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Abstract. The aim of contribution is to investigate a quasi-linear heat conduction in the
two-phased periodically-spaced multilayered rigid conductor. The analysis is based on
the tolerance averaging technique. Considerations are restricted to the heat conduction in
the direction normal to the interfaces.

1. Model equations

This is a continuation of earlier contribution [1] on this subject. The starting
point of considerations is the following system of equations

9,((k)9,9+(kd,n)w)+0, (k)d,8—(pc)d=0

1
220, (k)3 = (k3 1)d,0— (k(3,1)" )y = 2* {pe)yr=0 M

where k(-) is a heat conduction coefficient, A(:) is a fluctuation shape function, A4
is a laminae thickness, ¢ and p are specific heat and mass density, respectively.

The basic unknowns are: averaged temperature = 1.9(X,l‘) and temperature fluc-
tuation amplitude y/:y/(x,t), X€<—L,L>X<0,H2>X<O,H3>, te<0,oo). We use

denotations Xz(xl,xz,x3), d,=0/dx,, d,=0d/dx,, x=2,3.
We recall, [1], that k is given by formula

k(x,,0) =k, (x)[ 1+ 8(8+h(x)y) | )

where @ is the temperature field, J is a positive constant and k,(x,) takes the

constant values k,', k," in every component material, k,'>0, k,">0.

Subsequently we restrict considerations to the stationary heat conduction prob-
lems. It means that in the system of equations (1) for averaged temperature field ¢
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and temperature fluctuation amplitude ¥ we have O= ¥ =0. Hence, these equa-
tions take the form

3, ((k)9,9+(ko,n)y)+0,(k)d,8=0

s (3)
A, (k}Bal/f—<k81h>8119—<k(alh) >1// )

Denoting <kalh> =[k] and <k(alh)2> ={k}, we can rewrite (3) in the form

9, ((k)o,0+[k]w)+0,(k)d,8=0

@)
420, (k)3 ~[k]o,0—{k}y =0

Setting v'=A"/A, v"=A"/ A and bearing in mind (2) we obtain

() = (ko) (14 68) = (V') +v'K,”)(1+ 9)

[K]=[k, 11+ 88) =23 (&, =&, ) (1+ 60) )

{k}:{ko}(1+619):IZ{kV—”:+k—°:J(1+&9)

14

It can be observed that coefficients <k> , [k] , {k} are independent on temperature
fluctuation amplitude ¥ .

Let us transform equations (4) by introducing dimensionless arguments & =x, /L,
& =x,/H,, «=2,3. Denoting 0”>=A1>/L’ we obtain from (4) the following
system of equations for the averaged temperature ¢* and the fluctuation amplitude

y
222+ 1etw 20 >;; o]0
cgloig) e

The above equations together with formulae (5) constitute the starting point for the
subsequent analysis. The characteristic feature of model equations (6) is that the
quasi-linearity is imposed only on averaged temperature ¢# and the problem is linear
with respect to the temperature fluctuation amplitude .

(6)
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2. Heat conduction across laminae

Let us assume that #=2(¢), w=y(&) and & € (0,1). It means that we shall

deal with the heat conduction in the direction normal to the interfaces between
adjacent laminae. Denoting

2 n7n”
k”=<k>—[k] = ,fk —=k"(1+69)
{k} VK +v'k

., (N
kO — kO kO
vk, +v'k,
we obtain from (6) the following system of equations
9, (k°(1+68)9,8) =0,
(4] (8)
=——20,0
l/, {k} 1
The general solution to equation (8), has the form
S »
z9+519 =C¢+D 9)
where C and D are constants. Assuming boundary conditions (0) =2} and #(1)=2
we obtain
C=0 -0, +§[z912 =
S (10)
D= ’190 + E 1902

It has to be underlined that #%(&) 20 for every & € (0,1), so that C& + D >0.

The boundary value problem for ¢ depends on parameter ¢. We shall deal with
three following solutions to equation (8),

I"If §=0 then ¥=(8-8)& +9,

: 1
2 If §>0 then 1923(—1+\/1+25(C§1+D)) (11)

3 e then 2 \[87- 87 ]+
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It can be seen that the effect of quasi-linearity of equation (8); results in increas-
ing of the values of the averaged temperature ¢ while & — o, cf. Figure 1.

0.2 0.4 0.6 0.8 1

Fig. 1. The effect of quasi-linearity on the averaged temperature
of the heat conduction across laminae

3. Final remarks

Let us remind that in the problem under consideration the quasi-linearity of the
heat conduction equations reduces to the averaged temperature field ¢ while the
problem is linear with respect to the temperature fluctuation amplitude ¥ .

The conclusion is that the quasi-linearity of the heat conduction in a laminated
medium increases values of the averaged temperature inside the conductor.

More detailed analysis of the problem under consideration can be found in [1].
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