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Abstract. The paper is continuation of part 1, in which the sensitivity analysis with regard 

to the thermophysical and optic parameters of human cornea have been discussed. Numeri-

cal analysis of thermal processes proceeding in the domain of human cornea subjected to 

laser irradiation is presented. Heat transfer in the tissue domain was assumed to be transient 

and one-dimensional. The internal heat sources resulting from laser irradiation based on the 

Beer law are taken into account. The paper deals with sensitivity analysis of temperature 

field with respect to the geometrical parameters of cornea. At the stage of numerical compu-

tations the boundary element method has been used. In the final part of paper the results of 

computations are presented. 

1. Material derivative 

In order to discuss shape sensitivity analysis the concept of material derivative 

has been applied. Using this concept we can write [1-3] 
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where v
s
 = v

s
 (x, bs) is the velocity associated with design parameter bs. In the cur-

rent analysis is assumed that b0 = L0 and b1 = L1, where L0 and L1 correspond to the 

external (anterior) and internal (posterior) surface of cornea. 

Because (c.f. equation (1)) 
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therefore 
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In similar way one obtains 
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Using formula (4) we have 
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and next 
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2. Shape sensitivity analysis - direct approach 

If the direct approach of sensitivity method is applied then the Pennes equation 

[4-9] and the boundary initial conditions (see chapter: Governing equations in Part 

1) are differentiated with respect to parameter bs [8, 9]. 

Taking into account the bioheat transfer equation one has 
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Taking into account the formulas (4), (5), (7) one has 
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From the Pennes equation (see equation (1) in Part 1) results that 
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So the equation (10) takes a form 
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The last component of the equation (12) can be expressed as 
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Taking into account a form of laser heat source (see equation (3) in Part 1) one 

has 
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Using equations (14) and (15) one obtains 
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We can write the final form of equation (12) as [5, 6] 
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where a sensitivity source function 
s
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Differentiating the boundary conditions on the anterior (external) surface of 

cornea we obtain (see equation (4) in Part 1) 
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or (c. f. equation (4)) 
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and finally 
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In similar way, the boundary condition on the posterior (internal) surface of 

cornea is differentiated 
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It should be pointed out that in equations (21) and (22) Q
s
 is defined as [8, 9] 
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To obtain form of initial condition once more the material derivative is used 

(c.f. equation (1)) [8, 9] 
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It should be pointed out that velocities associated with design parameters are 

defined as [1, 2, 8, 9] 
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so their derivatives are 
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3. Results of computations 

As in Part 1, the 1D task has been taken into account, and at the stage of numer-

ical computations the 1
st
 scheme of boundary element method has been applied 

[10]. The BEM has been used both to calculate the temperatures field and sensitiv-

ities functions of design parameters L0 and L1. All data has been assumed the same 

as previously in Part 1. 

In Figures 1 and 2 the sensitivities functions of investigated parameters are pre-

sented. In both cases sensitivity values are multiplied by ∆L0 = ∆L1 = 0.6 µm. 

 

 
Fig. 1. Course of sensitivity function for design parameter L0 

 
Fig. 2. Course of sensitivity function for design parameter L1 

Final remarks 

The sensitivity studies show that the greatest influence on temperature has the 

change of L0 (Fig. 1). After 5 seconds the changes are up to −10°C on the anterior 
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(external) surface of cornea and about −7°C on the posterior (internal) surface (for 

constant irradiation). For time-varying irradiation the changes of temperature are 

about −6°C and −4°C, respectively. 

In the case of variation of L1 (Fig. 2) corresponding to internal surface of cor-

nea the differences are much smaller, but still visible. For constant irradiation they 

are from the scope from −0.055 to −0.02°C while for modulated irradiation from 

−0.015 to −0.002°C. 

Similarly to conclusion from Part 1, one can find that also changes of geome- 

trical parameters of cornea have visible effect in temperature level during laser 

irradiation. 

 

This paper is part of project No N N501 3667 34. 
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