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Abstract. In this paper a method to determination of Green’s functions of differential op-
erators occurring in vibration problems of beams is presented. The fourth-order
differential equation governing the vibration of a Bernoulli-Euler beam is as a first-order
equation system rewritten. An approximate, analytic form of the solution to the boundary
problem is obtained by using an Adomian decomposition method (ADM). The presented
solution and numerical example deal the biharmonic equation with boundary conditions
corresponding to the simply supported beam. Validation of the method has been proved to
eigenvibration problem of a uniform beam.

Introduction

The Green’s function method (GFM) has been applied successfully to many
problems of mechanics and particularly to vibration problems of complex systems
containing rods, beams and plates [1-3]. In any cases, use of the method leads to an
exact solution of the considered problems. For instance, the Green’s function me-
thod was used to solution of free vibration problem of stepped beams in reference
[1] and cracked beams in [2].

However, some restriction in applications of the GFM are difficulties in deter-
mining of the Green’s functions. The difficulties appear if the behavior of the con-
sidered system is governed by differential equations with variable coefficients. In
these cases the solution often is available by using an approximate method only.
Since the determination of the Green’s function of differential operator consist in
solution of a differential equation, in the situation of the equation with variable
coefficients, the approximate method mostly must be applied.

In this paper an Adomian decomposition method is adopted to derive the Green’s
function corresponding to vibration problem of the simply supported beam. The
approach concern the differential equation with variable coefficients which occur in
Bernoulli-Euler theory of beam vibration. Validation of this analyt-ic-numerical
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method will be investigated in the case of an uniform beam when the exact form of
the Green’s function is known.

1. Formulation of the problem

The differential equation for small deflection of a beam is

o? o* o?
5 (El(x)axv;}rpA(x)% = f(x, r) 1)

where w(x,#) denotes the beam deflection at cross-section x at time , f(x,) is the
transverse force acting on the beam, EI(x) and pA(x) are continuous functions

which characterize the flexural stiffness and mass per unit length of the beam,
respectively. In order to investigate the free vibration of the beam, one assumes that:

w(x,y)=W(x)e'" . f(x.y)= f(x)e’". The equation (1) can rewrite in the form:
()WY - ok ()W = F(x) 2)

where F(x)= f(x)/EI(/2), k(x)= pA(x)/EI(/2), s(x)= EI(x)/EI(/2), 0<x<I
and / denotes the length of the beam. The differential equation (2) is completed by
two-point boundary conditions. In this study the boundary conditions corresponding
to a simply supported beam are assumed: W(0)=w"(0)=0, w()=w"()=0.
Searching a Green’s function of the problem we assume that F(x)=(x —¢&), where
S() is the Dirac delta function.

Introducing the functions: y; =W, y,=W', y;= s(x)W" , Ya=W"" onthe
basis of equation (2), a system of differential equations of the first order is obtained:

n= »n
Yy = 1 y

2~ T/ \”3

, s(x) 3)
Y3= V4

vi= 0%(x)y +58(x-¢)
In the considered case, the boundary conditions are:

10)=3;00)=0, »{)=y()=0 “4)

2. Solution to the problem
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After integration respect to x of the equations (3) one obtains:

1= TJ/z (”)d”

ﬁ)@ (”)d”

Y3 = _[J’4 (”)d”
0

Ya= y4(0)+H(x—§)+w2_[k(u)y1(u)5/u

0

Yo = J’z(O)Jr

O Cm——

o)

We find an approximate solution of the system (5) by using Adomian decompo-
sition method [4]. At first the functions y, are assumed in the form of sums:

N
V=X Vg, i=1..,4 (6)
n=1

Next on the basis of the system (5) the following sequence of the equation systems is
created:

=

Vil = _[Jb,n (”)d”

<

Vo= 0 x
Yo= a Yon1 = _([@J@,n (1)t os -
Yig= 0 T ’ T

Vanel = _[M,n (”)d”
Yap = b+H(x-$)

<

X

Yant1 = o’ _[k(”)yLn(”)d”
0

where a=1,(0), b=y,(0). The constants a and » are determined by using the
boundary conditions (4b).
The functions y,, can be determined for a given function k(x) which form

depends on the physical and geometrical properties of the beam. For uniform beam
we have k(x)=k =const, s(x)=1 for 0<x </ and the functions Yin are:

yp=ax, y;;=0, y3,1:bx+(x—§)H(x—§), Y41=0

1 1
N2=0, y2,2:E(bx2+(x—§)2H(x—§)), Y32=0, y4,2:5akx2a)2
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1 1
y1,3:g(bx3+(x—§)3H(x—§)), Y23=0, y3,3:gakx3a)2, Yaz3=0

1 kao?
Na=0, y2,4:ﬁakx4a)2, y34=0, y4,4:j(bx4+(x—§)4H(x—§))

2

1 5 2 ko ( 5 5 )
=—akx’0", =0, =——Wx +(x- H(x-£)), =0
s 120 Yas Y35 120 ( 5) ( 5) Yas
sz( 6 6 ) 1 26 4
0, —Wx"+(x-&) H(x-£)). =0, =——ak“x"w
Y6 Y26 720 ( 5) ( 5) Y6 Va6 720

Using equation (6) we find the functions y,;. For instance the functions y; and

Y3 are:
ko’ 1 ko’ 1 ko’
yl:ax(lJr%x“J+gbx3(l+8f:—0x4j+g(x—5)3{1+82)—0(x—§)4}H(x—§)
®)
L por 10 ke ko )y o) 1459 e e I (e
y3—6akx o (1+84Ox J+bx(l+ 12Ox }r(x 5){1+ 0 (x 5) }H(x 5)
©)

Taken into account the functions in the boundary conditions (4b) an equation sys-
tem is obtained. Solving the equation system respect to a and b, one obtains:

4261 (1-1.) 1200840 + £ 120 (12 - 612 )+ k0?12 (120 + K 1402
T 125401600~ £ 0 (282240 k170?84 — k107

(10)

17641, (120 + k1402 120+ £ 0212 J+ 20?2840+ k 1402 )840+ k 01
1{25401600— k10 2(282240— k102 (84— k 1*0? )
where . =1-¢.

An approximate formula for the Green’s function of the considered problem as a
sum of yj , is obtained:

(11
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N
G(xag)zzyl,n(xag) (12)
n=1

The function for N = 7 is presented by equation (8) with the @ and » given by
equations (10-11). The Green’s function corresponding to the simply supported
uniform beam as an exact solution of a boundary problem in the paper [3] has been
derived.

3. Numerical example

The numerical calculations have been performed for the Green’s function
corresponding to a simply supported beam with the following data: / =1.0 m,
k=0,00363 (EI = 1,3772 10" Nm’, pA = 50 Ns*/m?). The results obtained for var-
ious values of x, & and o, in Table 1 are presented. The values determined by using
of the approximate formula (12) are compared with values calculated by using the
exact formula of the Green’s function.

The approximate and exact values of the Green’s function as a function of the
parameter o are shown in Figure 1. The curves are obtained for x =& =0.5/ and for
the same parameters characterizing the beam which are used in Table 1.

The results presented in the Table 1 as well as presented in Figure 1 show the small
differences of the values for @ <100. From this it follows that the approx-imate

formula (12) for the Green’s function can be used in the range of ©, which includes
the first eigenfrequency of the beam.

Table 1.
Values of the Green’s function G(x, f) for =10, ® =50, =100 and £=0.5, £=0.75;

Gexact (x’ 5) - Gappr (x’ 51 :

(a) approximate, eq. (12), (b) error,

o =10 o =150 o =100

@ | o @ | o @ | o

£=0.5

0.1 | 0.006190 | 5.14x10” | 0.006818 | 4.08x10° | 0.009935 | 1.61x10™

02 | 0011878 | 1.01x10® | 0.013073 | 7.99x10° | 0.019003 | 3.11x10™

03 | 0016562 | 1.47<10° | 0.018207 | 1.15x10” | 0.026369 | 4.42x10™

0.4 | 0019740 | 1.87x10° | 0.021673 | 1.46x10”° | 0.031270 | 5.45x10™

0.5 | 0.020910 | 2.20x10™ | 0.022943 | 1.69x10” | 0.033034 | 6.13x10™

£=0.75

0.1 | 0.003881 | 2.86x10° | 0.004321 | 2.34x10° | 0.006513 | 9.91x10”

02 | 0.007511 | 5.64x10” | 0.008349 | 458x10° | 0.012521 | 1.92x10™
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0.3 | 0.010637 | 8.22x10° | 0.011793 | 6.63x10° | 0.017544 | 2.73x10™
0.4 | 0.013010 | 1.05x10% | 0.014373 | 8.41x10° | 0.021144 | 3.37x10™
0.5 | 0.014377 | 1.24x10"° | 0.015814 | 9.82x10° | 0.022948 | 3.80x10™
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Fig. 1. Green’s function for x =& =0.5/ as a function of the parameter ®.
Conclusions

The Adomian decomposition method has been used to derive an approximate
formula for the Green’s function of a beam vibration problem. At the first step the
fourth order differential equation as a system of equations is rewritten. Next a se-
quence of the differential equation systems is created. The solution of these sys-tems
are members of sums which form the solution of the problem. The numerical
investigations show that the obtained approximate formula for the Green’s func-tion
is valid in a range of the frequencies which includes the first eigenfrequency of the
beam. Although the presented example deals the differential equation gov-erned the
vibration of uniform beam, the approach can be used to derive the Green’s functions
which correspond to the vibration problem of the non-uniform beam.
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