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Abstract. This paper presents the construction and structural analysis of the logical
spacetime — the single unique and real underlying structure of the extensional model of
Transparent Intensional Logic. The proposed solution aims to help bridge the gap between
the theoretical nature of this logical system and its practical applications while addressing
two key challenges. Tichy’s objections to the very existence of such a model as well as
the ambiguity in Kripke’s influential approach, which, rather than defining a single model,
specifies various categories of models based on the relational properties of their underlying
structures.
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1. Introduction

Since space and time are far from trivial concepts, it is only natural that humans
have sought to understand them from a variety of perspectives. This has led to the
development of models that capture different aspects of these notions. From a logical
point of view, we can then talk about logical space, the set of possible worlds, which
was originally defined in close connection with alethic modal logic (ML) [1]], study-
ing the concepts of necessity and possibility. Similarly, we can talk about the time,
which is closely related to temporal logic (TL) [2], focusing on the formal represen-
tation of temporal relations. Please note that, from now on, all references to modality
and modal logic are to be understood implicitly in the alethic sense.

Although the origins of modal and temporal logic go back to Aristotle, a signifi-
cant breakthrough in the formalization of notions inherent to the semantics of these
logical systems, such as possible world and time, came only in the 20th century in the
works of Prior [3] and Kripke [4]]. Until then, these notions were used only informally
in philosophy and logic, without a rigorous formal semantics. This success in logic
developed in parallel with a revolution in physical and mathematical models of space
and time, most prominently represented by Minkowski’s seminal work [5]. Although
there are analogies between logical and physical understanding of these notions as
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presented in works of Goldblatt [6]] and Hirsch and McLean [7]], this study focuses
exclusively on the logical aspects of modality and temporality.

Based on the above, Section 2] presents the analytical part of this work, clarifying
the basic notions of modal and temporal logical systems. Section [3] concludes this
analysis by presenting Tichy’s interconnection of the logical aspects of modality and
temporality in Transparent Intensional Logic (TIL), which finally allows us to for-
mally define the logical spacetime — an extensional model of TIL. The core of this
work, namely the structural analysis of the logical spacetime, is presented in Sec-
tion 4] This section first presents the basic properties of this structure, then examines
its relation to the redefined standard modal and temporal semantic model. Finally,
Section [5]summarizes all the partial results of this work and discusses the advantages
of the presented solution over existing standards.

2. Modality and temporality in logic

In this section, we focus on achieving the first of the outlined goals, namely the
individual analysis of the logical aspects of modality and temporality to formally
introduce their fundamental notions and models.

2.1. Modality

Modal logical systems explore and formalize sentences of natural language con-
taining various modalities. Such modalities can, in most cases, ultimately be seman-
tically interpreted in the same way as the modalities of necessity, possibility, or im-
possibility in alethic modal logic. Since the semantics of these statements is defined
based on the notion of a possible world, in the following part, we take a closer look at
its historical background, which led to the definition of the Kripke frame and Kripke
model — the semantic model of modal logical systems.

2.1.1. Possible worlds in logic

The notion of a possible world is quite prominent in contemporary logic [[8]; how-
ever, as early as the 17th century, Leibniz formulated many of his writings that often
represented a combination of logical, metaphysical, and even theological investi-
gations, based on this notion. Therefore, Leibniz’s distinction between necessarily
true and contingently or potentially true statements can be considered as one of the
first applications of the idea of possible worlds in logic. According to Andreansky’s
work [9], there are multiple interpretations of Leibniz’s definition of the notion of
a possible world, which are, however, the results of independent critical analyses of
his work; therefore, we do not focus on them.

Another application of the idea behind the notion of possible world can be ob-
served only in the 20th century, specifically with the emergence of intensional logics.
An example of this is Carnap’s work [10], which does not use the original notion of
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a possible world but instead introduces a new one called a state description, defined
as a maximal consistent set of elementary statements. Nevertheless, assuming the use
of sufficiently expressive language, this can be identified with the notion of a possible
world, as argued by Peregrin in his work [11]]. Based on the above, it can be asserted
that Carnap’s definition of a state description essentially represents the first modern
logical formalization of the possible world.

In the following years, the notion of the possible world received significant atten-
tion from a large number of logicians, mathematicians, and philosophers. Therefore,
following Peregrin’s later work [|12], we introduce two further perspectives on its ex-
plication in logic. The first one is Tichy’s interpretation, which understands the pos-
sible world as an assignment of certain properties among individual elements of the
universe of discourse. Here, the universe of discourse refers to the set of all objects
that are considered within a given formal system. Each object can possess various
contingent properties, and a possible world is completely determined by specify-
ing which properties each object holds. This approach allows one to analyse pos-
sible worlds in a fine-grained, object-centered manner, rather than treating them as
abstract entities (indivisible abstractions). It is not difficult to imagine that, based on
such an assignment of properties, one could construct Carnap’s state description cor-
responding to Tichy’s interpretation of a possible world. Therefore, we can consider
Tichy’s interpretation simply as a different approach to constructing such a descrip-
tion. However, Stalnaker’s interpretation of a possible world [13]] is entirely different,
as it defines a possible world implicitly based on its use in logic, as that to which truth
is relative. This explication does not specify the possible world as a particular object
but rather provides information about the (mental) concept of the term, leading us to
an interesting conclusion.

The term (mental) concept is often used to explain Frege’s distinction between the
sense and meaning of an expression conceived in his work [[14f]. Later, Carnap devel-
oped this idea further by replacing these terms with the terms extension and intension
and formally defining them based on the idea of possible worlds. Therefore, we could
claim that Stalnaker’s explication of the term possible world can be understood as its
intension, and Carnap’s or Tichy’s explication as its extension, i.e., the concrete re-
alization of what Stalnaker’s explication expresses. It should be emphasized that the
foregoing analysis of the notion of a possible world employed intensional logical
analysis, which is based precisely on this notion.

2.1.2. Kripke’s model

A common feature of modal logical systems is the use of modal operators whose
proper interpretation presented a significant challenge for early logicians. Formally
defining their semantics within a logical system proved nontrivial and required the
development of new conceptual tools.

However, in the second half of the 20th century, the American logician Saul
Kripke, in his work Semantical Considerations on Modal Logic [4], introduced a new
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approach to the formulation of the semantics of modal logics. Today, this is known
as the Kripke model, with the following definition:

Definition 1 Let Prop be the set of all elementary propositions pi,ps,p3,...
The Kripke model is then an ordered triple KM = (W, R,v), where:

* W is a non-empty set of possible worlds wy,wy,ws,. ..

* R is a binary accessibility relation on the set W where wRw' means that the
possible world w' is accessible from the possible world w.

e v is a valuation function that assigns truth value from a boolean domain B
to each elementary proposition from the set Prop in each possible world from
the set W:

v:PropxW — B.
The underlying pair KF = (W, R) of KM is a Kripke frame.

An important role is also played by the structure of the underlying Kripke frame,
which allowed Kripke to identify the specific axioms valid in models implement-
ing specific properties and thus construct the well-known hierarchy of modal logical
systems. Despite its influence, the Kripke model did not remain without criticism.
Tichy, in his critical work [15]], questioned its adequacy, arguing that the accessibil-
ity relation lacked a proper definition and was introduced only through an informal
discussion of its properties, which serves as a stepping stone for the research pre-
sented in this paper.

2.2. Temporality

A significant number of natural language sentences refer to time in some way,
whether explicitly through linguistic expressions directly referencing it, or implicitly
through the grammatical category of the verb. Time itself plays a very important role
in their interpretation, which should make it clear that for logical systems dealing
with the investigation and formalization of temporal aspects of natural language, the
notion of time is an essential component of their semantic definition.

Firstly, we outline the parallel between temporality and modality, which was foun-
dational to the development of Temporal Logic (TL) and allows it to be generally
classified among modal logical systems.

2.2.1. The parallel between temporality and modality

The New Zealand logician Arthur Prior, often regarded as the founder of Temporal
Logic (TL), laid its formal foundations and explored the parallel between temporality
and modality in his work Time and Modality [3]]. However, according to Copeland’s
work [16]], Prior initially formulated ideas related to the modal understanding of time



On structure of Tichy-inspired logical spacetime 55

at the turn of the first half of the 20th century, when he proposed introducing temporal
modalities, which he called quasi-modalities.

Before we proceed with the parallel between temporality and modality, it is
important to note the chronological sequence of Prior’s and Kripke’s works. At the
time Prior formulated the aforementioned parallel, Kripke’s semantic model of modal
logic did not exist yet; there was only the idea of a set of possible worlds without any
defined relation on this set.

The fundamental idea from which Prior derived the parallel was the existence of
propositions whose truth value is relative to time. Their semantics is thus based on
the notion of time (a set of time instants), which represents a notion analogous to
the set of possible worlds and provides a clear argument for classifying TL among
non-classical logical systems.

Based on the above parallel, one can assume the existence of a semantic model of
time that ultimately precedes Kripke’s semantic model. Therefore, in the following
section, we examine various approaches to the semantic formalization of time, based
on which the semantics of TL can be defined.

2.2.2. Time model in logic

Arthur Prior addressed the issue of temporal relativity in the semantics of certain
propositions by introducing a temporal context, specifically a particular time instance
with respect to which their semantics were defined. He pointed out that there is a nat-
urally defined ordering relation on the set of time instances that expresses the rela-
tionship between the past, present, and future, based on the intuitive understanding
of time, as presented in his later work [17]. Based on this, a logical model of time
can be defined as follows.

Definition 2 Let Prop be the set of all elementary propositions py, p2, p3,.... A log-
ical model of time is then an ordered triple TM = (T, <, x), where:

e T is a non-empty set of time instances t1,1,13, ...

e < is a binary ordering relation on the set 7, where ¢ < t' means that time
instance ¢ precedes time instance ¢

e 7 is a valuation function that assigns truth value from a boolean domain B
to each elementary proposition from the set Prop in each time instance from
the set T':

w:PropxT — B.

The underlying pair TF = (T, <) of TM is called a time frame.

At the same time, when Prior pointed out the existence of an ordering relation on
the set 7', he also specified it more closely as a relation of linear ordering. Based on
this, such a temporal framework can be referred to as a linear time model.
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However, based on the work of Ploug and @hrstrgm [18]], which is based on pri-
vate correspondence between Kripke and Prior, Kripke criticized the aforementioned
approach to the formalization of time. He proposed abandoning the linearity of the
ordering relation on the set of time instances in favor of a non-linear branching struc-
ture captured by a partial ordering relation supplemented by the property of backward
linearity. He supported his approach with two arguments, namely non-determinism
of the future and determinism of the past. Another important argument in support
of Kripke’s approach was formulated by Hintikka, who, drawing on Copeland’s
work [16], argued that the linearity of the ordering relation on the set of time in-
stances ties this model to classical physics, while the branching future model of time
presents a parallel with modern 20th-century physics.

The various approaches to the formalization of time have also led to the definition
of different variants of TL. While the linear time model is part of the Linear Tem-
poral Logic (LTL), which can be considered an extended variation of Prior’s TL, the
branching future model is a part of Computation Tree Logic (CTL*), introduced by
Emerson and Halpern [19] as an extension of LTL.

2.3. Summary of modality and temporality

After introducing the fundamental modal and temporal principles of logic in the
previous section, we can conclude that these are significantly analogous aspects, as
demonstrated by the following parallels:

* the relativity of truth values of propositions with respect to the elements of
their underlying sets (the set of possible worlds, the set of time instances),

¢ the internal structure of their underlying sets (the accessibility relation on the
set of possible worlds, the ordering relation on the set of time instances),

* the formal representation of models of space and time (Kripke frame, time
frame),

* the formal representation of semantic models of space and time (Kripke’s
semantic model, the semantic model of time).

When we also consider the chronological sequence of these aspects along with the
previously mentioned private correspondence between the authors of the respective
logical formalisms (Kripke, Prior), it becomes fairly clear to identify the origin and
inspiration behind their foundational ideas. This allows us to speak not only of a par-
allel but also of a strong interconnection of the above aspects. However, as we can
observe when considering the nonlinear branching model of time, this interconnec-
tion begins to take on characteristics of absorption of the modal aspect. Moreover, it
complicates the use of a very natural representation of time through linear orderings
on sets of natural, integer, rational, or real numbers. Thus, when utilizing a nonlinear
model of time, temporality expresses not only temporal but also spatial, i.e., modal
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dependencies. As a result, this approach to the formalization of time has met with
considerable criticism, for instance, in the works of Rescher and Urquhart [20] and
Belnap [21].

Therefore, in the following section, we focus on the interconnection of modal-
ity and temporality within the analysis of the target logical apparatus of this work —
Tichy’s Transparent Intensional Logic (TIL) which, by combining the modal and tem-
poral approaches to semantic interpretation, creates a comprehensive spatio-temporal
logical calculus.

3. Transparent Intensional Logic

TIL [22]] is a unique methodology of logical analysis of natural language [23]24]
developed by Czech logician Pavel Tichy. The key work in this field is his monograph
The Foundations of Frege’s Logic [15], published in the late 1980s, which represents
the culmination of his efforts that began in the 1970s with the work Smysl a proce-
durcﬂ The ongoing relevance of this logical framework is evidenced by sustained
scientific interest and a growing number of recent publications addressing various
aspects of TIL, from its theoretical foundations [26—28] through practical implemen-
tations [29},30], to the development of alternative variants [31},32].

Another notable feature is that, unlike most systems, TIL is not defined via a stan-
dard syntactic-semantic correspondence. Rather, it is a directly interpreted, purely
semantic framework grounded in typed A-calculus. Following our earlier work [33]],
it can be described as a complex procedural-semantic modal temporal partial typed
A-calculus based on algorithmically structured procedures called constructions. This
stands in contrast to the classical A-calculus, which is traditionally viewed as a model
of computation based on mathematical functions mapping inputs to outputs in a set-
theoretical manner.

The following section focuses specifically on TIL’s simultaneous treatment of
modality and temporality, which offers a solution to the problems mentioned at the
end of the previous section and provides the foundation for defining the key object of
this work — Tichy-inspired logical spacetime.

3.1. Modality and temporality in TIL

Modality in TIL is not part of its temporality, as both aspects are captured in
distinct ways, i.e. modality through the set of possible worlds and temporality using
the standard strictly linearly ordered set of time moments. We note that instead of the
commonly used term time instant, the term time moment is used here deliberately;
for more information, the reader is referred to the work of Belnap [21]].

The integration and interconnection of modal and temporal aspects in TIL occurs
via higher-order functions as follows. The modal relativity of Fregean sense (inten-

! Translated as Sense and Procedure in the collection of Tichy’s papers [25].
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sion) of some linguistic expression is captured by a function from the set of possible
worlds. This function often provides a chronology, a function from the set of time
moments that captures the temporal relativity of the intension of that expression.
Only by subsequent selection and gradual application of a specific possible world w’
and a specific time moment ¢’ can we obtain the Fregean meaning (extension) of that
expression.

The pair (w',t’), which we refer to as a worldmoment or simply w-moment, fol-
lowing our work [34], can therefore be considered as a state (spacetime specification),
representing another result of the aforementioned integration of modality and tempo-
rality. Since this work focuses on Tichy-inspired logical spacetime, the next section
goes deeper into its formalization and construction based on a more primitive notion
of possible world, the insights from which are used in the subsequent structural anal-
ysis of the logical spacetime.

3.2. Tichy-inspired logical spacetime

Since w-moments represent individual states of logical spacetime, the next step
is to explain how they are organized into larger structures — possible worlds. To this
end, we need to clarify and formalize the notion of a possible world, which serves as
the fundamental building block for the subsequent construction of logical spacetime.

Definition 3 A possible world is a chronologically ordered sequence of w-moments,
whose first element is referred to as the initial w-moment.

The Definition |3| differs from the standard one (e.g., in Tichy’s work [15]) only
by introducing one additional constraint, namely, unilateral limitation of the possible
world by the initial w-moment. The justification for this constraint can be grounded,
following Hintikka [35]], in modern physics. In particular, current physical cosmol-
ogy widely accepts that both the universe and time itself have a beginning (e.g.,
the Big Bang singularity). The assumption of an initial temporal boundary, there-
fore, motivates the unilateral limitation of possible worlds by their respective initial
w-moments. Moreover, this restriction is also natural in computer science, where
systems are typically modeled as evolving from an explicitly defined initial state.
We note that possible worlds do not necessarily have a single common initial
w-moment. Instead, there is a set of initial w-moments, and some of them may be
shared among multiple possible worlds.

Since we have defined a possible world as the chronology, it is reasonable to
approach its formal representation based on a mapping from the standard strictly
linearly ordered subset of the set of all time moments 7,, to the subset of the set of all
w-moments S, of a specific possible world w:

w:T, —S,. (1)

The mapping (I) is bijective. Each w-moment of a possible world represents the
state of affairs at a particular time moment, ensuring that this mapping hits every
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element of S, i.e., the mapping is surjective. Furthermore, w-moments correspond-
ing to distinct time moments must differ, because time is a valid state descriptor, and
any variation in time necessarily implies a difference in the described objects, i.e.,
the w-moments. This point is supported by Peregrin [12]], and it ensures the injectiv-
ity of the mapping.

Since the mapping () is bijective, it induces an isomorphic strict linear ordering
on the set S,,, which we denote as the partial accessibility relation <,

(T, <) = (Sw, <w)- 2

Therefore, a possible world w can equivalently be represented as that ordered
structure (S,,,<,,). Building on this representation, we are now ready to formally
introduce the notion of a logical spacetime, which aggregates all possible worlds into
a single ordered structure.

Definition 4 A logical spacetime is an ordered pair LST = (S, <), where:
* §is the set of w-moments of all possible worlds,

S=J Sw, 3)

weW
* < is a binary accessibility relation on the set S, defined as follows:

51 <8s < IweWs <, 8. 4)

The last notion to introduce is a complete possible world. This concept prevents
the consideration of possible worlds with unnatural jumps (discontinuities) and from
now on, the notion of possible world is understood to refer specifically to its complete
variant.

Definition 5 Let w be a specific possible world within a logical spacetime LST, i.e.,
w is a substructure of LST. Possible world w is called complete if and only if its initial
w-moment is the minimal element of LST and w is a substructure of LST~, where
LST" is the transitive reduction of LST.

Finally, two additional points can be stated in the form of the following assump-
tions.

ASSUMPTION 1 The time in LST is a strictly linearly ordered discrete set of time
moments 7.

ASSUMPTION 2 The accessibility relation < on S is backward linear, formally

Vs1,52,53 ES(Sl <853NA8 <853 =851 =85Vs <s5nVs -<S1).
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The former assumption, particularly the part concerning the strictness of the
ordering relation, may be viewed as an analogy to the Heraclitean principle Panta
rhei. In the present context, this principle reflects an idea that time continually flows
and time flow cannot be stopped in some moment. However, the second assumption
follows Kripke’s earlier appeal to Prior’s approaclﬂ

4. Results

In this section, we focus on two aspects of the structural analysis of logical space-
time, namely absolute and relative analysis. While the first one results in a descrip-
tion of the relational properties of LST, the second describes the relationship with
Kripke’s framework, redefined based on Tichy’s chronological understanding of pos-
sible worlds.

4.1. Properties of Tichy-inspired logical spacetime

When revealing individual relational properties of LST, we proceed exclusively
in a deductive manner, based only on already defined assumptions and statements
derived from them, with the aim of revealing its natural internal structure.

Lemma 1 The accessibility relation < on S is irreflexive.

PROOF From the isomorphism (2)), it is evident that the partial accessibility relation
=<y of each possible world w from the set W is irreflexive. Since the accessibility
relation < on S is defined as the aggregation of all partial accessibility relations <,
according to the defining condition (@), the resulting relation < must also be irreflex-
ive. g

Lemma 2 The accessibility relation < on S is asymmetric.
PROOF Now we give an indirect proof, specifically a proof by contradiction.
Assume that the accessibility relation < on S is not asymmetric. 5)

We can then make the following judgment:

S1 <852 N 8§92 <851 (6)
74 Xy
dt, L eT (EIW],WQ cWw (W] (l‘]) =<w; W](tz) A Wz(l‘z) =y Wz(l‘]))) @)
\iE U
n<n A <t (®)

2 Given the significance of the second assumption, we will revisit it at the end of section |5| and offer
an idea of its more objective defense.
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Individual steps of this proof can be described as follows:
(6) — Initial assumption.

— If there is an accessibility relation between two w-moments, then accord-
ing to the defining condition (4), there must exist a partial accessibility relation
in some possible world between these w-moments. Due to generality, consider
possible worlds wy for the first conjunct and w, for the second conjunct. It is
also important to note that the same w-moments in the first and second conjunct
must correspond to the same time moment.

— From the isomorphism (2)), it can be concluded that #; < t, and t, < 1y,
which is a contradiction.

The negation (3)) does not hold; therefore, Lemma@] is true. O
Lemma 3 The accessibility relation < on S is anti-symmetric.

PROOF For the proof of Lemma [3] we combine Lemma [2 with the fact that asym-
metric relations are anti-symmetric. U

Lemma 4 The accessibility relation < on S is transitive.

PROOF We provide a direct proof, starting with the following initial assumption:
s1 <52 N 5y <s3. )

Based on the defining condition (@), the existence of an accessibility relation between
two w-moments implies the existence of a partial accessibility relation of a certain
possible world between these w-moments. Therefore from assumption (9)), the claim
follows, from which the application of the isomorphism (2)) leads to the conclu-
sion (T1)). Due to generality, we again consider possible world w; for the first conjunct
and w» for the second conjunct.

Eh‘],tz,t_g eT (E]W],Wz € W(W] (l‘]) =<w W](tz) A Wz(l‘z) <w, Wz(tg,))) (10)

¥ ¢

h<t A h <Ht3 (1

First structural label: From assumption (9), it is also evident that w-moment s,
is not the minimal element of S. Therefore in possible world wy, there must exist
a w-moment s, = w»(t,), for which the following holds:
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Sx <w, 52 and thus s, < 52

= Wz(l‘x) <wy Wz(l‘z)
SHh<h=1L<nB

= Wz(l‘x) <, Wz(t3)

= Sx <, 53 and thus sy, < 53

The individual derivation steps can be described as follows:

(T3)) — Rewriting w-moments using possible world w,.

(12)
13)
(14)
15)
(16)

(T4) — Application of the isomorphism (2) and using the transitivity of the

ordering relation on the set of time moments.

(T3) — Backward application of the the isomorphism (2)).

(T6) — Conclusion.

0

Second structural label: Based on Assumption [2|(on backward linearity), we can
now proceed with a case analysis, graphically presented in Figure[I]

S1
Sy =81

O Sx
wa w2
) ) 82

wa wa
53 O s3
(i) Case 1 (ii) Case 2

Fig. 1. Individual cases from Lemma

e Case s| = Sy:

Sx <w, 3
= 851 <w, 53
= 51 < 83.

e Case 51 < Sy:

Sx

wa (O si
) 52
w2

O 3

(iii) Case 3

an
(18)

In this case, we must realize that the construction of this part of the proof re-
sembles the structure of this proof itself, starting from its [first structural labell

as the same holds for s, as it did for s,.

Therefore, we only need to prove the termination of this branch. In our initial
choice of auxiliary w-moment s,, we were bounded by w-moments s; and s;.
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Without loss of generality, we can also speak of bounds by time moments ?|
and t, (where t; < t); for the next choice, the bounds would be #; and ¢, (where
1 <ty <), etc. However, since we are dealing with discrete time, there is only
a finite number of time moments between any two moments, and thus a finite
number of corresponding w-moments. This guarantees the termination of this
branch of the proof by exhausting the set (19).

{m(t)eS|teT ANty <t<t} (19)

Case s, < 81:

According to Definition [5] of a complete possible world, after applying the
transitive reduction to the fragment of the logical spacetime from Figure 1(iii),
the continuity of the possible world w, requires the existence of a w-moment
sy = wa(ty), for which the following holds:

Sx <wy Sy N\ Sy <, $2. (20)
This situation is also illustrated by the Figure 2]

Sx

wo () S1
) 52

w2
O 53

Fig. 2. Transitive reduction of the fragment of logical spacetime from Figure 1(iii)
and its consequences

If we focus on the highlighted group of three w-moments on the right-hand
side of Figure[2] another opportunity for applying Assumption 2] (on backward
linearity) can be fairly easily identified, specifically based on Lemma [9] (on
preservation of the backward linearity). However, this part of the proof is anal-
ogous to the construction of this proof itself from its [second structural label]
since the same holds for s, as it did for s,.

As in the previous case, it is therefore sufficient to proceed with proving the ter-
mination of this recursive branch. In our initial choice of auxiliary w-moment
sy, we were bounded by w-moments s, and s1. Without loss of generality, we
can also speak of bounds by time moments #, and #; (where ¢, < t1); for the
next choice, the bounds would be 7, and #; (where t, < f, < 1), etc. However,
since we are dealing with discrete time, there is only a finite number of time
moments between any two moments, and thus a finite number of corresponding
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w-moments. This guarantees the termination of this branch of the proof by
exhausting the set (21)).

{m(t)eS|teT Nty <t<t} (1)

Lemma 5 The accessibility relation < on § is acyclic, formally

VneN (ﬂsl,sz,...,sn ES(s1 <$2NA.. AS_1 < S Asy %sl)).

Before proving Lemma [5| by mathematical induction, Lemma [f] needs to be
already proved.

Lemma 6 Let R be a transitive binary relation defined on a set A. Then for all n € N,
n > 2, it holds that if there exists a directed cycle of length n in (A, R), then there must
also exist a directed cycle of length n— 1 in (A,R), formally

Jday,az,...,a, €A (a1Raz A ... Nay—1Ra, N\ayRa,) =
day,ap,...,a,_1 €A (alRaz A...Nay—2Ra,_ /\an,lRal).

PROOF Let (A,R) be a structure that contains a directed cycle C, of length n.
By removing the k-th element from this cycle, a new directed cycle C,_; of length
n—1is formed based on the Lemma] (on transitivity), as illustrated in the following

Figure

ai

az@/g\ga”

-

Cnfl

transitivity

ai—1 A1

ay
Fig. 3. Visualization of the proof principle
Based on the above Lemmal6] we can now proceed to the proof of Lemma 5]
PROOF (PROOF OF LEMMA [5]) We prove this using mathematical induction.

1. Base case 1
First, we prove that Lemma E]holds for n = 1, which means that LST contains
no loops. This statement holds trivially based on Lemmal 1| (on irreflexivity):

ﬂsl € Ss; < s1.
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2. Base case 2
Now, we prove that Lemma [5| holds for n = 2. This statement holds trivially
based on Lemma 2] (on asymmetry):

Ps1,s0 € S(s1 < s2As2 < 51).

3. Inductive step
Finally, it remains to prove that for all n € N, n > 2, the following holds:

ﬂsl,SZ,...,Sn,1 GS(S] < SIN . ASp—2 < Sp—1 A Sp—1 —<S1) =
Bs1,50,. ..., €S (51 <$2 A ASp_1 < Sy NSy < S1).

We only need to realize that this statement is a contraposition statement to
Lemma [6] and therefore it holds.

Now, we can conclude that the Lemma [5] holds. g

4.2. Isomorphism of logical spacetime and Kripke frame

Since the logical spacetime also operates with the notion of a possible world,
we now define its corresponding Kripke frame.

Definition 6 Let LST be a logical spacetime, and a possible world be any complete
temporal sequence of w-moments starting with the initial w-moment. The Kripke
frame is then the ordered pair KF''F = (W, C), where:

» W is the set of all possible worlds of LST,
* the accessibility relation on the set W is a proper inclusion relation C.

As the title of this section suggests, the aim here is to demonstrate the isomor-
phism of the logical spacetime LST and the redefined Kripke frame KF'F, using the
following series of lemmas and their proofs.

Lemma 7 [fthe relational structures (A1,R1) and (A,Ry) are isomorphic, then their
transitive closures (A1,R}) and (A2,R3 ) are also isomorphic, formally

(Al,Rl) = (Az,Rz) = (AI,RT) = (Az,R;). (22)

PROOF From the assumption that (Aj,R;) = (A2,R»), it is clear that there exists
a bijective function ¢ : A} — A, such that

Vu,v € Ay ((u,v) € Ry < (@(u),9(v)) ER).

Since Ry C R and R, C R7, it follows that, for elements from Ry and R, it also
holds that

Vu,v € Ay ((u,v) € Rf & (@(u),9(v)) €RF),
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with the same function ¢. Therefore, it is sufficient to prove the validity of this state-
ment (the implications of both directions) for the elements added by the transitive
closure.

* Right implication

Ry # (u,v) ER} (23)
= Jay,...,a, €Ay ((u,a1) ERIA...A(an,v) ER)) (24)
= (), @(a1)) € RN ... A (@(an), @(v)) € R2) (25)
= (@(u),@(v)) €RY (26)

* Left implication

Ry # (¢(u),0(v)) € Ry 27
= day,...,a, € A (((p(u),(p(al)) ERN...N(Q(an),p(v)) € Rz) (28)
:>((u,al)ERl/\.../\(an,v)eRl) (29)
= (u,v) ERY (30)

Individual steps of the proofs above can be described as follows:
23), — Initial assumption of proving implication.

(24), (28) — If in the transitive closure of a relation there exists a pair that is
not part of the original relation, then there must exist a path between these
elements in the original relation.

23), — Use of the assumption of the proven statement.
(26), (30) — The desired conclusion. O
Based on the above, it is clear that (A;,R]") = (A2,R7).
Lemma 8 [f the transitive reductions of the relational structures (A1, Ry ) and (A2, R,)

with transitive relations Ry and Ry are isomorphic, then the original relational struc-
tures are also isomorphic.

PROOF We prove this directly.

(A1,Ry) = (A3,Ry) 31)
= (A1, (R))T) = (A2, (Ry)T) (32)
= (AlaRl) = (A27R2) (33)

Individual steps of the proof above can be described as follows:

(31)) - Initial assumption.
— Application of Lemmal[7}
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(33) — From the definition of transitive reduction, we have (R; )" = R| and
(Ry)" = RJ. Given the assumption of the transitivity of relations, we also
have R = R, and R;’ = R», leading us to the desired conclusion. O

Lemma9 If a relational structure (A,R) is backward linear, then its transitive
reduction (A,R™) is also backward linear.

PROOF From the assumption, it holds
Yai,a,a3 € A ((a1,a3) ERA (612,613) ER= (al,ag) ERV (az,al) €ERVa = ag)

The core of this statement is an implication, which means that if its antecedent is
false, the core of the statement is true. Based on this, we can divide the set of triples
ai,az,as into those for which the core of the statement is vacuously true and those for
which it is non-vacuously true. It should be clear that the transitive reduction of the
relational structure (by removing elements from R) cannot affect the vacuous truth of
the core of the statement for the first group of triple Therefore, we only need to
focus on the second group, within which only three cases can occur, as shown in the
following Figure [4]

a=ap
transitive 5 5 transitive O
a
reduction reduction 3
(i) Case 1 (ii) Case 2 (iii) Case 3

Fig. 4. Visualization of the proof principle

For the fragments of logical spacetime from Figures 4(i) and 4(ii), the statement’s
core holds vacuously after transitive reduction, whereas in case from Figure 4(iii),
the reduction leaves its validity unchanged. Based on this, we can conclude the valid-
ity of Lemma 9]

Lemma 10 Let G be a digraph correspondmg to the relational structure LST, and
let G~ be its transitive reduction. Then G~ contains no cycles.
PROOF We now give an indirect proof, specifically proof by contradiction.

Let us assume that G~ contains cycle C. (34)

Since G~ C G, it is clear that based on Lemma (on acyclicity) C must be an undi-
rected cycle. This cycle must then contain at least one source and one sink, as illus-
trated in the following Figure 5]

3 The vacuous truth of this statement can only be affected by adding elements to R.
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u 8T (u)=0

Fig. 5. Undirected cycle in G

Let’s examine the sink vertex of the cycle C more closely. Since every vertex in
the cycle has a degree of 2, and u is one of the vertices in the cycle, it must satisfy the
equality (35). This equality can be rewritten using the definition of the vertex degree
to the equality (36), and from this, using the definition of the sink as a vertex with
a zero out-degree, we obtain the final equality (37):

6(u) =2, 35)
ST (u)+6 (u)=2, (36)
5 (u) =2. (37)

Based on the Lemma [9] (on preservation of the backward linearity), for the sink u,
one of the following cases depicted in Figure [6| must occur.

ar =a
contradlctlon 5 5 contradlctlon contmdlcni\O
with G~ with G~ with 6 (u) =
(i) Case 1 (ii) Case 2 (iii) Case 3

Fig. 6. Case analysis

While in the first two cases from Figures 6(i) and 6(ii), we encountered a contra-
diction with the assumption that G~ is a transitive reduction of G, in the case from
Figure 6(iii) we came to a contradiction, with the elementary property of a circle.

The negated statement does not hold; therefore, the Lemma|10|is true. g

At this point, we have all the necessary to formulate the final theorem on the
isomorphism of LST and KF'L, and subsequently prove it. Before we do so, however,
we take a closer look at the necessary precondition for the validity of this theorem,
which is formulated as the following Lemma|TT]
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Lemma 11 The number of possible worlds in a finite logical spacetime LST is equal
to the number of its w-moments.

PROOF From Lemma (on the absence of cycles) it follows that the digraph G is
a directed forest. So let’s assume that this forest consists of n components — directed
trees 11,75, .. .,T The following then applies to the number of possible worlds
of LST.

W[ =) W] (38)

™= 1=

(1487 (s)+ 8 (s))+-..+8 (sl 1)) (39)

1
n

n+) Y 8 (s) (40)

1

i=1s5€S;

=n+) | < | (41)
i=1

=n+Y (IS 1) (42)
i=1

=n+|S|—n (43)

= |9 (44)

The individual steps of the proof of this equality can be described as follows:

— Since the sets of possible worlds in the individual components of the
digraph G~ are disjoint (due to the discontinuity of these components), the
total number of possible worlds is equal to the sum of the possible worlds of
its individual components Tl , Tz, e, ]_'}1

— Therefore, over each component T;, itis necessary to perform the sum of
its possible worlds, which can be realized gradually based on the length of the
possible world as follows. First, we determine the number of possible worlds
of length one that consist exclusively of the initial w-moment sf); this number
is exactly one. Subsequently, we add the number of possible worlds of length
two equal to the outer degree of the initial w-moment sf), etc.

(40) — Selection of the constant before summation and rewriting the sum of
the sequence using summation.

@1I)) — Application of the relationship between the sum of the outer degrees of
the graph’s vertices and the number of edges in the graph.

4 This is a generalization of LST, within which there is not only a single initial w-moment, but a set of
initial w-moments.
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(#@2) — Application of the relationship between the number of edges and vertices
of a tree.

(#3)) — Removing summation.

(#4) — The desired conclusion. O

Theorem 1 The logical spacetime LST and the Kripke frame KF''L are isomorphic
structures, formally

JpcS— W (Vsl,sz €S(si <2 0(s1) C (p(sz))>.

PROOF From the transitivity of the relation of proper inclusion C and from
Lemmas [] (on transitivity) and [I0] (on absence of cycle), it follows that it is suffi-
cient to prove the isomorphism of the transitive reductions of the logical spacetime
LST and the Kripke frame KF' TIL, i.e., the statement

JpcS— W (Vsl,S2 €S(si <" s2e0(s1)C (p(sz))>.

Let @ be a mapping that assigns to each w-moment in the set S a possible world
terminating in this w-moment. From Lemma [T0| (on absence of cycle), it is clear that
this is a bijection. Now we prove the validity of the above statement (the implications
of both directions) for this mapping ¢.

* Right implication:

s1 <" 8 45)
Let ¢(s2) = wy then 3w, € Wwy = (wy, 52) (46)
=>w, C Wy 47
=0 (W) < s (48)
=51 <0 '(w) Vo l(w) < s1Vs =0 Y(w) (49)
SN &=
contradiction with <~
= @(s1) = wy (50)
= ¢(s1) C 9(s2) D)

Individual steps of the proof above are the following:

(#3)) — Initial assumption.

#o), — The w-moment s is indeed not an initial w-moment, as
it is not the minimal element of S, which follows from the assumption
#3). Therefore, there must exist a non-empty possible world w,, which
is a proper subset of the possible world w,, such that extending it with
the w-moment s; results in the possible world wy.
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— For the last w-moment of the possible world wy, it must hold that
0 ' (wy) <" 5.

— Based on Assumption [2](on backward linearity) and Lemmal9](on
preservation of the backward linearity), for the w-moment ¢! (w,), one
of three cases must apply. Since the first two cases, where s; <~ ¢! (wy)
or ! (wy) <~ s1, lead to a contradiction with the assumption that <~ is
a transitive reduction of <, it follows that s; = @' (w,).

(50) — Rewriting of the equality from step (49).

— By applying the first equality from step and the equality from
step (50) within the statement (@7)), we obtain the desired conclusion.

* Left implication:

®(s1) C 9(s2) (52)
Let ¢(s1) = wy and @(s2) = wy then 3s, € Swy = (wy,x) (53)

=@ (W) <7 s (54)
= qo*l(wz) == Q(sy) =war = sy =8 (535)
=51 < (56)

Individual steps of the proof above can be described as follows:

(52) - Initial assumption.

— From the assumption (52)), it follows that the possible world w;
is a proper subset of the possible world w,, and extending the possible
world w; with the w-moment s, results in the possible world w;.

(54) - For the last w-moment of the possible world wy, it must hold
that q)il(wl) <" 5.

(53) — From the step (53), it follows that the last w-moment of the pos-
sible worlds w» is s», but also s,, which implies the identity of these
w-moments.

(56) — By applying the resulting equality from step (53) within the state-
ment from step (54), we obtain the desired conclusion. O

5. Discussion and conclusion

Since this work has been primarily focused on the logical formalization of the
notions of space and time within the framework of Transparent Intensional Logic
(TIL), we began by analyzing the standard semantic models employed in modal
and temporal logical systems, namely the Kripke model and Prior’s temporal model.
Tichy’s critique of the Kripke model posed a challenge for our subsequent effort to
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define a logical spacetime that would serve as a well-founded structural analog to the
Kripke frame.

To address this, we formally defined the accessibility relation in logical spacetime
based on the chronological ordering of w-moments (partial accessibility relations)
within individual possible worlds. Then we proceeded with its structural analysis,
revealing the internal relational properties of the logical spacetime. Unlike Kripke’s
approach [4]], which merely classifies categories of frames by the properties of their
accessibility relations and associates them with particular axiom systems, our method
enabled a deductive characterization of the inherent relational features of the logical
spacetime itself.

In the light of TIL’s original focus on the logical analysis of natural language, the
absence of an extensional semantic model has traditionally been considered a jus-
tified limitation. However, this also significantly hindered its practical applicability,
despite the fact that TIL, at its core, is a partial, hyperintensional variant of typed
A-calculus. The introduction of the extensional model in the form of logical space-
time thus represents a breakthrough, as it provides a concrete structural foundation for
the execution, i.e., interpretation of TIL’s constructions. This, in turn, enables novel
applications of the system in areas such as formal verification and model checking,
where rigorous semantic models are crucial.

Finally, in alignment with Kripke’s original suggestion regarding the integration
of backward linearity into Prior’s time model, we adopted the assumption of back-
ward linearity for logical spacetime. This relational property, however, exhibits clear
analogies with the so-called general principle of persistence, which we defined as
a generalization of Kripke’s original principle of persistence. Another future research
direction will therefore focus on this connection by examining how the structure of
logical spacetime determines the logical principles valid within it.
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