend
on states and time or b) incomes are stochastic variables (SV) with known finite
moments of the first and the second orders.

For expected incomes of network systems in case a) the system of difference-
-differential equations which are reduced to the system of linear non-homogeneous
ordinary differential equations (ODE) can be obtained. For their solution different
methods - method of multidimensional z-transformations and known methods: me-
thod of Laplace transformation, matrix method, numerical methods were proposed
[7-9].

In [5, 10] approximate relations for expected incomes and income variations in
systems of exponential HM-networks in case b) were obtained. Technique of re-
ceiving of these relations is based on interval partition of the network functioning
by big number m of small intervals of size Az, income estimation on every interval
and summing of these incomes by means of passage to the limit m—ow, Ar—0.
Herewith mean value of messages in network system in unsteady condition was
found with help of developed recurrence by time moments method. Notice that
different methods of analysis and optimization of Markov HM-networks and their
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application were described in [11]. In the present work method of finding of expec-
ted incomes of network systems in case b) which is based on solution of the linear
non-homogeneous ODE, which were received for expected incomes and mean values
of messages, is proposed.

1. Finding of expected incomes in systems

Let us examine open exponential QN of arbitrary topology with one type mes-
sages which consists of n queueing systems (QS) Sy, S>,...,S, with m; service chan-

nels in system S;, i =1,n. Denote via k(t) = (k,(?),k,(t),....k,(t)) - vector of net-
work states, where k; () - message number in system S; (in queue and service) at

the moment ¢. Poisson flow of messages of the rate A enters the network. Service
rate of messages at the moment ¢ z;(k,(f)) in system S; depends on message number

in this system, i=ln. Message when transiting from one QS to another brings to

the last system some stochastic income and income of the first system reduces by
this value correspondingly.

Let us consider dynamics of income changes of some network system S;. De-
note it’s income at the moment ¢ as V; (). Let at the initial moment income of sys-
tem equals V; (0) = v,o. Income of this QS at the moment ¢ + Af can be presented as

V. (t+ A0 =V, (1) + AV, (t, Ar) (1)

where AV (t,At) - income change of system S; on time interval [¢, 7+Af). For finding
of this value we write probabilities of events which can appear during time As and
changes of incomes of system S; which are connected with these events.

1. Message from the outside with probability Ap,;At + o(At) will enter to system

S, and will bring to it income of size r,;, where 7, - RV with mathematical
expectation (m.e.) M{ rOi}: ay;, Dy, - probability of message enter from outside
to the system S; , izl,_n .

2. Message from the system S; with probability u, (k,(t))u(k;(t))p;At +o(At) will
pass to the outside and income of the system §; will decrease by value R,
where R, - RV with m.e. M{Rio}z by, p,, - probability of message leaving

Pa 1, X > 0, . .
from system S, to the outside, i=1,n, u(x) = {0 <0 - Heavyside function.
b x - 9

3. Message from the system S; with probability u;(k;(1)u(k;(1))p ;At +o(At) will
pass to the system S; and income of the system S; will increase by value r;; and

income of the system §; will decrease by this value, where r; - RV with m.e.
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M {r' }: a;, p; - probability of message transition from the system S; to the

Jji
system S, i,jzl,_n, T

4. Message from the system S; with probability g, (k; (1)) u(k;(1)) p;At + o(At) will
pass to the system §; and income of the QS §; will decrease by value R; and in-

come of the system §; increase by this value, where R; - RV with m.e.

M{R,}=b,., ij=Tn, i# .

ij
5. State changes of system S; on the time interval [f,r+Af) with probability

1=| Apy; + p; (k;(1)u(k; (1)+ Zn:ﬂj(kj (O)u(k (1)) p; |At+o0(Ar) will not appear,
B

i=ln.

Besides that during each small time interval Ar the system S; increases its in-

come by value r, At, where r, - RV with m.e. M{r. }=c,, i=1n. Let also sup-

R., r,;, R, are independent with respect to RV r,, i, j =1n.

10 TN

pose that RV r;
Evidently that r; = R, with probability 1, i.e.

a.=b,, i,j=1n 2)

ji i

Then from said follows

1+ 1. At with probability Apo; At + 0(At),
— R,,+ 1, At with probability Mk, ())u(k; (1)) p;yAt +o(At),
ry+1n At with probability  u;(k;(1)u(k; (1)) p;At +o(At),
— R;+r, At with probability u; (k; (0)ulk; (1)) p; At + o(At),

AV, (t,At)= (3)

r, At with probability  1- (/lpm + 1, (k. (0)u(k, (1)) +

+ "1k, O)uk;(D)p; |At+0(At)
j=1
J#i

Under fixed realization of the process k(¢) and taking to account (3) it can be

written:
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MAAV, (1, A0 [ k(D) }= | Apyiag; +¢; — ik (D)uk (1)) piobio + Y, Pyby |+
j=1
J#i

3 1,k (O)eCk (D) p ;| At +0(A1)

j=1
i
Average the last relation by k(r) with taking to account normalization condition

Z P(k(t) = k) =1 for income change of system §; we will obtain
k

MA{AV,(t,A0}= )" P(k(t) = k)M{AV, (1, A1) [ k(D))=
k

= i i iP(k(t) = (k, (), ky (1), , (1)) X

ki=0k; =0 &, =0

X MAAV (1, At) 1 k(1) = (ky(1),k, (1),.... k, (1)} =

=| Apoitig; +¢; —| Piobio + D pyby [ PUk(t) =k ), (k; (0))u(k, (1)) +
j=1 k
§E

+ijiajizp(k(t) =k)ﬂj(kj(l‘))u(kj(l‘)) At + o(At)

j=1 k
G

Let the system S, contains m; identical service channels, time of message ser-

vice in every channel is distributed under exponential law with parameter 4;, i =1,n.
In this case

ﬂiki(t)’ kj(t)smja . .1
4,k (1)) = (ke (O () = g1, min(k, (0,m,), i =Ton
mimy, ki (6) > m;,

Let us suppose that averaging of expression g, (k. (¢))u(k;(t)) brings
M, min(N,(¢),m;), L.e.

M min(k,(¢),m;) = min(N, (¢),m;) “4)
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where N,(7) - average number of messages (waiting and serving) in the system S,

at the moment 7, i=1n. Taking in account this assumption we obtain the next
approximate relation

MAAV,(t,AD}=| Apgag; + ¢, — g, min(N, (8),m)| piobio + Y pyby |+
Jj=1
j#i

®)

+ Yy min(N (1),m,) p a; |At+o0(Ar)
j=1
J#

Since Poisson flow of messages with rate A enters the network, i.e. probability
of entering of / messages in the system §; during time A¢ has the appearance

/
P (At) zwe%”‘“m, [=0,1,2,..., so average number of messages which en-

tered to the system S; from the outside during time Ar equals Ap,At. Denote the

average number of busy service channels in system S, at the moment ¢ as p,(),

i=1,n. Then M.p:(t)At - average number of messages that left the system S, dur-

ing time At and Z HU;p;(t)p At - average number of messages that entered in the

J=1
Jj#i

system S, from another QS during time Az. So

N;(t+AD) = N;(1) = ﬂ’pOiAtJ’-Z;ujpj(t)pjiAt_:uipi(t)At, i=ln
j=1
ji

whence with At — 0 system of ODE for N, (¢) follows:

dN,(t < .
dll‘( ) = E 1P, p s — () + Apy;, i=1n (6)
=
j#i

It is impossible to find variable p,(f) exactly so as we did earlier we approximate
it by expression

i) = {N" O, N _ (N, 09, m)

m;,N,(t) >m,,
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Then system of equations (6) will take on form

dN; (1) _

" Z;u,-p,,- min(N;(1),m,) - g min(N,(t),m)+ Apg;, i=Ln  (7)

J#i

This system is system of linear ODE with discontinuous right parts. It’s neces-
sary to solve it by means of segmentation of the phase space by set of the areas and
finding solution in each of them. System (7) can be solved for example by using
means of system of computer mathematics Maple 8.

Let us introduce denotation v,(t) = M{V,(t)}, i= 1,n . From (1), (5) we obtain

v, (t+ A1) =v,(t) + M{AV,(t,Ar)} =

=v;(t) +| Apy;ag; +¢; — p; min(N, (¢), m;)| piob;o + Z piby |+
=
i

+ > u; min(N (1), m;)p ya; |At+o0(At)

Jj=1

Then pass to limit with At — 0 we receive non-homogeneous linear ODE of the
first order

dv.(t . !
—(;E ) =—; min(N, (1), m;)| pob;o + Z piby |+
o ®)

+ D My min(N ;(0).m ) p s + Apgag + ¢y i =1n

=l
j#i
Specify initial conditions v,(0)=v,,, i=ln, it is possible to find expected
incomes of network systems.
If the network is functioning so that queues are not observed in it upon the
average, i.e. min(N,(t),m;) = N.,(1), izl,_n, then systems (7), (8) will take the
appearance:

D uipiN ()= N6+ Apy;, i=1n 9)
=

J#i

dN (1) _
dt
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dv(t < <
D) =—L| piobio + Z pyb; [N () + ZﬂjpjiaﬁNj (1) + Apy;ay; +c;
dt = = (10)
L i
v;(0)=v,, i=Ln
System (9) can be rewrote in matrix form
dN(t
"0 oN )+ £ ()

where N7 (1) = (N, (@),N,(1),...,N, (1)), O - quadratic matrix which consists of ele-
ments g; =M;p, if suppose p,; =-1, i,j =1n, f - column vector with elements

Apy;» i=1,n. Solution of the system (11) is

t
N@t)=N©)e? + f j 24z
0

where N(0) - some given initial conditions, but finding of elements of matrix e?

is difficult problem even for rather small values of n.

Fig. 1. Structure of the network with central QS

Let us consider closed network with central QS that consists of n systems (Fig. 1).
Let suppose that queues are not observed in peripheral systems of the network under

the average, i.e. min(N,(¢),m,)= N,(t), i=1,n—1, and central QS functions in the
condition of heavy traffic, i.e. min(N,(¢),m,)=m,. System (7) in this case will re-

write as
@: _ﬂiNi(t)+ﬂnmnpni’ i= 1,]’1—1,
dNt(t) ot (12)
# = z:uiNi (t) _lunmn
i=1
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General solution of the system (12) with initial conditions N,(0), i = I,_n ,equals

Ni(t) — gie_/‘i’ + mmunpni , i:1,n—1 ,

i

n—=1
Nn =K _Z(gie—#il+ i, D J
U

i=1 i

where g, =N, (0)—M, K= ZNi (t) - number of messages in the network.
)7

i i=1

For such N, (1), izl,_n, system (10) for expected incomes of the network systems

will take the appearance

dv (t) _ltllbm(g e—,U,'I + m—nﬂnpm‘ J +
dt H;

n—1 o m )
+ﬂnpm-an{K—Z[g,»e ””+Mﬂ+q, i=Ln—1

j=1 Hj
dv,(t & Lm ;
( ) 'unzpn] nj|: ( munpmj_K:|+
j=1 i=1 lui

- —ux M i
+Zﬂjajn|:gje " "'M}'Cn

j=1 J

Integrate given ODE with initial conditions v;(0) =v,;, i = I,_n, we will obtain

n—1

8j -ujt ~ it
vi(t) = ﬂnpnianiz_e " +b,8e " +
=1 Hj
n-1 P
1y
+ lunpni Kani _lunmnaniz _mnbm +ci I+
=L

n—1 .
_lunpnianizﬁ_bingi +Vj0 ) i= l,l’l—l

=LA

13)
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n—1

n—1 n—1
_ 8 i
vn(t)__:unzpnjbnjz : _zajngje T+
=1 i=1 H; =1

n—1 n—1 n—1 n—1
+ U, [mmunz pnjbnjz {;’“ - KZ Puiby + mnz pnjajnJ +c, [t+ (14)
j=1 i=1 M j=1 j=1

n—1

n—1 n—1
8,
+lunzpnibniz_+zajngj +vn0
i=1 =V =

2. Numerical example

Let us examine the network which was described in the previous section with
n=30, K =61, where K - the number of messages in the network. Service rates of
messages in channels of network systems equal: 1, = ;5 = tjg = thhy =4, s =06,

My =Ho = o= fhe =5, My =Hg = iy = My = [y =y = g = Moy =2, [ys =1,
My =T, = s = [y = [y = M5 = [y = Mg = [y = Hyy = [z =3, llzy =40,
channel number in the central system — m,,= 2, probabilities of message transitions

between network QS — py,, =1/29, p, =1, i =1,29, define also p;i=-1,i=1, 30,
the rest of probabilities Py = 0,i,j=1,30.Letalso N;(0)=2,i=1,29, N,,(0)=3.

Charts of average number of messages in the QS are shown in Figures 2-5.
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Fig. 2. Average number of messages in network systems S, i =1,10
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Fig. 3. Average number of messages in network systems S;, i =11, 20
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Fig. 5. Average number of messages in central QS

Specify values of m.e. of incomes from transitions between network states:

¢ zzocos(z—fj, i=13
n 2

a30i:505in%, ai30:1006xp{i}, i=1,29

Then using relation (13), (14) with initial condition v,(0)=100, i=1,29,
v5,(0) =150, the expressions for expected incomes of network systems were

obtained. For example expression for expected income of central system is

V3(£) =795.4¢ ™" +2970.5¢ ™ +720.1e™ + 2354.9¢ > +149.7¢ " -
—823.7¢"~93.1¢7" ~ 28654.2t +15870.1

Charts of expected incomes of the network systems are shown in Figures 6-9.
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