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ON A LOWER SEMICONTINUITY 

OF A CERTAIN MULTIFUNCTION 

Piotr Puchała 

Institute of Mathematics and Computer Science, Czestochowa University of Technology 

Abstract. Let T be a metric space, X - n-dimensional Euclidean space and X
TP 2: → -

continuous multifunction with compact convex values. We will show that multifunction 
X

textPtT 2)( ∈→∋ is lower semicontinuous. 

1. Definitions 

By T we will denote the metric space, by X - n-dimensional Euclidean space 

(although definitions and facts below can be stated in a more general setting). 

1. We say that: 

a) a set XA⊂  is convex, if whenever it contains two points, it also contains 

the line segment joining them; „algebraically speaking” A is convex, if 

Ayx ∈−+ )1( λλ  whenever Ayx ∈,  and 10 ≤≤ λ ; 

b) a point Ae∈  is an extreme point of A if and only if whenever 

,10,,,)1( <<∈−+= λλλ Ayxyxe  then eyx ==  (by extA we will denote 

the set of extreme points of A); 

c) the convex hull of XA⊂ (denoted by convA) is the set of all convex combi-

nations of points of A 
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d) a point Ae∈  is an exposed point of this set if there is an *Xf ∈ such that 

)()( xfef >  whenever Axxe ∈≠ ,  (we then say that functional f exposes 

point e) (an exposed point Ae∈  is always extreme (if not, there would 

exist ,, Ayx ∈  eyex ≠≠ ,  and number )1,0(∈λ  such that .)1( yxe λλ −+=  

On the other hand, by the linearity of the exposing functional f we would 

have ).()1()()1()( yfxfef λλλλ −+=−+  But e is exposed, so ),()( xfef >  

),()( yfef >  a contradiction), but the converse need not be true even in .

2
ℜ  

For instance, let B denote the closed unit ball in the plane and .Bp∉  Draw 

tangent lines from p to B, intersecting this at points x and y. Then the line 
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segments px and py together with the larger arc xy of B form compact con-

vex set C. Points x and y belong to ext C, but they are not members of the set 

exp C, the set of exposed points of C); 

e) a slice of the set A determined by *Xf ∈ and 0>α  is the set 

{ }αα −∈>∈= }:)(sup{)(::),,( AxxfxfAxfAS  

2. Denote by d metric generated by the norm in X. For the sets XBA ⊂,  we 

define: 

a) ( ) ( ){ }AaBadBAh ∈=
∗

:,sup:,  

b) ( ) ( ) ( ){ }ABhBAhBAh ,,,max:,
∗∗

=  

The number ),( BAh  is called the Hausdorff distance between the sets A and B. 

The set of nonempty closed subsets of X with Hausdorff distance is a metric 

space. 

3. The support function of a nonempty set XA⊂  is a function from ∗

X  into 

{ }∞+∪ℜ  defined by ( ) ( ){ }AaafAfc ∈= :sup:, . 

A multifunction P is a mapping from the space T into nonempty subsets of 

a space X. Let .XA⊂≠∅  We will use the following notation: 

( ) ( ){ }

( ) ( ){ }∅≠∩∈=

⊆∈=

−

+

AxPXxAP

AxPXxAP

::

::

 

4. We say that multifunction { }∅−→
XTP 2:  is: 

a) lower semicontinuous, if the set ( )VP −  is open in T for every V open in X; 

b) upper semicontinuous, if the set ( )VP +  is open in T for every V open in X; 

c) continuous, if it is both lower- and upper semicontinuous. 

2. Facts 

In this section we state without proof more or less known facts which will be 

needed in further considerations. 

1. (Krein-Milman theorem) A compact convex set XA⊂ is equal to the closed 

convex hull of its extreme points. 

2. (Straszewicz theorem) A compact convex subset of n

ℜ  is equal to the closed 

convex hull of  its exposed points. 

3. In a compact convex set XA⊂  the set exp A  is dense in the set ext A. 

4. If A is as above and point Ae∈  is exposed with exposing functional f, then  

from the fact that ( ) ( )efxf
nn
 →
∞→

 for arbitrary chosen sequence ( ) Ax
n
⊂  it 
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follows that ex
nn
 →
∞→

 in the topology of X (that is slices of Adetermined by 

f form a base of neighbourhoods of e in the relative topology of A). 

5. If BA,  are nonempty, closed and convex subsets of X, then 

( ) ( ) ( ){ }1:,,sup, ≤−= fBfcAfcBAh  

6. A multifunction { }∅−→
XTP 2:  is lower semicontinuous if and only if for 

every sequence ( ) Tt
n
⊂  and any point ( )

00
tPx ∈  there exists sequence ( ) Xx

n
⊂  

convergent to 
0
x  and such that ( )

nn
tPx ∈ . 

7. A multifunction { }∅−→
X

TP 2:  with compact values is upper semicontinuous 

if and only if for every ,Tt∈  every sequence ( ) Tt
n
⊂  convergent to t, the se-

quence ( ) ( )
nnn
tPxXx ∈⊂ ,  has a subsequence convergent to the limit belon- 

ging to ( ).tP  

8. A multifunction { }∅−→
X

TP 2:  with compact values is continuous if and 

only if it is continuous in the Hausdorff metric. 

3. Result 

Let T be a metric space, X n−  dimensional Euclidean space, { }∅−→
X

TP 2:  

- continuous multifunction with compact convex values. 

Then multifunction 

( )textPt→  

is lower semicontinuous. 

Proof. Let ( )
n
t  be a sequence in T, convergent to the point ( ) .

0
Tt ∈  We have 

to show, that for each such sequence and any ( )
00
textPa ∈  there exists sequence 

( ) ( )
nnn
textPaa ∈, such that .

0
aa

nn
 →
∞→

 

Let 
0
e  be any exposed point of ( ).

0
tP  Then there exists functional 

0
f ∗

∈ X  

with unit norm, exposing .

0
e  P is lower semicontinuous, so there exists sequence 

( ) ,Xx
n
⊂ ( ).,

0 nnnn
tPxex ∈ →

∞→
 

Fix 0>γ  and define the set 

( ) ( ) ( ) ( )( ){ }γ
γ

−>∈=
nnn
tPfcxftPxtR ,::

00
 

Then there exists Nn ∈
0

such that for every 
0

nn ≥  we have ( ) ( ) .∅≠∩
γ nn

textPtR  

Suppose not. Then for each Nn ∈
0

 there exists 
0

nn ≥  for which 
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( ) ( ) ,∅=∩
nn
textPtR

γ
 i.e. ( ) ( ).

nn
tRXtextP

γ
−⊂  This yields existence of a sub- 

sequence ∞ →
∞→kk

n  with the following property: for each ( )
kn

textPe∈  there 

holds an inequality 

( ) ( )( ) γ−<
kn

tPfcef ,

00
 

By the Krein-Milman theorem ( ) ( )
kk

nn
tclcvextPtP = , so for any ( )

k
n
tPx∈  we have 

( ) ( )( ) γ−≤
kn

tPfcxf ,

00
 

In particular 

( ) ( )( ) .,...2,1,,
00

=−≤ ktPfcxf
kk nn

γ  

Taking limits of the both sides we obtain 

( ) ( )( ) γ−≤
0000

, tPfcef  

a contradiction. 

Now let ,...2,1,
1
== m

m
γ  and consider slices ( ).

1
⋅

m

R  Then for each m  there 

exists nm such that for m
nn ≥  we have 

( ) ( ) ∅≠∩
nn

m

textPtR
1

 

We can assume that .

1+
<≤
mm

nnn  For such n choose 

( ) ( )
nn

m

n
textPtRe ∩∈

1
 

We have thus obtained a sequence ( )
n
e  with the property 

( ) ( )( )
m

tPfcef
nn

1
,
00

−≥  

for .

1+
<≤
mm
nnn  

There exists a subsequence of the sequence ( )
n
e  (denote it also by ( )

n
e ), conver-

gent to the point ( ).
00 tPe ∈  Continuity of P  as well as compactness and convexity 

of its values then yield 
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( )( ) ( )( ) ( ) ( )( ) 0,,,sup
00

1

 →=−
∞→

≤
nnn

f

tPtPhtPfctPfc  

Thus ( )( ) ( )( ).,,
0
tPfctPfc

nn
 →
∞→

 But for 
1+

<≤
mm
nnn  we have 

( ) ( )( ) ;
1

,
00

m
tPfcef
nn
−≥ we also have ( ) ( ),000

efef
nn
 →
∞→

so ( ) ( )( )
0000

, tPfcef ≥  

and finally .
0

0 ee =  

Now by the Facts 2 and 3 we have that the set ( )
0
tP  is equal to the closed con-

vex hull of its exposed points and that those points form a dense subset in 

( ).
0
textP  

Now let a0 be any point of ( ).
0
textP  Choose and fix Nn ∈

1
and ( ).exp

00

1 tPe
n

∈  

There exists sequence ( ) ( ),,
0

11 textPbb
nn
∈  convergent to .1

0

n

e  Then there exists 

12
nn >  such that for 

2
nn ≥ we have .

1

1

1

0

1

n
be
n

n

<−  Now take ( )
00

exp2 tPe
n

∈  with 

2

00

1
2

n
ae

n

<−  and sequence ( ) ( ),,

22

nnn
textPbb ∈  convergent to .

2

0

n

e  Then there 

exists 
23

nn >  such that for 
3

nn ≥  we have .
1

2

2

0

2

n
be
n

n

<−  Continuing this way 

we obtain sequences ( ) ( ).,

n

i

n

i

n
textPbb ∈  Putting i

nn
ba =:  for 

1+
<≤

ii
nnn  we finish 

constructing of a desire sequence ( ) ( ) .,,

0
aatextPaa

nnnnn
 →∈
∞→

 This proves 

that multifunction ( )
0
textP  is lower semicontinuous. 

Remark  

A.A. Tolstonogov and A.I. Figonienko proved the same result in a more general 

setting- with X being a Banach space. However they used quite different, topologi-

cal methods. The proof presented here seems to be appealing to the intuition by its 

geometric character. Moreover, it seems possible to use this method in proving the 

result for a Banach space and even in proving a generalization of this result, 

namely, with multifunction P having only closed convex values. 
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