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Abstract. In this study, we discuss the existence and uniqueness of solutions to a coupled
system of nonlinear fractional differential equations of the Caputo-Fabrizio type with
boundary conditions. We prove the existence and uniqueness of the solution using Banach’s
fixed-point theorem and the Leray-Schauder alternative theorem. Finally, we support our
study with two illustrative examples.
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1. Introduction

Fractional calculus, the extension of differentiation and integration to non-integer
orders, has experienced rapid expansion over the past thirty years, largely due to
its powerful ability to describe complex systems exhibiting memory and hereditary
behavior. Traditional fractional operators, such as the Riemann-Liouville and Caputo
derivatives, rely on singular power-law kernels (e.g., (r — 7)~%). While mathemati-
cally elegant, these kernels often introduce unphysical singularities at the initial point
and pose challenges for numerical computation.

In their 2015 paper, Caputo and Fabrizio defined a fractional derivative without
singular kernel. Their aim was to preserve the memory-capturing capability of frac-
tional operators while eliminating the unrealistic assumption of infinite memory at
the origin a feature that contradicts the behavior of many physical, biological, and
engineering systems. This innovation triggered a major shift in fractional modeling
and has since been widely embraced across both theoretical and applied disciplines.
In particular, the Caputo-Fabrizio (CF) derivative is favored in contexts where abrupt,
singular memory effects are physically implausible, especially in engineering and
life sciences.
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The primary motivation for investigating the given boundary value problem (BVP)
lies in its capacity to represent a broad spectrum of real-world systems that can-
not be accurately described by classical integer-order models or even by traditional
fractional models with singular kernels. The problem combines several key features:
Fractional dynamics (7,7, € (1,2)): capturing memory and behavior intermediate
between velocity and acceleration. The (CF) kernel: ensuring physical plausibility
through smooth, exponential memory decay. The nonlinear coupling: modeling intri-
cate interactions between state variables. The nonlocal and cross-variable boundary
conditions: encoding feedback mechanisms, regulatory constraints, or design speci-
fications.

Together, these elements render the system both mathematically rich and phys-
ically meaningful. Specifically, this BVP describes a coupled physical system with
memory, where two state variables r(s) and w(s) evolve under fractional-order
dynamics governed by the (CF) derivative. In viscoelasticity, the variables r(s) and
w(s) represent the relationship between a beam’s transverse displacement and its
internal stress (or bending moment), respectively, where s often denotes a spatial
coordinate, the (CF) derivative models the materialis memory with exponential re-
laxation, the condition r(1) = Ar(o) implies that the displacement at the endpoint
is regulated based on the reading from a sensor located at s = &, and the condition
w(1) = Bw(v) indicates that the stress at the endpoint depends on the displacement
measured at s = v, possibly due to an actuator responding to sensor feedback.

For further physical interpretations and theoretical background, see references [1-6].
We present the studied issue in the following form:

PN r(s) = hy (s, r(s),w(s)),s € [ :=1[0,1]
2Pw(s) = hy (s, r(s),w(s)),s € I :=[0,1]

(1)
F(0) = w(0) =0

r(1) = Ar(c),w(1) = Bw(v),0< 6,v < 1,A,B >0

with 7 being real numbers such that 1 <y <2fori=1,2,h: IXRXxR—-R,i=1,2
is continuous functions, and 2 is the new fractional derivative Caputo-Fabrizio of
order % € (1,2). This research is organized as follows. In the second part, we present
some definitions and lemmas used in the rest of the research. In the third part, the
existence and uniqueness of the solution to the dual system (1) was proven by apply-
ing Banach’s fixed point theory to prove uniqueness by Leray-Schauder alternative
theory to prove existence. In part four, we illustrate the main findings with two
examples.
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2. Preliminary and lemmas

In this section, we present some of the basic definitions, properties and lemmas of
our research.

Definition 1 [1] The Caputo-Fabrizio fractional derivative (CFFD) of o order for
a function N € H'(e,d),d > e and o €]0, 1] is given as

/N {_ (s —n)]dn, )

(@) N
7 -

1_

where Z(a) is a normalization function with the main properties of 2°(0) =
Z(1)=1. O
Lemma 1 Ler n > 1 the Caputo-Fabrizio fractional integral of order 0 < o < 1
for a function N € H' (e,d),d > e is defined by

n+o _ 1 s _ n—1 _ _
ENS) = g L (=) s =) a1 @) N ()an,
Lemma2 [7]Lety€ (n,n+1),n=[y] > 0. Assume that
1. if N(e) =0, then 2V (I'N(s)) = N(s).

n
2. 17 <.@(V)N(s)> :N(s)+Zeis’,ei €eR,i=0,1,...,n o
i=0

Lemma 3 (Leray-Schauder alternative [8]) Let B : K — K be a completely contin-
uous operator (i.e., a map that restricted to any bounded set in K is compact). Let
T (B) ={re€ K :r=0B(r), for some 0 < 0 < 1}. Then, either the set 7 (B) is
unbounded or B has at least one fixed point. O

3. Analytic study

Throughout the following, we assume that the function 2°(ct) = 1.

Lemma4 Let F € € (I;R) be a given function and 1 < y < 2. Then, the unique
solution of

{ PN r(s) =F(s),s € I:=10,1] 3)

r(0)=0,r(1)=Ar(o),
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is given by the integral equation

“

PROOF By applying Lemma 1, equation (3) can be transformed into an equivalent
integral equation:

1(2"r(s)) = IJ(F(s)),

we obtain,

r(s) = —co—cis+ [ los—m)+ (1 = )} () 5)

where cg,c; € R. Thus, from the initial condition (0) = 0 and r(1) = Ar(c) we ob-
tain ¢co = 0 and

—ert [ 10— amF(an = —eioa+4 [ la(o—n) +(1 - @)F(n)an,
which implies that

_ 1
ol —1

Ccl1 =

[0 amirman - [lato )+ (- lFmn
0 0

We substitute cg and ¢ into the equation (5), completes solution (4).
Conversely, if r satisfies (4), then #(0) = 0,r(1) = Ar(o), and for each s € I := [0, 1],
we have

Hence, r satisfies (3).

From the above Lemma, we can conclude the following Lemma.

Lemma 5 Assume that h; : I x R x R — R are continuous functions. Then (r,w) is
a solution of (1) if and only if (r,w) is a solution of the coupled system of integral
equations
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) = s | [ 10 amimn.rtm.wyan

iyl / "lat(o — 1) + (1 o)l (1, 7). w())dn

+/Os[a(s_ m)+ (1= a)lh(n,r(n),w(n))dn
(0)

W) =550 | 0= . rtn)wtman
=B [ Loy =)+ (1 = @l r(m) ()

_|_/S[a<s— n) + (1 — a)]h2(nar(n)aw(n))dn
0

4. Study the existence and uniqueness of the solution

4.1. Uniqueness

Proof of uniqueness by Banach’s fixed point theorem

Let % (I;R) denote the space of all continuous functions. Let E = {r(s) : r(s) € €(I;R)}

be a Banach space endowed with the norm ||r||g = sup |r(z)|, and let
s€[0,1]
F = {w(s):w(s) e €(I;R)} be a Banach space endowed with the norm

Ilw||lr = sup |w(z)|. Thus, the product space (E X F,|| - ||)exrF is also a Banach
s€(0,1]
space with the norm ||(r,w)||exr = ||r||g + ||w]||F for (r,w) € E X F.

We define the operator as follows B: E X F — E X F as

B = () Q
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where

Bi)6) = s | [ 10 = anlia(n.rtn).wim)an

A [ loo =)+ (1= @l (), wim))n
0

+ [ lats =)+ (1= @yl n.r(m).wm)an ®

and

By (r,w)(s)

1
vB—1" [/0 [(1—an)ha(n,r(n),w(n))dn
5 [ Tatv— )+ (1= (.o

+ [ lats=m)+ (1= cla(n.rm).wm)an ©

To derive our main results, we impose the following assumptions.

(D) The functions &; : I x R x R — R, i = 1,2 are continuous, and there exist real
constants x; > 0,i = 1,2 such that

|hi(s,ri,wi) —hi(s,r2,w2)| < x1(|r1 — r2| + w1 —wa|)
\ha(s,71,wi) —ha(s,r2,w2)| < xa(|r1 — 2| 4 [w1 —wal)

fors e land r;,w; e Ri=1,2.

(D) There exist real constants d;,e; > 0,i = 1,2 and dy > 0,ep > 0 such that
(5,1, w)| < do +di|r| + dalw], o, 7, w)| < e +enlr] +e2w]

forseland r;,w; € R,i=1,2.
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To simplify, we use the following symbols:

~2—oaN\[l+[A]+[oA 1]
wm=(=") oA —1| iz
_(2—oNT1+|B]+]|vB—1]
w= (=) VB—1] [
(10)
_(2—oaN\[1+[A|+ oA —1]
”3_< 2 ) oA —1] }x’
_(2—oN\[L+[B]+]|vB —1]
“4—< 2 ) VB —1] }XZ’
and
i 14+ [Al+ oA — 1] B 1+(B+[vB — 1]
/\0—(2 Ot)d()_ 2|Gﬁ,—l| _+(2 OC)e()_ 2|Vﬁ—l|
_ 1+ |A[+]oA - 1] 14+ (Bl +|vB —1]
Al_(Z—a)dl_ 2’6},—1’ _—|—(2—O€)€1_ 2’\’[3—1‘ (11)
_ 14+ (A + oA — 1] B (1+(B+[vB — 1]
Az—(z OC)dz_ 2|Gﬁ,—l| _+(2 Ot)ez_ 2|VB—1|
A= maX{Al,Ag}.

Theorem 1 Suppose that condition (D)) is satisfied. Then the coupled system (1)
possesses a unique solution on I, provided that

(U3 + ) < 1. (12)

PROOF Assume that ¢ > 0 is a real number such that

W+ U
>7
P T st )

First, we shall show that B4, — %, where B is given by (7) and
By ={(rnw) e EXF :|[(nw)|exr < @}

Set sup |41 (s,0,0)| = My < oo and sup |h2(s,0,0)| = M> < oo. For (r,w) € %y,s €1,
sel sel
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we have

s[/JKP—anﬂhdn,dn%w%nan

Bi(rw) ()] < | =

4 [l o)l (. (), wim)an|

(s =)+ (1= )l (. rm) ()|

1
< =77 L 1= el () (1) = 1 5.0.0) 4 i 5.0.0)

2l [l ) (0, 7)) = 1 (5,0,0)] + I (5,0,0) ) |
+ [l =)+ (1= @)y (7). w()) = i (50,0)| + s (.0,0)
< ior i L[ 10 = amiea -+ b))+ 5.0.0))an

HAL [ Lo =)+ (1= @)l () + b)) + i 5,0.0) |

+ [[las = m)+ (1 = @)l ()| + bo(m)) + i 5,0,0)
i | = el + Iwlle)+

HAL [ lato = m)+ (1= (el + Iwlle) + Mi)de]

+ [t =m)+ (1= @)l (Il + ) + M)

< (2—06) [1+|A|+|Gk—1|

2 oA —1] g -+a)

which implies that

2—a>[1+\l]+|61—1\

IBi(rw)lle < (=5 o p | (ILRSU0 (13)
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Similarly, we can find that

2—a\rl1+|B|+|vB —1]
2 )[ lvB —1|

Consequently, from (13) and (14), we obtain the following

IB2(rw)llr < ( | o +12) (14)

|B(r,w)|lexr < (2—2(1) [1—'—’?;1_’_61&_ 1’}(x1<P+M1)
2—ay1+|B|+|vB—1]
+H5)] VB—1] g +2)
= (1 + p2) + (U3 + 114) @

<9
Hence, B#y, C Ay. Now, for (ri,w1),(r2,w2) € E x F, and for any s € I, we get
[Bi(r1,w)(s) = Bi(rz,wa)(s)]

1

<
=ToA—1]

[/01[(1 —am)]([h(n,ri(n),wi(n)) = hi(n,r2(n), w2(n)))dn
+|7L|/06[a(6—n)+(1—a)](lhl(n,rl(n)m(n))—hl(n,rz(m,wz(n))!)dn
+ | [ols = 1) + (1= @)l (m, (), wi(m)) = (0, ra(n), wa(n))

<M It d

o217y 10 =@l = ra(m)l -+ s () ()

+Ill/06[a(c—n)+<1—a)](!rl(n)—rz(n)lﬂm(n)—Wz(n)\)dn]

+xp /os[a(k 1)+ (1= a@)](r1(0) = ra ()| + w1 () — wa (1))

- (2—a>[1+]l]+\ol—l\

. a1 Jalln =+l =)

< p3(llrr=rafl + llwr = wal])
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which implies that

[B1(ri,wi) = Bi(r2,wa)|[e < w3([lri = raf[ + [[wi — w2 ) (15)
Similarly, we can find that

[B2(r1,wi) — Ba(r2,wa)|[F < pa(llrr — raf [+ [[wi — w2 ) (16)

It follows from (15) and (16) that

1B(ri,w1) = B(ra,wa)l|exr < (3 + Ha) ([lry = r2l[ + [[w1 — wa)

From the above inequality, we deduce that operator B is a contraction in light of
the condition (12). Thus, according to Banach’s fixed point theorem, we conclude
that there exists a unique fixed point for operator B. Thus, the conditions of Banach’s
fixed point theorem are fully satisfied, and the proof of his uniqueness of the solution
is complete. n

4.2. Existence

Proof of Existence via the Leray-Schauder Alternative theorem.

Theorem 2 Suppose that (D) holds. If A* < 1, then, the coupled system (1) has at
least one solution on I, where A* is given in (11). o

PROOF First, we show that the operator B : E X F — E X F is completely continuous.
By the continuity of functions /; and h,, the operator B is continuous. Let K € E X F
be bounded. Then, there exist constants N; > 0, N, > 0 such that i (s, 7(s),w(s)) <N
and hy (s, r(s),w(s)) < Np. Then, for any (r,w) € K, we get

B < e [ 10— el ) wn) lan

oA —1]
+H21 [ lao = m)+ (1= el . r(m) w(m)) )

+ [ lats =)+ (1= @)l (. rm).wm)ldn

1+|M+|G/1—1|]

= (2_0‘)1\’1[ 2(6A 1]

which implies that

1+|7L|+\67L—1]} an

1B1(r;w)(s)]|e < (2= )Ny [ 2[cA —1
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Similarly, we get

LBl vB 1) s

|B2(r,w) (s)||F < (Z—O‘)NZ[ 2vB—1]

From (17) and (18), it follows that B is uniformly bounded.
Then, we shall show that the operator B is equicontinuous. Suppose that sy,sy € [
with s1 < 5. Then we have

1
S
oA —1"

B () (s2) = Br(rw)(s0)| = | [ 100 amim(n,r(m) (e

=3 “lat(o — 1) + (1 o)l (1, r(n), w())d
0

+ [tz =)+ (1= @l () w(m)dn
0

1
— S
oA —1"

[/ol[(l_“”)hl(”vr(mw(n))dn
A Oc[a(o_n>+(1_a)]hl(n’r(n)7w(n))dn:|
_/Om[oc(sl—n)+(1—a)]hl(n,r(n),w(n))dn‘
<¥(s —s )Kﬂ)(IHADN}
“loa—12 2 I
+’/0S2[a(s2_n)+(l_a)]hl(n’r(n)7w(n))d1’l

0
+ [ et =)+ (1= @)l (n.r().w(m)am|

= |a/{vi1\(s2_sl)[<2za>(1+’”ﬂ

a
2

+N1( (53 —57) — a(s2—51) + (52 _Sl))

<[ [(5%) )+ S 1

which implies that || B; (r,w) — B (r,w)|| — 0 independent of (r,w) € K as s —s; — 0.
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Also, we get

2—«o

Ba(rw) 52) = Ba(re)50)] < Natsa =50 [ o5 [ (555) (14181) |+ S 2 s1) +1 -

which implies that || B,(r,w) — By (r,w)|| — 0 independent of (r,w) € K as s, —s; — 0.
Therefore, the operator B is equicontinuous.

Consequently, by the Arzela-Ascoli theorem, we deduce that the operator B is com-
pletely continuous. Finally, we shall show that the set

T ={(rnw) €EXF :(r,w)=6B(r,w),0< 0 <1}
is bounded. Let (r,w) € .7. Then (r,w) = 6B(r,w). For any s € I, we have
1(s) = 0B (1,w)(5), w(s) = OBa (1, w)(5)
Then, we have
[r(s)] = [0B1(r,w)(s)] < [B1(r,w)(s)]

L+[A[+|oA —1]
2|lcA —1]

< (2— Ot)(d() +d1\r| +d2|W’)

and

[w(s)| = [6Ba(r,w)(s)] < [Ba(r,w)(s)]

1+ [Bl+IvB -1
2[vB—1]

g(Z—axm+wMH+€ﬂM)[

Hence, we get

1+[A[+|ocA —1]

Irs)lle < 2 a) | | (do+arllrle +eallwilr),

2|lcA —1]
b0l < 2= o[ R E= N -t el + el

which implies that

Irlle + [wllF < Ao +max{Ai, A }||r+w|lexr < Ao+ A*||r+wllexr,

where Ag, A1, A; and A* are given in (11). Consequently, we get

0
<
Il < 20
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This proves that the set .7 is bounded. Hence, by Lemma 3, the operator B has at
least one fixed point. Thus, the coupled system (1) has at least one solution on /.
The proof is completed. n

Examples

Example 1 Consider the following coupled system of Caputo-Fabrizio fractional
differential equations:

3 e—3s eZs
20 r(s) = 605 50z S Hre)), s l:=[01]
20y §) =sins—3+ S1200 <|W‘(VE§S2| T —|—sinr(s)> , se€l:=]0,1]
r(0) =w(0) =
1 1
(1) = r(3) (1) = w(3),
(19)
19 1 1
Here, 1 P E,G—E,v:akzﬁzl,
—3s 623'
h](er) 6O+S+50+S2 (San(S)—i—‘ ( )D
and
1
hy(s,r,w) =sins—3+ 51200 <|w’(v;§?‘1| +sinr(s)>
1
(s, ri,wi) = hi(s,r2,w2)| < o5 (I = raf o+ [wn —wal)
and
|ha (s, r1,w1) — ha(s,r2,w2)| < 200(\r1 — |+ wi —w2))
. 1 1 . . .
from which we get x; = 50 and x| = 200" Using the given data, the condition (12)
becomes

113 + s = 0.025+0.004 = 0.029 < 1

Therefore, all the conditions of Theorem 1 are met, implying that the coupled system
(19) admits a unique solution on /. o
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Example 2 To enhance our study, we consider the following system of coupled
fractional Caputo-Fabrizio differential equations:

( 3 e’ 1
DD p(s) = —— + —sinr(s 4+ ——sinw(s), sel:=[0,1
) \/s+2500 170 (s) 7(40+5s) (()|)()| 0.1]
e’ 1 wi(s)|r(s
20 w(s s+ —I—smr +———= sel:=]0,1
()= 3\/400+s ()% 500 T+ r(s)] [0,1]
r(0)=w(0)=0
1 1
r(l):r(§)7w(l)zw(§)a
(20)
Obviously, we get
(5,7 < o+ ol + i o]
r S0
IS EWIT= 50 T 170 1MIE T g0 IMIF:
s, )| < o+ gl + s vl
Thus d| d ! d ! ! ! ! Using (11),
u = — = —, dy=—, 0= —, e = —, g = —. Usi
050117022800601500600g
we find that

A" =max{A;,A;} = max{0.00446429,0.00033333} = 0.00446429 < 1

Therefore, the assumptions of Theorem 2 are satisfied. Hence, the coupled system
(20) has at least one solution on /. o

Conclusion

In this paper, we focus on the analysis of a coupled system of nonlinear frac-
tional differential equations that incorporate Caputo-Fabrizio fractional derivatives
with non-singular exponential kernels. This class of derivatives has gained signifi-
cant attention for its ability to model many complex systems. Our primary objective
is to examine the existence and uniqueness of solutions to the system under appropri-
ate conditions. To achieve this, we employ two powerful analytical tools: the Leray-
-Schauder alternative theorem and Banach’s fixed point theorem. The first is
employed to prove the existence of at least one solution under the previously stated
assumptions, while the second offers a framework for demonstrating the uniqueness
of the solution by verifying the contraction property of the operator B introduced
earlier in the paper. In addition, to demonstrate the applicability and effectiveness of
the theoretical results, we provide two illustrative examples that meet the required
conditions and confirm the theoretical results.
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