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Abstract. This paper presents a systematic reduction of selected infinite series involving
the zeros of Bessel functions to fundamental Calogero-type expressions. The analysis is
based on a general partial fraction decomposition formula for rational functions of the form
bY/(a — b)M, which enables the transformation of seemingly complicated identities into
structured sums with a transparent algebraic form. Applying this approach to formulas
recently derived by Langowski and Nowak, we show that most of their results admit represen-
tations in terms of basic Calogero-type series. The method not only simplifies the structure
of these identities but also reveals that several of them coincide with earlier results obtained
by Urbanowicz. In addition, new identities are derived as direct consequences of the proposed
decomposition scheme. The results provide a unified algebraic framework for handling broad
classes of series constructed from Bessel zeros and contribute to a clearer understanding of
their interrelations.
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1. Introduction

Bessel functions constitute a fundamental component of the mathematical de-
scription of numerous problems in physics and engineering. In many applications,
the resulting solutions involve infinite series constructed from the zeros of these
functions. One of the earliest and most fundamental problems involving such a series
Y jui 2t (where [ is a positive integer and v is a function order), was studied in
detail in the nineteenth century by Lord Rayleigh [1]. Recursive formulas for these
series were later derived independently by Meiman [2] and Kishore [3].
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Related infinite series based on the zeros of derivatives of ordinary Bessel func-
tions were investigated toward the end of the twentieth century by Muldoon and
Reza [4]. More involved series, containing differences of squared zeros in the

denominator ¥, run(yn® — jv,kz)_l, were introduced and analyzed in the late 1970s
by Calogero [5-7]. Series of this type (for a fixed Bessel function order v) have prac-
tical applications, as demonstrated in the work of Urbanowicz et al., where they were
used in the context of inverse Laplace transform solutions of a dynamic viscosity
function [8] used to model unsteady pipe flows. Further developments were pre-
sented by Pedersen [9], who analyzed non-relativistic quantum systems using the
Thomas-Reiche-Kuhn sum rule. By employing an identity for static polarizability,
he derived series involving the zeros of Bessel functions of two consecutive orders.
He also referred to earlier work by Afanasiev [10], who studied eigenfunctions and
eigenvalues of the free Schrodinger equation in a cylindrical domain and obtained
Calogero-type identities in a related, though simpler, setting.

In the paper “On new identities involving zeros of Bessel functions”, Langowski
and Nowak [11] presented several previously unknown general formulas for series
constructed from the zeros of Bessel functions and their derivatives. Their approach
relies on the fundamental fact that the Fourier-Bessel and Fourier-Dini systems form
an orthogonal basis in the Hilbert space L?((0,1), dx). In the present note, we employ
a general partial fraction decomposition (PFD) formula of the form

bN _ EM ( N )aN—M+n(_1)M—n 1 (1)
(a-b)M n=pm-n M1 (a-b)"
valid for integers 1< N <M, where n=M—-N,M—-N+1,..,M and a,b > 0.
The function (;) =7 (;iy), defines binomial coefficients that can be written with the

help of the factorial function. This identity Eq. (1) will be used to decompose selected
expressions from the Langowski and Nowak paper [11] into general solutions of
the Calogero type. We also observe that formulas (F2), (F4), (F9), and (F10) from
their paper [11] were previously derived in the work of Urbanowicz [12]; this will
be confirmed in the present note. Other results from Langowski and Nowak paper,
namely (F6), (F8), (F12), and (F15), concern Bessel zeros of negative order v < 0,
which have limited practical relevance in engineering applications and therefore
fall outside the scope of our study.

2. Reduction of Langowski-Nowak identities to Calogero-type series

In this section, we will analyze the majority of the complicated series presented
in the Langowski and Nowak paper [11], the discussion follows the original num-
bering of formulas adopted in that work, beginning with the first formula. It should
be noted that in all formulas, when the exponent is even, the relations (a? — b2)™" =
(b? — a®)™™ hold. In contrast, when the exponent is odd, we have (a? — b?)™" =
—(b? —a®)™.
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a) Solution (F1). Using the universal formula for PFD (1) and the solutions (AS5)
and (A4) from the Urbanowicz paper [12], we obtain:

vk 1 1
Fl1= ZIOCOZIJV’—kZ =jv+1 nz ZIOCOZI—Z - Z?Zlﬁ =
(jv+1n2_jv,k2) ’ (jv+1,n2_jv,k2) (]v+1,n “Jvik )
1 - 1 ) 5 1 1
——t Qi = ——+0=- 2
]v+1n Zk 1( —Jv+in ) Zk_l (Jv,k2_1v+1,n2) Jviin 4Jv+1,n2 4 ( )

b) Solution (F2). Using Table A1 with results derived in the Urbanowicz paper [12],
we find solution (AS), in which if we substitute v instead of v — 1:

1 1 1 v+1

F2=210co=1, 2=210co:1_ 2 . z— . 2z 5 % (3)

(Jv,nz_jv+1,k2) (]v+1,k _]v,nz) 4vn Jvn

¢) Solution (F3). This solution can be rewritten similarly to F1 using PFD identity

(1:

ik’ 1 1
F3=Y% vk 2y —Y : —
k=1 (jv,nz_jv+1,k2)2 JV,n k=1 (jv,nz_jv+1,k2)2 k=1 (-’V,nz_]v+1,k2)
. 2 o0 1 o) 1
et Y ——— 4
Jvn” Xk=1 (jv+1,k2_jv,n2)2 k=1 Gueie—tun?) 4)

By substituting v — 1 for v in Eq. (4) and using the solutions (A7) and (A8) from
[12], we obtain:

. 2 w0 1 I 1 . 2 1 v
F3 _]v—l,n Zk:l . 2 . 272 +zk=1 (jvkz_jv—lnz) —]v—l,n ( . 2 4) +

(Jv,k —Jv-1n ) 4jy-1n Jv-1n
v 1

=1 (5)

Jv-1n

d) Solution (F4). Using solution (A5) from the Urbanowicz paper [12] the result
is quickly received:

1 1 1

=Zloco=1, > zZ = L 2 (6)

(JV+1n —Jvk ) Uvi’=Jve1n’) 4jv+in

F4 =¥k

e) Solution (F5). Here, it is necessary to use the formulas developed in the accom-
panying paper [13], which will be recalled in this paper below:

_Vv _ 1K@
F(Z) - Zk 1 sz—Zz)l 272 27 ]V(Z) (7)
2 1
F(Z) 1 _ (@ 1 (@ z22-v(v+2)
Zk 17 2 2 (]vk _Zz) 472 (]V(Z)) + 273 (]V(z)) + 4z4 (8)

If we introduce now for z = j{,,nz any zero of function J,,(z) in formulas (7) and (8)
we receive the following solutions:
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2
1 v . 1 Jon —v(v+2)
s and Y, =

Goi=din). 2iom Goi=ion®). 4on"

k=1

)

Knowing the above solutions, the formula F5 can be decomposed with the help of
PFD formula (1) into basic formulas in the following way:

]vk 1 —
F5=33. 17, 2 . 2 Jvn Zk 1— Dhe 1ﬁ_
(]vn —Jv,k ) (]vn —Jjvk ) Jvn ~Ivk
2
1 1 o 2o —v(v+2) v o
]vn Zk 1ﬁ+2k 17 2 ., & Jvn 4 t+——==
(]vk —Jvn ) (Jvk —Jvn ) 4jv,n 2jyn
jw';,nz—V(V+2) v 1 v(v+2) v o1 V2 v v 1 V2
7 2 7 2 4 g 2 7 2 4 g 2 . 2z 7 2 4 2
4’]1,/,n 2]1,/,n 4 4]1,/,n 2]1,/,11 4 4]1,/,11 2]1,/,n 2]1,/,n 4 4’]1,/11

(10)

f) Solution (F7). Using the Weierstrass product representation for J;,(z) and taking
a logarithmic derivative, and then using the Bessel differential equation, Fattah [14]
received such a series representation:

1 v—-1 1 JJ(2)
Yi=1 o227 unw (In
By means of the well-known recurrence relations, we can express:
W@ _ (v \h@ 1
@) (z2 1) W@z (12)
After simplification and rearrangement, the following expression is obtained:

_ v _ vi-z*\ Jy(2)

Zk 1(] )2 - 272 ( 273 )]1”(2) (13)

By differentiating this formula and multiplying the result by 1/(2z), we obtain
the series representation:

o 1 _zZ-v(v+2)  v? [(],(2) (VZ—ZZ)Z Jv(2) 2
B ((j’ k)z_zz)z I (]1',(2)) s (]1',(2)) (14)
v,

For z% = jﬁln, formulas (13) and (14) give the following series representation:

1 v e 1 v
= — and - = — — 15
k= U T e 2 Zk_ljv,nz-j,',,kz T (15)
1 1 Jumi—v(v+2)
S = Ty = e (16)
(Jvk —Jvn ) (]vn _]vk ) vn

The Bessel differential equation for the function J, (z) is:
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2N (@) +2)y(2) + (22 = v2)](2) = 0 7

In the special case when z = v, i.e., when the argument equals the order of the func-
tion, the following result from Eq. (17):

M@ _ 1
Jv(@) v (18)
By inserting the result derived above into formula (11), we arrive at the following
new series solution:

v—-1 1 1 1

k= P =— (19)

Jvk )2 T vz T ouv T 2w

The series F7 under analysis can be decomposed into three components using partial
fraction decomposition:

x b 1 b 1 a 1

b a—x? _ (@b? xb @2 a=x  ab @x? (20)
SO
Jore: )
=Bt el
k l(j{/kz_vz)(jv'nz_j{’kZ)z (]vn VZ)Z k=1 —y2 Jgn_]vzk
]vn 1 .
T 2= Yz (2 —v2)22k=1j4?k—v2+(' Z)ZZk Ly
]vn 1
k. (21)
_vz = 1(]vn‘]vk)2

By employing the series obtained in (15), (16), and (19), we arrive at the following
final result:

v2 1 v2 vV Jin (jv.nz_V(V+2)) _ v

(j&_n—vz)z ; - (jl%‘n_VZ)Z Zjv,nz jg,n_vz 4]’1/,114 - z(jf_n—vz)z -
v3 (un*=vo+2)) 4
zjv'ﬂz(jg,n—vz)z 4jun’(Jon—v2)  4Jon

F7 =

(22)

g) Solution (F9). This solution exactly matches the result (A11) derived in the
Urbanowicz paper [12]:

1 _ Zoo 1 _ 1
; ; 2 T 4Lk=1 . . z
(Jv+2,n2_]v,k2) (]v,kz—jv+2’n2) 16(v+1)2

F9 =¥ (23)

h) Solution (F10). Under the substitution v = p — 2, solution (F10) coincides with
solution (A14) derived by Urbanowicz [12]:
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1 1

F10 = Z;?:l z = Zlocozl z =
(jv,nz_jv+2,k2) (jv+2,k2_jv,n2)
o 1 1 p 1 v+2
: = -t = — 24
Zk_l (jp,kz_jp—z,nz)z 16(p—1)? ]10—2,114 16(v+1)2 ]1/,n4 ( )

1) Solution (F11). Similarly to solution (F7), we apply the partial fraction decompo-
sition formula (20) to split the original Langowski and Nowak formula into simpler
series:

2

Jvk
F11 = Zzo=1 = 7 = 2 ZZk 1 lz 2
(j1,/k2_v )(jv+1,n2—j1,,'k2) (]v+1 n—V ) v
[ A 1 j5+1n oo 1
2NZ Lkl +- S e T (25)
(]V+1n_v ) Jor1n= ]vk Jy41n—V? (]v+1n ]vk)z

From equation (19), the solution for the first series on the right-hand side is known,
and the two remaining series solutions are determined below.

=2
Zk 1 2 _]v Zk 1 ]1,/2k jv+1n ? and
1 1

YhelTT I = kel == (26)

k=t (]v+1 n_]v k)z =1 (Jv,zk_15+1,n)z
From the well-known Bessel recurrence relations, we can derive that:
v(z) _ Zz Jv+1(2)
o= () @7)

This identity relates the ratio in Eq. (13) to the desired form J,,;(2)/],(2); after
simplification and rearrangement, it can be written in the following form:

2_,2
D = — (o) 2 (28)

Jv )2 2v 2vz2 ) J,(2)

Introducing z2 = j§+1ln into the series representation (28) yields the desired series
solution:

1 1

=5 (29)

YT T

=t (]v k)z ]5+1 n
It is worth noting that the obtained series coincides exactly with the result derived
when z was replaced by v — see Eq. (19). Similarly, substituting (27) into equation
(14) and rearranging yields the following result:

. 1 _ z*—v2z2-48 (vz—zz)z—v3 Jv+1(2) (vz—zz)2 Jv+1(2) 2
Zk:l ((]r k)z_Zz)z - 49274 + 2v2z4 ( 1 (2) )+ 4v2z4 ( J5(2) ) (30)
v,

With its help, for the specific value z? = j5+1,n, we obtain the following result:
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ZIOCO . 1 _ j3+1_n—v2j5+1’n—4v3 — 1 1 v (31)

2 24 2 i2 4
N2 i2 4v2j 4v 4j j
((]V,k) _]v+1’n) v+1in v+1in v+1in

Let us return with the presented solutions (29) and (31) to the initial formula for F11
Eq. (25):

F11 = — Yhe1T +
(v+1n—V2)2 i Vz (]v+1n—V

Jy+in oo 1 v2 1 v2 1
2 _ k=1 -2 2\2 9y (i2 2N\2 oy
Jv+in v (]v+1n ]vk) (]v+1,n_v ) 2v (]v+1,n_v ) 2v

22

Jv+in 1 1 % 1 v
Q—(m_'z—_'z} Tz 2. (i2..  —v?) (32)

_2 2 —y2
Jv+1n~V 4jy+1n Jviin v Jv+1,n(1v+1,n V)

1

12
] +1,n_]v,k

2)2 Zk 1

+

This solution, as can be seen, differs slightly from that obtained by Langowski and
Nowak. However, numerical investigations carried out for selected values of v and
for the zeros of the ordinary Bessel function show that their solution yields results
very close to those derived here. Apart from solution F11, Langowski and Nowak
also presented another formula attributed to Buchholz. Let’s denote this formula by
F11bis:

F11bis = 3%, ——

(j1,/,k2_v2)j1,/.2k
Using the modified different partial fraction expansion method proposed in paper
[15]:
ZI? 1(a=b)~™Mp~N = (N+M Tham (MO yE b7

(VNS e D52 4(a - by (34)

(33)

and the previously derived solution (19) with the result of Muldoon and Raza (Eq. (21)
in [4]), we obtain:

. _ 11  v+2 _ 1 v+2
F11bis = _<Zk 1( i’ 2_ z) Zk 1 i3 ) T2 (Zv 4v(v+1)) T 213 43(v+1)
2(v+1)-(v+2) _ 2v+2-v— 2 _ 1 35

4v3(v+1) | 4v3(v+1) | 4v2(v+1) ( )

j) Solution (F14). To solve this problem, one needs to return to the solutions
discussed above, together with the results of case F5 (Egs. (7) and (8)), and replace
the order v with the higher order v + 1.

o0 1 E_ihﬁl(z)
Zk:l (jv+1,k2_22)1 222 22 Jy41(2) (36)
2 1
o 1 _ 1 (i@ 1 (Jy1(@) z2-(v+1)(v+3)
T v (20 +=028) +—5 (37)

Now, a formula is derived from recurrence Bessel solutions:
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Jva1(@) _z Jy(@)  vv+1)-z? (38)

Jv+1@) YV y4a(2) vz

can be substituted to Eq. (37), giving:

o 1 _ 1 (z @ verD-22\* | 1 (z ) ve+p-z2\!
Zk:l (fv+1,k2—22)2 T 422 (v Jv+1(2) vz ) + 273 (v Jv+1(2) vz ) +

2_
22—+ (v+3) (39)

4z%

Substituting now z2? = Jjpn”» itis evident that the following remains:
2.2 g2\ 1
Zoo 1 _ 1 _ v(v+1D)—jpn + 1 _ v(v+D—jpn +
k=1, 2 g 2 2_4., 2 vjl 2! 3 vjl
(]v+1,k —Jpn ) Jpn pn Jpn pn

jz’LnZ —+D(+3) [Upn)? —v(v+1)]2 +2V<j1’7,n2 —-v(v+ 1))+v2 (jz’,,n2 —(v+1)(v+ 3)) 1

ajh " 4v2(jp ) 4v?
. 2
v 4+jpn. 1 v+l 1
PET T A T 2 g AT a2 40
Jpn Jpn Jpn Jpn

being exactly the same result as those presented by Langowski and Nowak.

k) Solution (F16). The series being analyzed is very similar to the previously solved
series F'7 and F11. Using partial fraction decomposition with the help of Eq. (20),
we get:

2

-
j v+1)? 1
F16 — 210(021 - - V+1,k. — 52 — - g ) " 2 Iio:]_ i 2 2
(tsne =@+D2)(un?=hsry)  Uva’=0+1)?) Jy+re —(v+1)
(v+1)? o 1 jun® o !
— " 22k=1 > 7 + - 2—(V+1)2 Zk:l .2 21 2 (41)
(jun®-(v+1)2) Jvn “lvsik Jvm (JV'n vk )

Substituting now v + 1 instead of v in Eq. (19) gives:

1 1
Dz 20v+1D)

Zm
k=1 o
Jv+1,k

(42)

The other two infinite sums appearing on the rhs of Eq. (41) are defined in this note
for the first time. We will use again Eq. (13) and Eq. (14) in which we will introduce
v + 1 instead of v

o 1 _ v+l ((v+1)?-2%) Jy44(2)

Zk=1f1’;+1,k2—zz T 222 ( 223 )/1’/+1(Z) (43)
o 1 _ 22 -(v+)(v+3)  (v+1)? (Jy41(2) (@+12-22)" (11 @)

2= (j1’/+1 kz_zz)z B 4z* 2z° (]1’/+1(Z)) + 425 (]1’/+1(Z)) (44)
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As the next step we will introduce a relation following from standard Bessel identi-
ties:

Jv+1(2) _L( Jv(2) _ 1) (45)

]1’;+1(Z) T v+l ]1,/+1(Z)

then it is evident that for the characteristic value z2 = jZ,, we obtain:

0 1 +1 (V+1)2_jv,n2 Jvn 2(V+1)2_jv,n2
o () Ly Bkt

- . 2 . 2 . 2
Jy+1k _jv,nz 2jvn 2jvn v+1 2jyn”(v+1)

and

2
v+l | (+D%2-j,.%)" 1 1
2jv,n4 4jv,n4(V+1)2 4(v+1)? 4’jv,n2

(47)

1 _ junt -+ (v+3)

(j1’/+1_k2_jv,n2)2 4']'1/,114

Yi=1 +

Using the formulas established above, we now return to formula F16 (41):

F16 = v+1) _ (v+1)? 2(v+1)2—j2,,
2=+ DD? (jyn2-(v + D?)? 2ia0v+1)
jvn® ( 11 ):4(v+1>3+15,n<15,n—(v+1>2): v+1 L1
Jyn®=AD2\a+1)2 45y) A (vD2Ua—(vHD)?) Ui (vHD?) T 4(v+D)?
(48)

1) Solution (F17). The solution to this problem will be obtained using the previously
derived formula (8) and relation coming from common Bessel identities:

(ML_L z) _ @ (49)

Jv(z) v+l v+l z _]V(z)

With the help of Eq. (49), we obtain the formula:

2 1
yoo ;zL(MLJFZ_L) +L(ML+Z_L) +
k=1 (jvkz—zz)z 4z2 \ J,(z) v+1  z v+1 2z3\ Jy,(2) v+1  z v+1
z2—v(v+2)
4z4 (50)
If we now substitute z2 = j5+1,n, we get series solution:
. 2 . 1
o 1 _ 1 v Jv+in 1 v Jv+in
Zk=1 IN2 2\ 37 - 1 + 7 3\ 7 - 1 +
(jv,kz_].1’;+1,n ) 4jy+1n  Vviin v+ 2jye1n Mv+in v+
.7 2
Jviin —v(v+2) 1 1
.y 4 - 2 . 2 (51)
4Jy+1n 4(v+1) 4Jy+1n

which is the desired formula F17 in the Langowski-Nowak publication.
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3. Construction of higher-order series via partial fraction
decomposition

Using the series from Urbanowicz [12], Table A1, together with formula (1), it is
possible to obtain new analytical solutions for a series constructed from the zeros of
Bessel functions. To remain consistent with the notation used in Urbanowicz [12],
the order of the Bessel function will be denoted by the letter p throughout this
Section. In Subsection 3.1, we present the solutions for:

Jpi* Jpi* Jpi’
© ) Rl ) . 00 ) .
Zk:l ] 2 p' 213? Zk:l ] 2 p' 243? Zk:l ] 2 p. 243°
(]p,k —Jp-1n ) (]p,k —Jp+1n ) (Jp,k —Jp-2n )
o) jp,k4 o) jp,k4 o) jp,k4
) R B LD ] (52)
(]p,k —Jp+2n ) (]p,k —Jp-3n ) (]p,k —Jp+3n )

In Subsection 3.2, we present solutions for other formulas not derived in the
paper of Langowski and Nowak [11]:

Jpi’ Jpi’ Jpi’ Jpi’
0 , © , © , © ,
Zk:]_ ] 2 p. 2 2; Zk:]_ ] 2 p. 2 2; Zk:]_ ] 2 p. 2 2; Zk:lﬁ
(]p,k —Jp-2n ) (]p,k —Jp+2n ) (]p,k —Jp-3n ) (]p,k —Jp+3n )
(53)
and
. 2 .2 P2
Jpk . Jpk . Ipk .
Z]o(o:]_ . 5 p' 23 3? Z]o(o:]_ . 5 p' 2337 Zloco:]_ . 2 p. 23 3?
(]p,k —Jp-1n ) (]p,k —Jp+1n ) (Jp,k —Jp-2n )
[e'e) jp,kz [e'e) jp,kz o) jp,kz
Yk kel a3 Mk=lT (54)
(]p,k —Jp+2n ) (]p,k —Jp-3n ) (]p,k —Jp+3n )

3.1. Decomposition into three series of Calogero-type
For functions (52), where N = 2 and M = 3, Eq. (1) gives:

b? 1 2a a? 1 2a a?

@o® ~ab @b @y ba G-af  -a® (55)

. . _ .2 . _ .2 2 .2 2 2 .2
By substituting b = j; ;. and, successively, @ = jp_3n, Jp—2. Jp—1,0 Jp+1,0 Jp+2,n Jp+3ns
we obtain the following new solutions:

A
Jpk 1 . 2 1
ZIOCO=1 . Z . 2 3 = _ZIOCO=1 . 2 . 2 1 2]p—3,n Zl?:l 2 2
— - .2 .
(Jp—3,n Jpk ) (]p.k Jp-3n ) (}p,k —Jp-3n )

j 4 ZOO ; _ ( b p—2 _
p-3n k=1, ] N3 ) 4(p—1)(p—2)— 2
(]p’kz_ . ) Jp—zn A@-D®-2)-j5_3n
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2j 2(1 j§—3,n—4’(p—2) D —j 4 p _(p—2)[3j§_3,n+8—4-p(p—1)] _
P73 \4[ap-D0-2)j2sn)’  Ja-3n) TP \Up-sn 8[a(p-D@-2)-j2 3]

p—2 . l j127—3,n(j127—3,n_4(p_2)) 15—3,n(17—2)[31'5—3,n+8—4p(p—1)]
4P-D@-2)-Jj-3n 2 [4(p-D@-2)~j2 3] 8[+(p-D(P-2)=jZ 3]’
(3p=2)jp-3n—4(P-1)(0-2)(p+4) jy_3,+128(p-1)*(p-2)3

8[4(p-D)(P-2)—2_s 0"

(56)
.4
%) Jpk _ %) 1 : 2 o0 1
Zk=1m = — k=1 (o 2! — 2jp-2,n Zk:lﬁ —
Jp-2n “Jpk Jpk ~Jp-2n (]p,k —Jjp-2n )
. 4 w0 1 _ | 1 ) _ 2.2 (; _ L) _
Jp-2n” Lk=1 (jpkz_jp—2n2)3 (J'f)-z,n 4(p-1) To-2n 1617 " i1,
4 p 1 1 _ jﬁ—z,n_2(p+3)(p_1)j;2)—2,n+16(p_1)2
]p—Z,n ;6 - _1\3 _1)i2 - _1\3 (57)
Jp-2,n 64(p-1) 32(p 1)]p—2,n 64(p—1)
co j;f),k4 _ co 1 : 2 yoo 1
Yhm1 5 = Xk 5 i Apin Yk=iT 7
(Jp—l,n —Jpk ) (]P.k —Jp-1n ) (}p,k —Jp-1,n )

Ly ;:_( P )_2-2 ;(1_ P ) _
]p—l.n k=1 2 3 j;2:—1,n ]p—l,n ]-127_1'“ 4 j;2:—1,n

(jp,k _jp—l,nz)

, 1 1 1 1 _ pt2
];71-—1,71 <_ jg—1,n <Z —P (g + j;—l,n)> ) T T (58)

"
[e%9) Jpk _ o) 1 . 2 oo 1
Y13 2 . 23 — k=1 > . P 2jp+1n k=1 S . 7z
(]p+1,n —Jpk ) (Jp,k —Jp+1in ) (jp,k —Jp+1in )
. 4 oo 1 _ .2 1 .4 1 1 p _ p—2
Jp+in® Lk=1 T, . 20 —(0) = 2jp41n <4j2 ) “Jp+1in (_ Iz 278 )=
(Jp,k ~“Jp+1i,n ) ptin ptin
(59)
Jpi” 1 2 1
[} D, _ [} . o)
Y13 2 . 23 — k=1 > . P 2jpran k=1 S . 7z
(]p+2,n —Jpk ) (Jp,k —Jp+2n ) (jp,k —Jp+2n )
oS =~ ()~ ) -
]p+2.n Zk=1 R 273 4(1+p) ]p+2,n 42(1+p)?
(]p,k —Jp+2,n )
4 1 1 _ Jpr2nt2(0=3)(P+1)j+2n—16(p+1)? (60)
Jp+2n 43(14p)*  32(p+Djpion 64(p+1)3
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1 1

. 2 oo
T 2]p+3,n Zkzl 2

. 4

Jpk _
Yhet T3 = — Xkt . . 2
(Jp,k —Jp+3n )

(jp+3,n _jp,kz) (jp,kz_jp+3,n2)

j 4 Zoo 1 _ ( p+2 _
p+3n k=1 ] ] 23 4(p+1 +2)—j2
(Jp,k2—1p+3,n ) (P+D@+2)-jp43n

22 1 Jjpran+4(®+2) _ja (P+2)[3j43nt8=4p(p+1)] | _
p+3n 4[4(P+1)(P+2)_j5+3,n]2 pt3n 8[4(P+1)(p+2)—j§+3.n]3

—(3p+2)jp13n+4(+1)(P+2)(D—4) jp13n—128(p+1)* (p+2)°

61
8[4(p+ D) (P+2)~ 2450 e
3.2. Decomposition into two series of Calogero-type
For functions (53), where N = 1 and M = 2, Eq. (1) gives:
b 1 a 1 a
@2 " ab T @z bea T mar (62)
using it we can find the following solutions:
.2
Jp, 1 . 1
ZI?=1—. Zk. 2 ZI?=1—. 2 . Z +]p—2.n2 Zf=1—2 z =
(Jp—z,n —Jpk ) Jpk ~Jp-2n (jp,kz_jp—z.n )
P 1 . 2 1 _p _ Jp-2n—4(p-1) 63
(jp—z,nz 4(P—1)> Tp-2n (16(17—1)2 jg—z,n) 16(p—1)* (63)
.2
Jpk 1 . 2 1
Zl?:lﬁ = Yi=1" 2 . z tip+2n k=1 ] _ nZ
(]p,k —jp+2n ) Jpk —Jp+2n (}p,k —Jp+2n )
1 . 2( 1 ) _ Jpe2nta(p+1)
(4(1+p)) tptan 42(1+p)2) ~ 16(p+1)2 ©4)
.2
Jpk 1 . 2 1
Zfﬂﬁ:Z?ﬂ, sz tip-3n Zl?=1', 2 . 22
(]p,k —jp-3n ) Jpk —Jp-3n (}p,k —Jp-3n )
( P _ o )+ PRLY =t ) B N B
Jian  40-D)®-2)—ji_sn p-3n 4[4(p-D@-2)-2sn]"  Jp-3n
p—3n—16(p—1)(p—2)?
Jp-3n—16(p )('p )2 (65)
4[4(0-D (P~ ~JF_3]
.2
Jpk 1 . 2 1
Zfﬂﬁ: k=17 7+ Jp+an” Dkt 2 . 2%
(]p,k —jp+3n ) Jpk —Jp+3n (}p,k —Jp+3n )
( p+2 ) e (2 Jpran’+4@+2) | _ Jpran ' +1600+1)(0+2)?
4P+ (P+2)~ jpran’ PRI\ 4[4+ D) @+2)—jprsn?]’ ) 440+ @+2)=jprsn?]

(66)
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.2
0 Jp,k — [ee] 1 . 2 (o0} 1 —_
Yit1T 2 = Xk=1T 2t Jp-an Dim1 Tz =
(Jp,k —Jp-4n ) Jpk ~Jp-4n (Jp,k —Jp-an )
( P Jp-an’—4(0-2)(p-3) )
Jp-an®  8@=2)ip-sn’—2(p-1)(p-3)]

j 2< Jp-an’~16(-2)(p-3)? o >:
P\ 4[8M-1)(0-2) (0-3)—4W-2)jp-sn?]  Jp-tn’

Jp—-a,n°—8(D—2)jp-an*+32(0—3)(P—2)(P—1) jp—s,n" —64(p—1) (p—2)%(p—3)?

(67)
64(P=2)2(jp-4n’~2(0-D(P-3))"
.2
Jpk 1 . 2 1
Yk e = Lk T2t pran Mkei 2
(]p,k —jp+an ) Jpk ~Jp+an (}p,k —Jp+an )
( j5+4_n—4(p+2)(p+3) >+ ] 2 j§+4,n+16(p+2)(p+3)2 _
8(0+2)[Jg4+an—2(+1)(p+3)] Jp+am 4[8(p+1) (p+2) (P +3)~4(P+2) 24 4]
Jp+an+8®+2)jp+an—32(0+1)(P+2)(P+3)j3 14 +64(+1)(p+2)? (p+3)? 68)
64(p+2)2[ 244 -2+ (@ +3)]"
and for functions (54) where N = 1 and M = 3 Eq. (1) gives:
b 1 a
(b-a)3 ~ (b—a)? + (b-a)3 (69)
we then can derive such unknown earlier solutions:
.2
Jp.k 1 , 2 1
D D A A D
(Jp,k —Jp-1n ) (Jp,k —Jp-1n ) (Jp,k —Jp-1n )
1 4 ) . 2 1 P P ) __ D
- -+ Jj,- —— + — + - = — 70
(415—1'71 -’;—1,71 ]p Ln 4];,}_1,11 81;—1,n Jg—l,n 8]5—1,n ( )
.2
Jp.k 1 , 2 1
Yk e T ke a2 Tptin Xke1, o3
(Jp,k —Jp+1n ) (Jp,k —Jp+1in ) (Jp,k —Jp+1in )
1 . 2 1 1, p p
Y (o (42)) = o 7
(4J§+1,n> Jptin < J;+1,n 4 8 ) 3J§+1,n ( )
.2
Jpk 1 . 2 1
Zf=1ﬁ=2?=1 -, > 2+]p—2,n Zl?=1 L 23
(]p,k —Jp-2n ) (]p,k —Jp-2n ) (]p,k —Jp-2n )
( 1 p )+. 2( P __ 1 1 )_2(102—1)—1'5_2,11
16(-1)2  jp_on Jp-2n Jp-2m  64-13  320-1)jj_zn 64(p-1)*
(72)
.2
Jpk 1 . 2 1
ke e = ke e Tpean ke, oo =
(]p,k —Jp+2n ) (]p,k —Jp+2,n ) (]p,k —Jp+2n )
1 ] 2 1 _ 1 _ j§+2,n—2(p2—1)
(42(1+p)2) Tp+zn (43(1+p)3 32(p+1)j,§+z,n) T 64(p+1)? (73)
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1 1

.2
Jpk
Zlocozl 2 £ 3= Zlio:l 3=

(pi?=ip-3n’) (A (jpi®~Jp-3m’)
<1 Jposn—t®@-2)  p ) L 2< P _(p—z>[315_3,n+8—4p<p—1)]>_
4[4~ P-D~j3-sn)  Jp-sn Jo=3n \je_,, 8[4(0-D(P-2)~j3-s5.]" |
—(3D—4)jp_3n+4(—1)(P—2)(P+2) jj-3n—32(P—-1)(p—2)?

. 2 00
2+]p—3,n Zkzl

74
8[4(p-1)(P-2)- 2 34|’ "
. 2
- Tk o 1 . 2 woo 1
Yk=1 ., p. 3 Yk=1 . . 2z Tp+3n Zk:lﬁ -
(]p,k —Jp+3n ) (Jp,k —Jp+3n ) (-’p,k “Ip+3n )
1 Jprant4(p+2) - 2 [ @*D)[3)pssat8—4p(@+D] | _
" 2 | TJp+3n z 13T
[4@+ D@+~ 43.n] B4+ VP42 Jpran]
(3P+4)jp+3n—4@+1)(P+2)(P—2)Jp+3n+32(p+1)(p+2) (75)

8[4(p+1)(P+2)~jp+3nl®

4. Conclusions

It has been shown that complicated formulas (series) based on the zeros of Bessel
functions, derived in the work of Langowski and Nowak [11], can be decomposed
into fundamental Calogero-type formulas. The effectiveness of this decomposition
is illustrated both by the expansion of the complicated series derived by Langowski
and Nowak [11] and by the presentation of new formulas resulting from the expres-
sions obtained in Urbanowicz [12].

Since the companion work [13] deals with the evaluation of derivatives of ratios
of Bessel functions (both ordinary and modified, as well as ratios involving Bessel
function derivatives), the remaining task for the future is to determine recursive
formulas for the modified Calogero-type expressions. To date, recursive formulas
are known only for Rayleigh-type series, derived by Meiman [2] and Kishore [3],
and analogous series based on the zeros of derivatives of Bessel functions, developed
by Muldoon and Raza [4].
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