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Abstract. This paper investigates the inverse Laplace transform of a certain class of func-
tions. This inverse Laplace transform is obtained in the form of an infinite series of the three-
-parameter Mittag-Leffler function. Additionally, we found the sum of an infinite series of
Mittag-Leffler functions with three parameters in terms of the Wright function. As an appli-
cation, we get an exact solution of the time-fractional diffusion-wave equation with the
Hilfer-Prabhakar time-fractional derivative using Laplace and Fourier transforms.
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1. Introduction

The Mittag-Leffler function is a vital function that is widely used in fractional
calculus. Just as the exponential function that plays an important role in the solution
of the integer order differential equations, the Mittag-Leffler function appears in
several solutions of problems in fractional order differential and integral equations
[1, 2]. These solutions can be rewritten with respect to elementary functions or other
special functions, such as the Wright function [1]. There are many generalizations of
the Mittag-Leffler function, but in this paper, we are interested in only one of them,
called the three-parameter Mittag-Leffler function [3], which is given in the follow-
ing definition:

Definition 1. [3, 4] The Mittag-Leffler function with three parameters is given by
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When y = 1, we obtain the two-parameter Mittag-Leffler function E, , and with
y =pn =1 we get the one-parameter Mittag-Leffler function E,. In the case of

y =u = p =1, Eq. (1) reduces to the exponential function.
The Wright and Minardi functions will be used in the following sections, so we
give their definitions as follows:

Definition 2 [5] The Wright function W (z; a, b) is defined as

[oe]

i
W(za,b) = Zm“ > —1. @)

j=0
Definition 3 [6] The Mainardi function M (z; a) is defined as

(-1)/z
J'Ir(=aj+1—-a)

M(z;a)=W(—Z;—a,1—a)=z , 0<a<1l (3)

Jj=0

The following section presents the theorems related to the three-parameter Mittag-
-Leffler and Wright functions. The last section illustrates an application of our
theorems.

2. Basic theorems

In this section, we derive two theorems involving the three-parameter Mittag-
-Leffler function. A subsequent corollary will be discussed after each theorem.

Theorem 1 The inverse Laplace transform of the function
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where p, y, w are arbitrary positive constants, 0 < h < 2 andy = 0.

Proof
The inversion formula of the Laplace transform is given by [6]
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In the above complex integral, the Bromwich path Br can be deformed into the
Hankel path Ha. Assuming that § = st, we get
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L1 = T hv J 87_1 <(?> - (1)) e t t dé.
Utilizing the Taylor series of the exponential function, we get
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Using the Taylor series expansion
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Using the relation [6], % == Jia ed 672ds, we get
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Corollary 1 [6] The inverse Laplace transform of the function sz teVs?
given by

is
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where y is an arbitrary positive constant and 0 < h < 2.

Proof
From Theorem 1, we can puty = 0, to get
h h JypJ
L1 {Sf-le—ysz} - ﬂ (wtP).
= t2(1+1) P 1—§(J+1)
From [8], we have E u(z) So we get

Theorem 2 For 0 < y < 1, we have
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where y and w are arbitrary constants.
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Proof
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Letr =p + 1, to get
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Corollary 2 For the arbitrary constants y and w, we have
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where erfc(z) is the complementary error function [9].

Proof
It is known that [10]
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Using the above relations and putting 4 = % in Theorem 2, we complete the proof.

3. Ilustrating application

In this section, we use the Laplace and Fourier transforms with the help of the
previous theorems to get an exact solution of the following time-fractional diffusion-
-wave equation with Hilfer-Prabhakar derivative [10]

CpYk -
Dp’w_0+u(X, t) = aUyy, (8)

associated with the conditions
u(x,0) =Ps(x), 0<u<?, 9)
u(x,0) =0, 1<u<? (10)

where CD})"z o+u(x, t) is the Hilfer-Prabhakar derivative of order y that will be

defined in Appendix A associated with some of its properties. The time-fractional
diffusion-wave equations can be used to model many physical and engineering
phenomena such as in electrodynamics [11], wave propagation in viscoelastic
media [12], and anomalous diffusion in porous media with fractal structure [13].
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Now, we can get the exact solution of Eq. (8) with the conditions (9) and (10)
using the Laplace and Fourier transforms as follows:
By using Lemma 1 and then applying the Laplace transform to Eq. (8), we obtain

sF(1— ws™P) fi(x,s) — s¥71(1 — ws™P)Y u(x, 0)

ou(x,t) 02 (11)
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Then, using the initial conditions (9) and (10), we get
62
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Now, applying the Fourier transform to Eq. (12) gives
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After that, using Eq. (A6) and then taking the inverse Fourier transform to Eq. (13),
we get
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Using Theorem 1 by putting h = u — py,y = i/_,the inverse Laplace transform
of Eq. (14) becomes
u(,t) = z _le (AU Iy (15)
2\/_ k! pA-5(k+1) ’

which is a general solution to Eq. (8)-Eq. (10). We can get a special solution for
Eq (8)-Eq. (10) in the form of the Wright function by using Theorem 2 and setting

=2andp = 1n solution (15). In this case, we get

wlxl _ _ _ —
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4. Conclusions

In this paper, an inverse Laplace transform in the form of an infinite series of the
three-parameter Mittag-Leffler functions is derived for a new class of functions,
which is given in Theorem 1. This theorem generalizes the work done in [6] as
mentioned and reproved in Corollary 1. The inverse Laplace transform obtained
in Theorem 1 enabled us to obtain a new closed-form solution (15) of the time-
-fractional diffusion-wave equation (8)-(10) in the form an infinite series of the
three-parameter Mittag-Leffler functions. In Theorem 2, we have obtained the sum
of an infinite series of Mittag-Leffler functions with three parameters in terms of
the Wright function. The results obtained in Theorem 2 enabled us to get the exact
solution (16) of the time-fractional diffusion-wave equation (8)-(10) when y = 2

_H
and p = >
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Appendix A
The Hilfer-Prabhakar derivative at 0 < u < 1 is given by [3]
f =) HE @E— DI Ddy  (AD
= ') xt™E) ] (wtP).

With the help of Eq. (10), the Laplace transform of the operator (Al) is obtained
as [3]

L{EDYE LF@©)} =411 - ws P (s LIFO} - F(0)).  (A2)
The Hilfer-Prabhakar derivative at 0 < u < 2, is given by [3]
CDY#()"’f(t) = PZ #wo"'f”(t)

f t =L (@t - Dy (A3)
= f"(t) * t*~ ”Ep_y_#(a)tp).

With the help of Eq. (10), the Laplace transform of the operator (A3) is obtained as

L{EDE  f(D) = 5721 — 0570 (2 LIF@} = 5f(0) = F(0)). (Ad)

The Fourier transform of a function ¢(x) is defined by [5]
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and the inverse Fourier transform is given by
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