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Abstract. The aim of this paper is to show the admissibility of some classes of Frechét
spaces (see Definition 2.3), which generalizes the particular case given for modular function
spaces Ej,. As an application, we show the admissibility of a large class of modular spaces
equipped with F-norms, as determined in Theorem 4.1. We also provide applications by
proving fixed point theorems in F-admissible spaces (see Theorems 3.5 and 3.6). We would
like to add that, in particular, Theorems 3.5 and 3.6 can be applied to find the existence of
solutions of integral and differential equations in modular spaces (see Theorem 4.7, Remark
4.8 and Remark 4.9). It is worth noticing that F-norms introduced in Theorem 4.1 generalize
the classical Luxemburg F-norm.
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1. Introduction

The notion of admissibility, introduced by Klee in [1], allows one to approximate
the identity on compact sets by finite-dimensional maps. Recall that locally convex
spaces are admissible [2]. It is worth mentioning that an extensive body of literature
is devoted to prove that particular classes of non-locally convex function spaces are
admissible e.g. [3-5]. It is important to notice that not all non-locally convex spaces
are admissible. In [6], Cauty provides an example of a metric linear space in which
the admissibility fails.

The aim of this paper is to prove the admissibility of a large class of Frechét spaces
introduced in Definition 2.3 (so-called F-admissible spaces; see Theorem 3.4). In
particular, this generalizes earlier results obtained in [7] for modular function spaces
introduced by Koztowski in [8]. As an application, we prove two fixed point theorems
in F-admissible spaces (see Theorem 3.5 and Theorem 3.6).

Next, we apply these results to the large class of modular spaces equipped
with F-norms introduced in Theorem 4.1. The main interest of the admissibility of
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modular spaces lies in the possibility of applying the result to the fixed point theory.
The fixed point theory in modular spaces, initiated in 1990 by Khamsi et al. [9], is
a rather recent topic in the theory of nonlinear operators, see e.g. [10-13]. The advan-
tage of the theory is that even though a metric may not be defined, many problems
in metric fixed point theory can still be possibly formulated in modular spaces. It is
worth mentioning that the fixed p oint theory has crucial a pplications in engineer-
ing, especially in solving controllability problems appearing in dynamical systems
(for more details, see [14]). We hope that our fixed point theorems can be applied to
find the existence of solutions of some integral and differential equations in modular
spaces (see Theorem 4.7, Remark 4.8 and Remark 4.9).
Now we recall the definition of admissibility.

DEFINITION 1.1 [1] Let E be a Hausdorff topological vector space. A subset Z of E
is said to be admissible if for every compact subset K of Z and for every neighborhood
V of zero in E there exists a continuous mapping H : K — Z such that dim(span
[H(K)])< +e0 and x — Hx € V for every x € K. If Z = E we say that the space E
is admissible.

2. Preliminary results

We start with the following definitions.

DEFINITION 2.1 Let X be a linear space over K, K =R or K = C. A mapping
|-|F : X — [0,400) is said to be an F-norm if it satisfies the following conditions:

(i
(ii

(iii

) |x|r = 0if and only if x = 0;

) |x|p = |ax|p forallx € X, a € K, |a| =1,

) [x+ylr < |x|p+ |yl forall x,y € X;

) |Auxn — Ax|p — O whenever |x, — x| — 0 and 4, — A forany x € X, (x,,) C X,
A eKand (4,) CK.

(iv

The space X equipped with F-norm is called an F-space. An F-space is called
a Frechét space if X is a complete metric space with respect to the metric introduced
by F-norm.

DEFINITION 2.2 Let (7,X, ) be a measure space with a o-finite measure yu and

let (W, || - ||) be a Banach space. Unless we say otherwise, by a partition of a set T,

we mean a collection of pairwise disjoint subsets of 7. A function s: T — W is called
n

a simple function if s = Z wixe, where {E;}_ | is a partition of 7, and fori = 1,...,n,
i=1
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E; €X, u(E;) >0,w; € W. A function f : T — W is called strongly measurable if there
exists a sequence of simple functions {s,} such that lims,(r) = f(¢) pu-a.e. [15, 16].
n

By L,(T), we denote the set of all strongly measurable functions from 7 into W
(with equality u-a.e.).

DEFINITION 2.3 Let (7,X, 1) be a measure space with a o-finite measure (, and let
(W, ]]-||) be a Banach space. Let

Sp={s € L,(T) : s is a simple function , i (supp(s)) € [0,+o0)}.

A Frechét space (X, |- |r) is called F-admissible F-space if the following conditions
are satisfied:

(@) X CLy(T);
(b) Sp C X;

(©) If f € Lo(T), g € X and [|f(1)[| < [[g(1)[| p-a.e., then f € X and |f|r < |g

Fs
(d) Forany {w,} CWandA € X, u(A) < oo, if ||w,|| — O then |w,xa|r — 0;
(e) Forany {A,} C Zand w € W\ {0}, we get

lwxa,|r — 0 if and only if u(A,) — 0;

O IffeX, {fu} CX, fun— fu-ae. and | f,(t)|| < | f(z)| for any z € T, then

|fn_f|F_>0-

EXAMPLE 2.4 The obvious example of F-norm space is X = L”(W) space [17],
where W is a Banach space, equipped with the F'-norm given by

[ ol for 0<p<l,
T
1f 1l rowy = 1/p
(flrorawn) " o 1<p<e
T
for each f € LP(W). Then, L?(W) is called the Lebesgue-Bochner space [15].
Now we state a vector version of Egoroff’s Theorem for L,(T'). Although the

proof is standard, we provide it for the sake of completeness and the reader’s conve-
nience.

LEMMA 2.5 Let (7,X, 1) be a measure space, 0 < u(7) < oo, and let W be a Banach
space. Let the sequence {f,} C L,(T) satisfy the Cauchy condition with respect to
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the convergence p-a.e. Then, for any m > 0, there exists A,, € X, u(A,,) < m such
that for any € > 0 there exists n, € N such that

sup{[l£y(1) ~ ()| -1 € T\ Ay} <

provided p,q > n,.

PROOF Fix m >0 and k € N\ {0}. Define
Aijx={t €T |Ifi(t) = fi(0)l < 1/k} and By = ] Aijuc
i+jzp

Notice that for any p € N, B,y C B, 1 k. Moreover,

UBp=T.
p=1

Indeed, if r € T, then there exists p, € N such that for i, j > p,, || fi(t) — f; ()| < 1/k.
Hence, t € B, . Since u(T) < oo, for any k € N\ {0} there exists p(k) such that

1 .
(T \ By k) < 7 Fix k, € N such that z;; W(T \Bp(j),;) < m, and put
J=Ko

oo

An=J(T\By.)
j:ka

It is clear that 11 (A,,) < m. Moreover T \ A, = ﬂ B,(j),;- Now fix € >0 and j, €N,

J=ko
1
Jo = ko such that — < €. Observe thatift € T\ A,,, thent € Byiin)jo- Hence, for any
Jo
L,j= P(j())
1
sup{||fi(t) = fi(0)[| : 1 € T\ A} < o<
o
which proves our claim. n

Reasoning in the same way as in Lemma 2.5 we can prove

LEMMA 2.6 Let (7,Z, 1) be a measure space, 0 < (7)) < oo, and let W be a Banach
space. Let {f,} C L,(T) and f € L,(T). Assume that f,(t) — f(¢) p-a.e. Then, for
any m > 0, there exists A, € X, t(A,,) < m such that for any € > 0O there exists n, € N
such that

sup{[[fu(t) = f()|[ :t € T\Apn} <€

provided n > n,.



Admissibility of Frechét spaces 9

THEOREM 2.7 Let X C L,(T) be an F-admissible F-space. Assume that y(7) < oo.
Let for M > 0,

WM = {5 € Sp:sup{||s(t)|| :t € T} < M}.
Let K = {T,..., T} } be an arbitrary partition of 7" and
k
SK:{SGSF:SZ ZWiXTi tw; € WH
J=1

Define Py : Sp — sk by

(agls

Px(s) = ) zi(s)xr,

1

!
where for s = Z wixs;,and i =1,....k,
Jj=1

Y wixsnni(S;NT;)
(T
Assume that {s,} ¢ W satisfies the Cauchy condition with respect to the conver-

gence [-a.e. Then, for any € > 0, there exists n, € N such that for n,m > n, and any
partition K

zi(s) =

|Px (sn) — Pk (sm)|F < €.

PROOF Fix € > 0. By Lemma 2.5 for any p € N\ {0}, there exists a sequence {A,} C
T such that (A,) — 0, and {s,} satisfies the Cauchy condition with respect to the
uniform convergence on 7'\ A,,. Fix a partition K. Observe that for any p € N\ {0},

| Pk (sn) — P (sm)|F = [Pk (sn = sm) Xr\a,, + Pk (Sn = sm) Xa, |F

< |Pk(sn—Sm)Xr\a, |F + [Pk (S0 — Sm) Xa, |-

Fix w € W such that ||w|| = 2M. By F-admissibility of X, there exists p, € N\ {0},
such that [wxa, [r < €/2. Since for any n € N we have s, € WM by definition of Py,
we get P (s,) € WM. Hence, forany t € T, n,m € N

1Pk (50 = $m) 2, (0| < lwita,, (1)
By F-admissibility of X, for any n,m € N

P (50— sm) 2, |F < [WXa,, [F < €/2.
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Now fix z € W\ {0}. By F-admissibility of X, there exists k, € N such that |k£xT IF <
(o
€/2. By definition of A, and Lemma 2.5, there exists n, € N such that n,m > n,

sup{[1Pe(s0 —sm) ()] :1 € T\ Ay} < 1.

(Y

By F-admissibility of X for n,m > n,,
Z <
\Pk (Sn—Sm)Xr\a,, |F < | X1\a,, [F < |- xrlF <€/2.
P k, P k,
Observe that for any partition K and n,m € N,

sup{||Px (sn —sm)(t)]| st € T} < sup{||spn —Sm||: £ € T}.

Hence, the choice of n, is independent of K. The proof is complete. n

LEMMA 2.8 Let X C L,(T) be an F-admissible F-space. Assume that p(7) < co.
Let f € X, and let sup{||f(¢)|| :t € T} = M < . Then, there exists a sequence
{w,} € W* such that w, — f p-a.e. Moreover, |w, — f|r — 0.

PROOF Since f € L,(T), there exists a sequence {s,} C Sg such that s, — f p-a.e.

ul . 2[‘/Isnj
Lets, = Z Sn,j XA ;- Set Wn,j = Sn,j if ||sn7jH < 4M and Wp,j = H ||
=1 Sn.j

case. Define

in the opposite

kll
wy = Wn’ijntj .

j=1

Lett € T. Then, there exists exactly one j € {1,...,k,} such that r € A, ;. If ||, ;|| >
4M, then

[, = DO =W j = HION = s N = 1A O = w1+ (17 )

2 [sn,j (N = lwn ;)] = 2|l £ ()] > 0.

Hence, w, — f u-a.e. Now we show that |w, — f|r — 0. Applying Lemma 2.6 and
using the same method as in the proof of Theorem 2.7, we get that for any € > 0 and
k € N\ {0} there exists Ay C T, and n, € N such that for n > n,

|(f_wn)XAk’F < 8/2 and ’(f_wn)XT\Ak’F < 8/2-

Hence, |f —wy|rF — 0. [

The following result is a more general case of the well-known theorem stating that
norm convergence implies convergence of some subsequence (i-a.e. (for more details
see [18]).
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LEMMA 2.9 Let X C L,(T) be an F-admissible F-space. Assume that (7)) < oo.
Assume that {f,} C X, f € X and |f, — f|r — 0. Then, there exists a subsequence
{ng} such that f,, converges to f u-a.e.

PROOF Assume that |f,, — f|r — 0. First, we show that f,, converges to f in measure.
Assume that this is not true. Passing to a convergent subsequence, if necessary, we
can assume that there exist d > 0 and e > 0 such that

H(Aan) =u({t €T 2 [lfu(t) = f(O)]| = d}) > e

for all n € N. Fix z € W such that ||z|| = d, and let g, = zx4, . Note that forany r € T,

1 = F) DI 2 (1 = f) Xz, (O] = llga(@)]]-

Since X is an F-admissible F-space |g,|r does not converge to 0 and consequently
|f — fulF does not converge to 0; a contradiction. Now, select for any k € N\ {0},

1
n € N such that @(A ) < %" Letforany m € N, B, = U Ak n,- Notice that

k=m
- 1
#(Bm) < X HAvin) < 5

Let B = ﬂ By,. 1t is clear that u(B) = lim u(B,,) =0. Lett € T \ B. Then, there

m—yoo
m=1

exists m, such that ¢ ¢ B,,,. Hence, for any k > m, t ¢ Ay . Consequently, for any

1
k>ko || f(2)— fult)|| < o which shows our claim. n
(o

LEMMA 2.10 Let X C L,(T) be an F-admissible F-space. Assume that p(7') < co.
Fix f € X with sup{||f(¢)|| : 1 € T} = M < . Let {w,,} € W** be so chosen that
w, — f l-a.e. Let K be a fixed partition of 7', and let Px be the operator from Theorem
2.7. Then, there exists the limit of Px(w,) as n — oo, independently of the choice of
a sequence (wy). Define Px(f) forany f € X C L,(T) by

PK(f) = lim PK(Wn).

n—sco

PROOF Assume that {w,} C W*¥ converges to f p-a.e. (by Lemma 2.8 such a se-
quence exists). Then, {w,} satisfies the Cauchy condition with respect to the p-a.e.
convergence. By Theorem 2.7, the sequence {Px (w,) } satisfies the Cauchy condition
with respect to the convergence in X. Since X is complete, there exists r}gt; Px(w).

If {z,} C W*M is the other sequence converging to f p-a.e., then considering a se-
quence sy, = wy, and sp,+1 = Z,,, we get that the obtained limit is independent of the
choice of {w,} ¢ W, n
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LEMMA 2.11 Let X C L,(T) be an F-admissible F-space. Assume that 0 < u(7') <
. Let {f,} C X and f € X. Assume that there exists M > 0 such that sup{|| f,(?)]| :
t€T,ne N} <M and sup{||f(z)|| : € T} <M. Let K be a fixed partition of 7.

If |f, — flr — 0, then |Px(f,) — Pk (f)|r — O.

PROOF By definition of Pk, for any n € N, there exists {si,} C W*M guch that
|Pk (fu) — Px(Sk.n)|F — 0. Hence, for any n € N, there exists k, € N such that

[P (fn) = Pk (k) |F < 1/(2n) and | f = si,.n|F < 1/(2n).

Since |f, — flr —,0, | f — Sk,n|F —n 0. By definition of P,

’PK(f) _PK(Sk,,,n)|F —5 0.

Hence,
0 <|Px(f) — Px(fu)lr <[Pk (f) — Px(sk,.n)|F +|Px(fn) — Px(Sk,n)|F
<1/(2n) + [Pk (f) — Pk (sk,.n) |F-
Hence, |Px(fn) — Px(f)|F — 0, as required. n

DEFINITION 2.12 Let 0 < u(T) < o, and let K = {K;,...K, } and G = {Gy,...,Gp, },
denote two partitions of T, K;,G; € X, fori = 1,....,n and j = 1,...,m. We say that
K<G,ifforanyi=1,...,n,

Ki=Y G
j=1
with G € Gfor j=1,...m;and 1 <m; <m.

LEMMA 2.13 Let s € WM\ {0}, and let 0 < u(T) < o. Let K = {K|,...,K,} be
a partition associated with s, i.e.

n
NES Z WiXK;-
j=1

If G ={Gy,...,Gy} is a partition of T with u(G;) >0 fori=1,....,k and K < G then
Ps(s) =s.

PROOF Notice that

Zi(S)XGia

I
—~
Nch
I
T
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n
where for s =

wixk;, and i =1,....k,

j=1

Y1 wixkinG L (K;NGi)
u(Gi)

Since K < G, there exists exactly one j; € {1,...,n} such that G; C K},. Hence,

Zi(s) =

i Wji%GiﬂKji.u(Gi N Kji)

ZilS =Ww 'iXGi'
© H(G) /
Let ¢t € T. Then, there exists exactly one i € {1,...,k}, such that 7 € G;. Hence,
s(t) = wj,, which shows that P;(s) = s. n

LEMMA 2.14 Let 0 < u(T) < oo. Let forn € N, K" = {KL,,...,K;(,,,}_ be a partition
of T Then, there exists a sequence {8"} of partitions of T such that S' < §/ fori < j
and for any n € N, K" < §/ for j > n.

PROOF LetS' =K' PutS?= {KiNKy:K; € KL K, € Kz}. It is clear that S? is a par-
tition of 7 and K’ < S? for i = 1,2. Now assume that we have constructed S ! s, ST
Define S""! = {SNK: S € 8", K € K"™'}. It is clear that S"™! is a partition of T,
St <" fori=1,..,nand K' < §""! fori=1,...,n+ 1. By our construction, for
anyne€Nand j>n, §" < S/, Also K" < S-i, for j > n, as required. n

THEOREM 2.15 Let X C L,(T) be an F-admissible F-space. Assume that 0 <
U(T) < oo. Let Z C X be a compact set. Assume that there exists M > 0 such that
sup{||f()||: f € Z,t € T} < M. Then, for any € > 0 there exists K a partition of T
such that

sup{|Px(f) - flr: f€Z} <e.

PROOF Since Z is compact, there exists a countable, dense set A = {g,} C Z. Fix
for any n € N a sequence {sk,n} C W*M guch that Skn —k &n M-a.e. (by Lemma 2.8
such a sequence exists). Let {Uy,} be the sequence of partitions associated with
{stn}- Let ¢ : N — N x N be a fixed bijection. Put K, = Uy (,). By Lemma 2.14 there
exists a sequence of partitions {S"} such that S’ < 8’ for i < j and for any n € N,
K, < §/ for j > n. Let P, = Ps» be the projection associated with §” by Theorem 2.7.
Since L,(S) is the space of strongly measurable functions with equality p-a.e. (see
Definition 2.2), we can assume that for any S € §" we have u(S) > 0, which shows
that definition of P, is correct (compare with Theorem 2.7). We show that for any
€ > 0 there exists n € N such that

sup{[Pu(f) = flr: f€Z} <e.
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Assume, on the contrary, that there exists € > 0 such that for any n € N there exists
fn € Z such that

‘fn _Pn(fn)‘F Z E.

Passing to a converging subsequence, if necessary, we may assume that |f,, — f|r — 0
for some f € Z. Again, by Lemma 2.9, passing to a convergent subsequence, if nec-
essary, we may assume that f, — f p-a.e. Let for any n € N, {wy,} € W*¥ be such
that | f, —wia|r —« 0 and ||y, (1) — fu(2)|| — O p-a.e. Since {g,} is a dense subset

of Z, by Lemma 2.9, we can assume that for any n € N, {wy ,} C U {Skm}. Since

m=1
fo— f u-ae.and wy , = fn H-a.e., by Lemma 2.9, we can select for any n € Nwy, ,

such that

]f—wkmnlp —n 0, f(t) —kan(l‘) —0 H-a.e.,

|Pa(fn) — Pa(Wi,.n)| < €/8, and wy, , satisfies the Cauchy condition with respect to
the convergence u-a.e. Fix n € N such that |f, — f|r < €/8.

‘fn_Pn(fn)‘F < ‘f_fn‘F'i“f_Pn(f)’F"i"Pn(fn)_Pn(f)‘F-

By definition of B,, {sx,} and {wy,}, there exists m, € N such that for m > m,,
|f_ Wk)117m|F S 8/87 ka~m = Pn(kamm) and |Pn(f) _Pn(wkln7m)| < 8/8 Hence’

|f = Pu(f)|F < ’f_Wk,n,m’F+‘ka,m_Pn(f)‘F

= |f = Wi mlF + |Pa(Wiym) — Pu(f)|F < €/4.
Also

|Pu(fn) = Pu(F)F < |Pu(fn) = Pa(Wi, ) | P

+‘Pn(wknsn) _Pn(kam)’F + ‘Pn(f) _Pn(Wk"“m)’F.

Since {wy, ,} satisfies the Cauchy condition with respect to the u-a.e. convergence,
by Theorem 2.7, for n,m > n,

’P'l(wkn,n) - Pn(wkm,m)‘F < 8/8

Consequently, we get |P,(f,) — fu|r < € for sufficiently large n € N. Hence, we obtain
a contradiction and complete the proof. n
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3. Admissibility

In this section, we prove the admissibility of any F-admissible F-space. We begin
with the following proposition by showing that the space of simple functions gener-
ated by a fixed partition K of T is admissible.

PROPOSITION 3.1 LetK = {Kj,...,K,} be a finite partition of 7 such that u(K;) >0
for any i € {1,...,n}. Then, the subspace

n
Sk = {SEX:S: ZW,’)CKI., WiEW}
i=1

of X is admissible.

PROOF Let Z be a compact subset of Sk and € > 0 be given. For each g € Z we can
write

for suitable elements w;(g) of the Banach space W.

First we show that for any i = 1,...,n the mapping g — w;(g) is continuous with
respect to | - |r. Assume on the contrary that there exist i € {1,...,n}, gx,g € Z and
d > 0 such that ||w;(gx) —wi(g)|| > d.Fixz€ W, ||z|]| = d. Let f = z)k,. Observe that
foranyreT,

18k = &) ()l = (g = &) ()| = [LF (D).

Since p(K;) > 0, and X is an F-admissible F-space, |f|r > 0, which leads to a con-
tradiction. Consequently, for any fixed i = 1,...,n, the set C; = {w;(g) : g € Z} is

a compact subset of W, and C = U C; is a compact subset of W too.

i=1
Let & > 0 be fixed. Then, by the admissibility of the Banach space W, there exist
a finite dimensional space Zs = span|zy,...,2,| in W and a continuous mapping

Hgs: C — Zg such that
|w—Hs(w)|| <& forall weC. (1)

Then, for each i € {1,...,n}, g € Sk and for suitable w&(g) €R, j=1,...,m we can
write

Hs(wilg)) = iwﬁ-(g)zj--

As no confusion can arise, we denote again by Hg : Z — Sk the continuous mapping
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defined by

f‘, W?(g)zj) XK;-

—1 i=1 " j=

&
=
i
1=
N
=
D
B
I
1=
VS

—_

Then, Hs(Sk) C span[yk,zj,i = 1,...,n; j=1,...,m] and dim(span[Hg(Sk)]) < +oe.
On the other hand, for each g € Z, we have
n m

i§—Hs(g)lr = \Zwl xK—ZZ 8)Zj) XK\ F 2)

m

[(w Z Zj XK‘F

1 j=1

<

M=~

Since X is an F-admissible F-space

(agE

[(wi(g) = Y wi(@)zp)axlr < Y |82k |r-
=1 i=1

Il
_

n
Since | - | is an F-norm, for any € > 0 we can find 6 > 0 such that Z |6 xk|F < €.
i=1
This shows the admissibility of Z in X. n
In order to prove our main result of this paper Theorem 3.4, we need the following
two lemmas.

LEMMA 3.2 Let Z C X be a compact set. Set F,(f) = fxr,, where T = U T,
n=1

w(T,) < oo, T,, C T,4; for any n € N. Then, for any f,g € X andn € N,

[Fa(f) = Fa(@)lF < 1 —glr-
Moreover, for any € > 0, there exists n, € N such that for each n > n, we have
sup{|f —Fu(f)|F: f€Z} <e.
PROOF Let f,g € X. Observe that forany r € T
1(f =)l = 1Fa(f)(2) = Fulg) (0)]]-
Hence, by F-admissibility of X,
[Ea(f) = Fa(@)lF < |f — gl

Notice that for any f € X, F,(f) — f n-a.e. and ||F,(f)(¢)|| < ||f(¢)|| forany t € T.
By F-admissibility of X, | f — F,(f)|r — 0. Now assume that there exists € > 0 such
that for any n € N, we have

’fn _Fn(fn)|F Z E.
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By compactness of Z, we can assume that |f,, — f|r — 0, for some f € Z. Fix n, € N
such that for n > n,, | f — F,(f)|r < €/3 and |f — fu|F < €/3. Hence, for any n > n,,

‘fn_Fn(fn)’F < ‘fn_f’F"' ’f_Fn(fn)’F
<\fu = Flr +|Fa(f) = B(fu)lF +1f = Fu(f)F

L2fa—flr+f = F(f)IF <&,
a contradiction. n

Let a > 0. Now we denote by R, the radial projection, of the Banach space W onto
its closed ball B,(W) of radius a, defined for w € W by

w if ||w||<a
Row=9q 4 Y lw|| > a.

[Iwl]

Then, we define the mapping 7, : X — X by setting fort € T

(Ta(£)) (1) = Ra(f (1))

LEMMA 3.3 Foranya>0and f,g € X,

|Ta(f) - Ta(g)|F < 2|f_g‘F-

Moreover, for any € > 0, and for any compact subset Z of X, there exists a > 0 such
that

sup{|f —Ta(f)lF: fEZ} <€
PROOF Fix a > 0. Note that by definition of T}, for any t € T
1Ta(f) = Ta(@) Il <2/ (1) — g(@)]
as R, is a Lipschitz mapping with constant 2 [19]. Hence, by F-admissibility of X,
|Ta(f) - Ta(g)|F < 2|f_g‘F-

Now fix Z C X compact and f € Z. Note that for any ¢ € T, lim 7,,(f)(¢t) = f(r) and
n—soo
T (f)(O)| < || f(2)] for any n € N. By F-admissibility of X,

|f = Tu(f)lF = 0. 3)

To prove our second assert, assume by contradiction that there exists € > 0 such that
for any n € N, there exists f;, € Z such that

|fn _Tn(fn)|F > E.
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Without loss of generality, passing to a convergent subsequence if necessary, we can
assume that there exists f € X such that |f,, — f|r — 0. Fix n > n,, such that for n > n,
|f — fulr < €/4and |f —T,(f)|r < €/4. Notice that for n > n,,

‘fn_n(fn)‘F < ‘f_Tn(f)’F""’n(f>_Tn(fn>‘F+’f_fn’F
< 3lfu—flle+1f =T(H)llr-

Hence, |f, — T, (fx)|F < € for n > n,, a contradiction. -

We are now in the position to prove our main result.

THEOREM 3.4 Any F-admissible F-space is admissible.

PROOF Fix Z a compact set in X, and € > 0. Since Z is compact, by Lemma 3.2,
there exists n € N such that

sup{|F(f) = flr - f € Z} < /4.

Moreover, F;, is continuous. By Lemma 3.3 applied to the compact set F,(Z), there
exists a > 0 satisfying

sup{|TuFu(f) —Fu(f)|F: f €Z} < e/4.

Since T, is a continuous mapping, by Theorem 2.15 applied to (7,0 F,)(Z) and T, € X,
WU(T,) < oo, there exists k € N with

sup{|PT.F,(f) — T.F.(f)|F: f€Z} < €/4.

Notice that by Lemma 2.11, P is a continuous mapping for any k € N. Hence, by
Proposition 3.1 applied to W = (P, o T, o F,)(Z) there exits He : W — E, such that
span[Hg(W)] is finite-dimensional and

sup{|He P T F(f) — PLF(f)F : f € Z} < g/4.

Notice that the continuous mapping H = Hg o P o T, o F, satisfies dim[span[H (Z)] <
oo, Moreover, by the above facts, for any f € Z

\f =H()|r < |Ea(f) = fle +|Ta(Fa(f) = Fa(F)|F

HBTF(f) = TFa(f)lF + [He P TuF (f) — A TE(f)|F < &,
and the admissibility of X is proved. ]
Now we present two important consequences of admissibility and Theorem 3.4.

We formulate a version of the fixed point property for compact continuous mappings
in any admissible F-space.
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THEOREM 3.5 Let X be an admissible F-space. Let T : X — X be a compact and
continuous mapping. Then, there exists f € X such that 7(f) = f.

PROOF The proof which will be presented works for any admissible Hausdorff topo-

logical vector space, and it is well-known. We present it for a sake of completeness.

Since T is a compact mapping, the set Z = c/[T(X)] C X is a compact set. Hence,

by Theorem 3.4 for any € > 0, there exists a continuous mapping He : Z — X such

that dim[span[Hg(Z)] < oo and sup|f — He(f)|r < €. Let T = H; o T. Notice that
fez

T (X) = H¢(T (X)) C He(Z) and consequently, since conv(Hg(Z)) C X,
Te[conv(He(Z))] C Te(X) C He(Z) C conv(He(Z)).

Also T is a continuous map. Since dim[span[H,(Z)] < oo, by the Carathéodory
Theorem, the set conv(Hg(Z)) is a compact set. By the Brouwer Theorem, there
exists fe € X such that Tz (f¢) = fe. Hence, for any n € N,

T (fiyn) = fiynlr =T (fiyn) = Tiyn(fryn)le =T (fiyn) = (Hipno T)(fiyn)lF < 1/,

since T'(f}/,) € Z. By the compactness of Z, we can assume that lim |T(f;,) — f|r =
n—yoo
0 for some f € Z. Hence, by the above estimate

\fin = FIF AT (fin) = fijule +1f =T (fi0)|F-
Hence, lgn |f1/n— f|F = 0. By the continuity of T, lgn T (fi/x) =T (f)|r =0, which
gives that T'(f) = f. [

THEOREM 3.6 Let X be an admissible F-space, and let C C X be a nonempty set.
Assume that C is a retract of X, i.e. there exists a continuous mapping P : X — C such
that Pc = c for any c € C. Let T : C — C be a continuous compact mapping. Then,
there exists x € C such that Tx = x.

PROOF Applying Theorem 3.5 to the mapping T o P, we get that there exists x € X
such that (7 o P)x = x. Since (T o P)x € C, x € C. Consequently Px = x and Tx = x,
as required. n

4. Applications to modular spaces

In this section, we show that a large class of modular spaces satisfies the require-
ments of Definition 2.3. First we recall a notion of modular.
Let C, R, R" and N be the sets of complex, reals, nonnegative reals and positive
integers, respectively. Let us denote by (e;)"_; a standard basis in R". Let X be
a linear space over K, where K =R or K = C. A function p : X — [0, +o9] is called
a semimodular if there holds for arbitrary x,y € X:



20 M. Ciesielski, G. Lewicki

(a) p(dx) =0 for any d > 0 implies x = 0 and p(0) = 0;

(b) p(dx)=p(x),forany d € K, |d| = 1;

(c) plax+by) <p(x)+p(y) forany a,b >0,a+b=1.
If we replace (c) by:

(c1) there exists s € (0,1] such that p(ax + by) < a'/*p(x) +b'/*p(y) for any
a,b>0,a"" +b'/5 =1,

then p is called s-convex (convex if s = 1).
Let X, = {x € X : p(tf) < oo : forsomer € R}. Then, X, is called a modular
space (for more details see [20]).

THEOREM 4.1 Let X be a linear space over K, K =R or K= C. Fix n > 2, and
let p; be a semimodular defined on X forany i € {1,....n—1}.Putp = | nax 1{p,}.
i<n—

Assume that @ : R" — [0, 4-c0) is an F-norm such that for any x = (x;,x,...,x,) €
(Ry)*andy = (y1,¥2,..,¥n) € (R4)"if x; <y for j=1,...,n, then

¢(x) < @(y). )

Let us define for x € X,

o= {o (1L (7)) |

Then, |- | is an F-norm in X,,.

PROOF Since x € X,, there exists # > 0 such that p;(x/u) < eo, fori=1,....n— 1.
Hence, |x|y < oo. Obviously, |0/, = 0. Now we show that |x|, > 0 for x # 0. First
assume that p(x) € {0,+o0}. Since x # 0, p(x/k,) = +oo for some k, > 0. Notice
that for k > k,,

1 x
[0) (kel +l:2p,-_1 (%) e,») > ¢(k,,0,...,0) > 0.

If k < ko, then

! X ! X
Qlker+) pii|7)ei| =@ pi- () i>=+°°.
(61 ;2 1(k>e> (; "k )¢

If there exists k, > 0, such that 0 < p(x/k,) < oo, then for k < k,,

¢ (kel + épi—l (%) ei)
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n X n X
> (kel + ZPH <k) €i> k@ ( Pi-1 <k) ei> > 0.
i=2 4 i=2 0

If k > k,, then

0

(0] <k61 —i—Zpi_] <lf> €i> > gD(k(,el,O,...,()) > 0.
i=2

Hence, |x|, > 0. By defintion of modular, |ax|, = |x|y for a € K, |a| = 1. Now we
show that [x+y|e < |x|p + |y|e- To do that, fix € > 0, u > 0 and v > 0 such that

1 X
(0] (uel +i§pH (;) ei> <|x|p+€

and

c y
¢ofver+ ) pi-1 (;)ei < |ylp +e.
i=2

Notice that
(0 ((u+v>e1 +l_:Zzp171 (u+v> ez>
B /! . ux vy '
=0 <(u+v)e1 +i:ZéP171 <(u+v)u + (u+v)v> e;)

n

<o twses B (0 ()40 (2))0)

i=2

<o <uel —i—zn:p,-_l (g) €i> + 0 <V€1 +Zn:Pi—1 (%) ei>
i=2 i=2

< [xlo +[ylo +2¢.
Hence, [x+ylo < |x|p +|y]p, as required. n

Now, applying Theorem 4.1 we get the following theorem.

THEOREM 4.2 Let p; and f : R> — R be as in Theorem 4.1, and let p; be a semi-
modular. Then, the function

¥lo = inf{@(ke1 +p1(x/k)e2)}
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is an F-norm on X, .

PROOF It is necessary to apply Theorem 4.1 forn =2 n

REMARK 4.3 Observe that if ¢ is equal to the maximum norm on R?, p is a semi-
modular and x € X),, then

|x|p =inf{u > 0:p(x/u) <u},

which means that | - |, coincides with the classical F-norm on Xj,.
Indeed, let ¢ (u,v) = max{|u|,|v|}. Let

|x|r =inf{u >0:p(x/u) < u}.

We show that |x|, = |x|;. Notice that for any € > 0,

X
< |x|p+e€.
”(xwe) e
X

Hence, (p(|x|L+8,p(m)) = |x| + €, which shows that |x|o < |x[z. If [x] < |x|z

for some x € X, then there exist u > 0 and 6 > 0 such that

@(u,p(x/u)) <|xr—8.

This shows that |u| < ||x||. — 6 and consequently

p (\xny—5> <p (g) <|xlr -9,

which leads to a contradiction with definition of |- |..

It is worth noticing that, recently in [21], similar problems devoted to s-norms gener-
ated by s-convex semimodulars have been investigated. We present all the details for
the sake of completeness and the reader’s convenience. Namely, the following results
were established.

THEOREM 4.4 [21] Let X be a linear space over K, K =R or K = C, and let

s € (0,1]. Fix n > 2, and let p; be a s-convex semimodular defined on X for any

ie{l,....n—1}.Putp = | Inax 1{pi}. Assume that ¢ : R" — [0,4o0) is a convex
<i<n—

function such that ¢(x) = 0 if and only if x = 0. Assume furthermore that for any

x=(1,x,...,x,) € (Ry)"and y = (1,y2,...,yx) € (Ry)"ifx; <yjfor j=2,...,n,

then

?(x) < (y)- &)
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Let us define for x € X,

. & x
Ix|lp = igg{k(p (el +;pi_1 <m> e,-) } .

Then, |- |y is an s-norm (norm if s = 1) in X,.

THEOREM 4.5 [21] Let p; and ¢ : R? — R be as in Theorem 4.4, and let p1 be
an s-convex semimodular. Then, the function

= inf{ko(1 s
lxlle = inf{ke(L, pr(x/k7*))}
is an s-convex norm (norm if s = 1) on X, .

It is worth recalling one more result that was presented in [21] and comparing it
with Remark 4.3.

REMARK 4.6 [21] Observe that if ¢ is equal to the maximum norm on R?, p is
a convex semimodular, and x € X,,, then

[xllg = inf{u>0: p(x/u) <1},

which means that || - ||, coincides with the classical Luxemburg norm on X,. If ¢
is equal to the /;-norm on R? and p is a convex semimodular then | - || is equal to
the classical Orlicz-Amemiya norm on X, which shows that the notion of || - [ is
a natural generalization of two classical norms considered in semimodular spaces.
Moreover, if @ is the /,-norm on R2, 1 < p < oo and p is a convex semimodular, then
|| - |l¢ is equal to the p-Orlicz-Amemiya norm on X, [22-24].

Now we state the following result.

THEOREM 4.7 Let p be a modular defined on L,(7'), and let X,, be a modular space.
Assume that p satisfies the requirements of Definition 2.3 (instead of |- |r). Then,
(Xp, |- |g) is an admissible F-space for any F-norm |- |, given in Theorem 4.2 and
Theorem 4.4.

PROOF Notice that if {w,} C W, ||w,| — 0, and A € X, with u(A) < oo, then for
any u > 0, p((wyxa)/u) — 0. By definition of |- |, this shows that [w,x4|e — O.
Analogously, if w € W\ {0} and {A,} C X, then for any u > 0 p((wyxa,)/u) — 0 if
and only if 1 (A,) — 0 and again by definition of | - |, the same condition is satisfied
by |- o

Ifxe X, {x,} CX,x, — x p-ae.and |[x,(¢)| < |[x(z)| for any ¢ € T, then for any
u>0, p((x, —x)/u) = 0, which shows that |x, — x|, — 0 by definition of | - |,. This
shows that the assumptions of Theorem 3.4 are satisfied by (Xp, |- |¢)- n
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REMARK 4.8 Typical examples of modulars satisfying the requirements of Theorem
4.7 are vector-valued Musielak-Orlicz spaces determined by c-finite measure spaces
and modular function spaces [8]. It is clear that, in general, these spaces are not lo-
cally convex, (see e.g. [8], Theorem 3.4.1, p. 77). It is worth mentioning that Theorem
3.4 generalizes the main result [7] proved for Modular Function Spaces introduced by
Koztowski in [8], as well as the main result of [3] proved for spaces of vector-valued
measurable functions.

REMARK 4.9 Let (T,X, ) be a measure space, (1(7T) < oo, and let W be a Banach
space. Define on L, (T, X, 1) the following F-norm

_ [ _If@lw

Then, the space (L,(T,X, ), || - ||#) is an admissible F-space.

5. Conclusions

The main results show that any Frechét space (defined in Definition 2.3) possesses
the admissibility property, which entails the fixed point property in a modular space,
despite the absence of a metric (which may be undefinable). However, the final
conclusion devoted to the fixed point property is also presented as an application
of the admissibility property in the special case for modular spaces equipped with
an F-norm, which is metrizable.
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