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Abstract. The divergence theorem for a vector valued form of any degree p = 0,1,...,n
is derived on a Riemannian manifold M of dimension n with a nonempty boundary dM.
In analogy to the classic theorem, it relates the integration over M to the integration over
dM. In the particular case p = 0, when the vector valued form reduces to a vector field,
the theorem reduces to the classic divergence theorem.
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1. Introduction

Let M be an oriented compact Riemannian manifold of dimension n with a smooth
nonempty boundary dM. Let g = <,> be the Riemannian metric (scalar product)
on M. A particular example of such M is a bounded domain in R" with a smooth
boundary and with the standard scalar product. Though a general Riemannian mani-
fold looks locally like R", the scalar product on M may vary when passing from point
to point. More information on manifolds and their geometric structures, especially
the Riemannian one, may be found in [1-5].

The classic divergence theorem is one of the most important results of modern
calculus. It relates the integration over a domain to the integration over the boundary.
It has many versions in the dependence on analytic and geometric structures of M.
In the case of a Riemannian manifold M with a nonempty boundary dM, it can be
stated as follows (cf. eg. [1] Theorem 5-8):

Theorem 1 [If X is a (smooth) vector field on M then

/MdivX Qy = /aM (X,N) Q. (1)

Qyy is the volume form of M determined uniquely by the Riemannian metric and the
orientation, N is the outer vector field normal to the boundary, Q,, is the volume
form of dM compatible with Q; and divX is the divergence of X. For more details
we refer to Section 3.
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The theorem has a wide spectrum of surprising applications. The uniqueness of
the theorem follows from its vector character. Vector fields play namely an essential
role in mathematical, physical and engineering applications (see [2, 3, 5]). The ex-
amples are: the dynamical systems, fluid mechanics, electrostatics, the statics and
the dynamics of gases, liquids and solid bodies. If a manifold M represents a math-
ematical or physical object, a vector field X represents forces acting on the object.
In physics or engineering practice, the values of the force can usually be observed
and measured only at the boundary. The divergence theorem gives then information
on “what is happening” inside. An example of surprising applications is a proof of
the known from physics Archimedean principle on hydro-static buoyancy (see exer-
cise 5-36 in [1]). Another surprising application is a simple and elegant proof of the
n-dimensional Pythagorean theorem for simplexes [6].

The aim of the paper is to generalize the classic divergence theorem for vector
fields to an analogous theorem for vector valued forms of any degree p =0,1,...,n,
i.e. to the sections of bundle A? @ T, where A? is the bundle of (scalar) forms of
degree p on M (theorems 2 and 3 in Section 6). Vector fields, i.e. the sections of the
tangent bundle 7', can be regarded as vector valued forms of degree zero. Obviously,
in this case (p = 0), the main result: Theorem 2, reduces to the classic version:
Theorem 1.

The operators of gradient and divergence in the bundle of forms are discussed
in Section 5. Interesting examples of vector forms are the gradients of characteristic
forms on foliated manifolds. A characteristic form y# (see [7] for the exact def-
inition) of a p-dimensional foliation .% on a Riemannian manifold M is the unique
p-form on M that arises by gluing together the volume forms of leaves of .%.
The gradients of such forms encode information on the geometry of foliation (cf. [7],
part II). This will be used in Section 7 for constructing examples.

All manifolds and mappings are assumed to be smooth, i.e. of class C*. For any
bundle E over M, the space of sections of E is denoted by C*(E).

For the notions of manifolds, bundles, vector and tensor fields, forms and also for
the tensor and exterior products discussed in this paper, we refer to [2, 4, 5]. We also
refer to [8] where the operators of the gradient and the divergence on vector valued
forms are discussed in detail.

2. Forms, vector forms, exterior products

Let M be an oriented Riemannian manifold, possibly also with a boundary,
dimM = n, with a scalar product (Riemannian metric) <, >g in the tangent bundle 7.
The metric can naturally be extended to the cotangent bundle 7*. The extension
will be denoted by the same symbol.
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Let A? = APT* be the bundle of (scalar) forms of degree p on M. The exterior
product A : AP x A7 — APT9 is defined by

(Q AWV VoVt Vpig) =

Y, signoe(ve) - Vo) V(Vo(pi1)s- - Vo(pra)
oe€sh(p.q)
for vi,...,vp,Vpsi,...,Vpyq € T, where sh(p,q) is the set of all such permutations

c€Sygthato(l)<---<o(p)ando(p+1)<---<o(p+q).
The scalar product of two simple p-forms @ = @ A\---AN@pand y =y A--- Ay,
is defined as the determinant:

(@A AN@p YL A AYp) = ) signo (91, Vo), (@p: Vo, )g,  (2)

[S\

where @1,...,0,,¥1,..., ¥, € A! =T*, and then extended to the space of all p-forms
be linearity.

Consider also the bundle of vector p-forms: AP = AP QT for p=1,...,n
and A =T (zero vector forms are).

The exterior product is extended onto the following pairs of forms:

NN
A AP x AT — APHE
R x AT AP

according to the following rules that enable the natural understanding in all the other
cases:

PA(YRY)=pAYRY 3)
(PRX) ANy =0 Ny®X 4)
(PX)A(WRY)=@Ay-(XY), (5)

The defined product unifies all the possible actions in the sets of both scalar and
vector forms within the only one symbol A.
The scalar products in 7' and A” define the natural scalar product in A” by

(PX,WRY)5, =(0,¥),, (X.Y),.

From now on, all the scalar products will be denoted simply by <, >
Scalar product of forms of mixed degree like

(X, Y)=0¢-(X,Y)or (p@X,y)={(0,y)-X (6)

will be also accepted.
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3. The volume forms of M and oM

The Riemannian structure and the orientation define on M a unique form
Qy € C”(A") characterized locally by the condition Qu(ey,...,e,) = 1 for any
local positively oriented orthonormal frame eyp,...,e, on M. The form is called
the volume form of M.

By taking the dual frame: e],...,e,, we get that locally Qi = €] A... Ae;.

Recall (cf. [5]) that the classical Hodge star, x : A» — A", is the linear
operator defined by

O AxY = (0, V) )

for o,y € AP,
Extend the Hodge star operator to the bundle of vector forms, x : A? — A",
by:

*(PRX) = (x9)®X.
Then, in analogy to (7), we have that for ® € A?, y € A?,
DAy = (D, y) Qy. (®)

To construct the volume form of dM, compatible with the volume form of M,
we will work in a local coordinate system x = (y,r) on M near dM, such that:
y= (¥1,---,yn—1) is a local coordinate system on dM and r is the normal distance

to the boundary. Then dM = {x: r(x) = 0} and = is the inward unit normal vector.

ar
d d d . .
The vector fields —,..., =——, =— = —— constitute a local frame in the tangent
ox1 ox,_1 dx, Or
bundle TM and the 1-forms: dxi,...,dx,_1,dx, = dr constitute the dual frame in
the cotangent bundle 7*M. Normalize the choice of coordinate by requiring that the
curves x(r) = (yo,r) are unit speed geodesics for r being small enough and for any
Yo € M. Since M is compact, the inward geodesic flow identifies a neighborhood of
dM in M with the collar M x [0, ) for some § > 0. The collaring gives a splitting:

TM =T (dM)® TR and a dual splitting: T°M = T*(dM) ® T*R.
Let N = —5 in this coordinate system. Then N is a smooth vector field on

,
a neighborhood of dM, so, in particular, on dM. We will call N the field of outer
vectors normal to the boundary.

The volume form of dM is defined by

Q‘()M = 1vQyy. )]

It determines then the orientation of dM compatible with the orientation of M.
The operation 1y : A? — AP~! of substitution of a vector field X to a p-form ¢ is
defined by
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(lX(p)(Xl,...,Xp_l) = (p(X,Xl,...,Xp_l) fOI'p >0 (10)

and 1x@ =0 for p=0.
The outer normal field N defines near the boundary a unique decomposition of
any vector p-form & onto its tangent and normal parts:

O =P+ P"" where @ = (®,N)®N and " =P — P, (11)
It is obvious that then, for any scalar p-form ¢,

(P @ N) =0. (12)

4. Differential operators

Let V be the Levi-Civita covariant derivative in the tangent bundle 7, V :
C”(T) — C™(T*®T) i.e. the unique first-order linear differential operator in T
such that, for any function f on M, V(fX) =df ® X + f VX and with the property
of being metric and torsion free (cf. [2] Sect. 2.7).

The covariant derivative V can be extended naturally to the cotangent bundle T,
next, by the Leibniz rule, to any tensor bundle on M, in particular to 77 = T*%P ,
p=1,2,... . Finally, it can be restricted to subbundles so, in particular, to the bundles
AP, or AP,

With the convention: (V@)(X,Xi,....X;) = (Vxo)(Xi,...,Xk), the covariant
derivative V in the bundle 7*” may be treated as a map: V : C*(T*?) — C*(T*"™)
and therefore can be alternated.

Since V is torsion free, the operator d : C7(A?) — C°°(Ap+1), p=0,1,...,n,
of derivation of scalar forms can be expressed as the alternation of V:

p+1

(d(P)(Xl,...,Xp_H) = Z (—l)pV([.’)(Xi,X],...,Xi,...,XIH_]). (13)
i=1

The hat over a term means that the term is omitted. Note that for p =0, dp =d¢
is just the usual differential of function ¢.

The operator d extends to operator d : C*(A?) — C*(AP*!) of derivation of
vector p-forms, as follows:

dlpeX)=deX+(-1)PpAVX, forp=1,...,n,
and
dX =VX, for p=0.

Here, VX is treated as a vector 1-form.

Note that with our rules for the exterior multiplication (cf. (3)-(5)) we have — in
each case: @ € C*(AP) (or C*(AP)) and w € C*(AY) (or C*(A?)) — the same rule
saying that d is antiderivation:
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dlery)=doAy+(=1)PpAdy.

Now (in analogy to [7], see also [8]), define two operators of order zero that will be
used in the construction of the two main operators: the gradient and the divergence.

Definition 1 j: AP(E) — AP"1(E), p=1,...,n, is the linear operator defined by:
JOAX =1x @ foro e A?, X e A’ and jo =0 for ¢ € A°. O

One can easily see (cf. eg. [7, 8]) that j has the following local expression (Here
and afterwards, ey, ...,e, € T will be a local orthonormal frame, and e],...,e; € T*
is the dual one):

P
e N net ) =Y (=) et A ne Neti A Ne R e
k=1

Ip

Definition 2 tr : A? —s AP! p =1,...,n, is the linear operator defined by:
(r®@)(X1,...,.Xp—1) = tr (X = ®(X,X1,...,X,-1)) and tr® =0 for p = 0. O
Note that with the use of a local orthonormal frame ey,...,e, of T the operator

n
tr may be defined equivalently by: tr® =) (1, P, ¢;). In particular, at the boundary
i=1

with the local frame ey, ..., e, | tangent to dM and e, = N, we have:
n—1
r® = trd+ rd"" =Y (1,0 ¢) + (WP N). (14)

i=1

5. The gradient and the divergence

Consider now, in analogy to [7], two first-order linear differential operators grad
and div on forms (see also [8]). The first one acts on usual forms and generalizes the
classical gradient acting on functions (scalar 0-forms), while the other one acts on
vector forms and generalizes the classical divergence acting on vector fields (vector
0-forms).

Definition 3 The gradient is the differential operator, grad : C*(A?) — C~ (/_V’)
p=0,1,...,n, defined by:

grad =jd +dj. (15)
Note that if, in particular, ¢ is a O-form, i.e. a function on M, then
gradp =jdo = (dg)’ (16)

where, for any 1-form (a covector) , o’ is the vector metrically dual to @ in the
sense that ®(X) = < o, X >, for any vector X. In this particular case, the gradient
from (15) coincides with the usual gradient on functions.
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Proposition 1 (see [7], Theorem 1 or [8], Theorem 1) The operator grad is a deriva-
tion, i.e. for ¢ € AP and y € AP

grad (p Ay) = grad (@) Ay + @ A grad . (17)

Proposition 2 (see [7], Theorem 2 or [8], Theorem 2)

*grad = grad . (18)

Example 1 If, near x e M, ¢ = fe; N... A e:fp for a function f and a local ortho-
normal frame ej, ..., e, which is normal at x in the sense that Ve; =0, i =1,...,n,
at x, then

grad@ =ej A...Aej @gradf at x. (19)

PROOF Fix x € M. By (13) and (15), Ve; = 0 at x implies that grad e; = 0 at x.
Now use Proposition 1 and equation (16). n

Definition 4 The divergence is the differential operator, div : A”(E) — AP(E),
p=0,1,...,n, defined by:
div = trd 4 dtr. (20)

Note that if, in particular, X is a vector field, i.e. a vector O-form, then trX =0
and then, by (20),

n
divX =trdX = Z <V6[X, e,->.
i=1
s0, divX coincides with the usual divergence of vector field X.

Proposition 3 (see [7], Theorem I or [8], Theorem 1) For ¢ € A? and ¥ € AP:

div(p ANW) = grad p AW+ @ A div Y. 21

Example 2 Similarly, as in Example 1, we have, in a local orthonormal frame,
normal at x, that

div(ej A...Ae; @X) =¢j A...\ej -divX at x. (22)
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6. The divergence theorem for vector forms

Theorem 2 (The divergence theorem for vector forms) Let M, dimM = n, be
a compact oriented Riemannian manifold of dimension n with a nonempty boundary

OM. Let p € {0,...,n}.
For any vector form ® of degree p on M and a scalar form y of the same degree:

/a M<q>,w®N> Qom = /M<divq>, V) Qu + /M<<1>, grady)Qy.  (23)

Under the additional assumption that the form  is parallel, i.e. that Vy = 0 or,
equivalently, that grady =0, (23) reduces to

/()M<q>,w®N>QaM:/M<divc1>,q/>QM. (24)

Remark 1 Note that in the particular case when p = 0, so when & = X is a vector
field and a test form y of degree p = O (i.e. a function on M) is taken to be identically
equal to 1, formula (24) reduces to:

/ (X,N) QaM:/ divX Qu,
oM M

i.e. to formula (1) of Theorem 1. That way our divergence theorem reduces to the
classical divergence theorem for vector fields. In the particular case n = 3, the theo-
rem is also known as the Gauss theorem and relates the flow of the vector field X
through the closed surface dM to the global charge of the field within the domain M
closed by the surface (see [5], Sect. 5.5.1). o

PROOF (OF THEOREM 2) Take any ® € A” and v € A”.
By Proposition 3 we have

div(PAxy) = divP Axy + P Axgrady,
so, by (8),
div (@ Axy) = (divd, ) Qy + (P, grad y) Q.
Integrating over M, we get
/ div (D Axy) = / (dive, y) Qy + / (P, grady) Q. (25)
M M M
By (20), the integrand, on the left hand side of the last inequality, is equal to
div(PAxy) = trd (PAxy) + dtr (P Axy).

The form ® Ay is of maximal degree n, so, its differential vanishes, and the last
relation reduces to
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div(PAxy) = dtr(DAY).
Integrating over M, and using the Stokes theorem, we get
/ div (@ A ) :/ (@ Axy).
M oM
Substituting this to (25), we get
/ tr(PAXY) = / (divd, y) Qy + / (@, grady) Q. (26)
oM M M
Now, evaluate the integral over dM. By (11),
/ (DA xy) = / tr (D1 A xyr) + / (D" A ). @7
oM M oM

Since the integration is taken over dM then, by (12) and by (8), (6) and the second
part of (14), the integrals in the right hand side of (27) are equal to

/ tr (P Axy) =0
oM
and
/ tr(q)nrm/\*w) — / <q)nrm’q/®N> Q= / <(I),III®N> v,
oM oM oM

respectively. By (9) we have then

'/’aMtr(<I>/\*l//):/aM<<I>,l//®N>QaM. (28)

By (25) and (28) the assertion (23) follows. ™

For M = R" and the Euclidean structure in R” the formula (23) simplifies notedly.

In the canonical coordinate system of coordinates in R": x = (xi,...,x,), vector
d d .
fields e; = EELEE e, = B and one forms e] = dxi,...,e] = dx, constitute global

orthonormal frames for the tangent and the cotangent bundles over R", respectively.
The bases are dual to each other, i.e.

d

dx1 (7)
dx;

= 0jj. (29)
For any fixed p, any vector form ® € AP can be written in these bases as

& i1...1 d
=Y Y &' dxA--ANdxi, @ (30)

i=1i)<-<i, ox;

where <I>§1 ~% are functions — the coefficients of ®.
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Fix an increasing sequence of indices 1 < i < --- < iy < n and take
v =dx; \---Ndx;, (31)

as a test form. Obviously (cf. (19)), grad y = 0. We obtain then the following version
of the divergence theorem for vector forms of degree p in R".

Theorem 3 Let D be a bounded domain in R" with a smooth boundary dD.
Fix p € {1,...,n}. Then, for any vector p-form ® € A’ (DU dD) of shape (30) and
any sequence of indices 1 < iy <---<i, <n,

n o n aq)’:l'“ip
DN Qyp = ¢ 32
/80 ; ' oD /D Z o " 2

i=1

4 d
were N = Z N; I is the field of outer vectors normal to the boundary. O
=1 X

PROOF Take — in (24) — ¥ and y of shape (30) and (31), respectively and apply
(22). ]

7. Examples

Example 3 Let M = R"\ {0} be foliated by two mutually orthogonal foliations:
Fph and F 4. The first with leaves being concentric (n — 1)-dimensional spheres S,
around the origin with the radius r € (0,00) and the other with leaves being
1-dimensional radii R,, i.e. half-straight lines out of the origin through p € S
(= the unit sphere). Note that for the particular case n = 3, such foliations repre-
sent in physics the equipotential surfaces and the line of forces, respectively, for the
electric field in R® generated by a single charge at the origin. In the general case,
the characteristic forms of the considered foliations are:

% (=) xgdxy Ao Adxi A+ Ndx, (33)

-

X‘-?Tph (x17 cee 7xn) =

i=1

and
1 n
X v (X] IR ,Xn) - ; indxi-
i=1

It is clear that each of the characteristic forms restricted to any leaf of its foliation
is the volume form of this leaf. One can also calculate that, by (19),

1 . an
grad 7, = — (i )’ (34)



The divergence theorem for vector-valued forms 99

and

nrm

1.
gradyz,, =~ (idrowy) ™

where idr(M) is the identity automorphism of the tangent bundle of M treated here
as a vector 1-form.

By Theorem 7 in [7], foliation %, is parallel and foliation .%,,4 is geodesic,
what is rather obvious in this case. For the notions of parallel and geodesic foliations,
see [7]. ]

Example 4 Consider the spherical Ring R,,,, C R" being the domain contained
between two spheres S,, and S,,, r; < r2. Apply the divergence theorem to the vector
(n—1)-form grad ® = x5 , where ® = x5  is given by (33). Then

/ (dive®,y)Qg, . =0 (35)
Rryry
for any test (n — 1)-form y in R, ,, with grad y = 0, so, in particular, for each form
V=dx A ANdxi A Ndxp, i=1,...,n.

Indeed, by formula (24) in Theorem 2, the integral in (35) is equal to the inte-
gral over the boundary with the integrand: (@, y ® N) which, by (34), is equal to
(@', y@N), and this is equal to 0 by (12). 0

8. Conclusions and possible applications

The importance of the divergence type theorems — especially when possible appli-
cations are considered — comes from the fact that they deal with vector fields. Vector
fields namely represent forces acting on a physical body. In engineering practice, the
values of such forces can usually be measured only at the boundary. The divergence
theorem gives then some information on what is going inside the body.

A possible inhomogeneity of the material of the body or its composition from dif-
ferent layers are the cases that can easily be realized within the Riemannian structure
on M. The inhomogeneity can namely be carried out throughout a correction of the
Riemannian metric. Layers can be represented by a foliation of M.

Interesting examples of vector forms are the gradients of characteristic forms of
foliations considered in Section 7. It is known that the gradients of these forms encode
some information on the geometry of foliation (see [7], part II, Theorems 7 and 8).
In analogy to Example 4, one can also consider applications of the divergence
theorem to foliated manifolds in more general and advanced cases.

Another important example are automorphisms of the tangent bundle that can be
treated as the vector forms of degree one, i.e. as the sections of the bundle 7" @ T.

Finally note, that the vector character of the divergence theorem allows setting
up systems of nontrivial boundary conditions when solving boundary value problems
for differential operators on M. The natural decomposition of a vector form near
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the boundary dM onto its tangent and normal parts, described in Section 3, enables
defining a variety of such conditions. For example, in the theory of elastic body,
four nontrivial but natural boundary conditions: Dirichlet, Absolute, Relative and
Neumann are considered and investigated (cf. [9, 10]).
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