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Abstract. In this paper, we consider Markov birth-death processes with constant intensities
of transitions between neighboring states that have an ergodic property. Using the exponen-
tial distributions properties, we obtain formulas for the mean time of transition from the
state i to the state j and transitions back, from the state j to the state i. We found expressions
for the mean time spent outside the given state i, the mean time spent in the group of states
(0,...,i—1) to the left from state i, and the mean time spent in the group of states (i+1,i+2,...)
to the right. We derive the formulas for some special cases of the Markov birth-death pro-
cesses, namely, for the Erlang loss system, the queueing systems with finite and with infinite
waiting room and the reliability model for a recoverable system.
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1. Introduction

The birth-death stochastic process is one of the most important special cases of
the continuous-time homogenous Markov process where the states represent the
current size of a population. This process has many applications in queuing theory,
reliability engineering, demography, biology and other areas [1-6]. However,
establishing analytic and computationally practical formulas for their transition
probabilities is usually difficult [2]. The state-of-the-art method for computing the
transition probabilities of birth-death processes proposed in [3] allows for statistical
estimation of general birth-death processes using likelihood-based inference [7].

As part of the practical experience of implementing various systems and analyz-
ing their reliability indicators, it became necessary to not only estimate the availa-
bility factor and mean time between failures of the system but to also estimate

the mean time 7;; of transition from any state i to any other state j, where i <j,
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as well as the average time 7; of transition back from state ; to state i. The need to
calculate the mean values of 7;; and T); is also due to the use of birth-death models

in epidemiology to predict the rate of the spread of epidemics.

In this paper, we derive analytical formulas for calculating the mean transition
time between arbitrary states, the mean time spent outside the given state i, the mean
time spent in the group of states (0,...,i—1) to the left from state i, and the mean time
spent in the group of states (i+1,i+2,...) to the right. We obtain these formulas
for some special cases of the Markov birth-death processes, namely, for the Erlang
loss system, the queueing systems with finite and with infinite waiting room and
the reliability model for a recoverable system.

2. The birth-death process with an unlimited number of states

Let us denote states by natural numbers 0, 1, 2, ... and assume that the intensi-
ties A, y, are constant. Assume that for the birth-death process with an unlimited

number of states starting from some £, the inequality 4, /., < p <1 is satisfied.
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Fig. 1. Transition graph for the birth-death process with an unlimited number of states

It is well known that the distribution of the time intervals between any two suc-
cessive jumps in any Markov process with continuous time and discrete space of
states is exponential. More precisely, let W, be the instant of the ith jump of the

birth-death process X(¢) and 7, =W, , —W, be the sojourn time; suppose that
X(W.)=k, then the process spends exponentially distributed time 7, in the state
X(t)=k with the mean E(z,)=1/(4, +4,). When a jump occurs, it will be
a birth with the probability A, /(4 +s ) or a death with the probability
! (A + ).

Let us introduce notation 7;; to denote the mean time from the instant the sys-

tem comes to state i to the transition to state j. For the birth-death process,
described by the state graph shown in Figure 1, the following equations hold:

1+u4T, ., . +AT,,, . 1+ u, ‘
TZ)<=L+TI<, T}{‘: MLy kkﬂ’j,lﬁkﬁj—z; T<,1~= Hj 1*21.(1)
T A Y A+ 1y I A+

Consistently expressing T, ; through T, for ke{l,2,..,j—1}, we obtain the

equalities
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where p, =A/u,, s>1. Equalities (2) are valid for the processes with a finite and
infinite number of states.
Suppose that 4, =4,, u,.,=u,,u=1, and p,=4,/u, <1. For the birth-death

n+u
process described by the state graph shown in Figure 2, the following equations
hold:

1+ AT. 1+ 4T 0+ 1. T -
T,= /1120,Tk0: & k41,0 /ukkl,O,zskSn; Too=T.+T,, (3
A+ A+ 1y ’

n

where T, =1/(u,—4,) is the mean time spent in the group of states (n+1,1+2,...).
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Fig. 2. Transition graph for the birth-death process with the same transition intensities
starting from the state n

Consistently expressing 7;, through 7., , for ke{l,2,...,n}, we obtain the

equalities
~ Jj n—k J 1 n—j-1 j n-1 n—k 1 k-1
To=T, 2 [Pt 22—+ 2 2+ 2 [l =
k=1 5=0 k=1 M k=1 u=1 k=n—j u=1 ) Ficsu s=0
_ J n-k J 1 n—1 min{j,n—k} 1 k-1
:T;’Z '0"*5+Z_+ Z Pus> IS]SI’I, (4)
k=1 s=0 =L My k=t u=l Mg =0
. . n-k J 1 n—1 min{j,n—k} 1 k-1
le:Tjo_T;OZT;1Z pn—s+z_+ z Hpu+s70£l<]£n’
k=i+1 s=0 k=it M k=1 u=itt Misw =0
To=To+vl, v=L12,.; T, =T, 0Ty 1<i<n+v, v=12,....

3. The birth-death process with a finite number of states

For the birth-death process with a finite number of states, described by the state
graph shown in Figure 3, we have the equations
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1+ AT 1+ 4T, 0+ 1T,
wzm, Tpy=— A0 DAL ) ey, T,,0=L+7}71,0. (5)
A+ 1y A + 1y Hy

Thus, in this case we obtain

J 1 r—1 min{j,r—k} 1 k—1

Ti=2 —+2 [1pu,, 0<i<j<r. (6)

k=it Mk k=1 u=int Mikdu s=0

For the birth-death process with a finite number of states, the following equa-
tions hold:

k /1 r
APe= My Pns Pea=Po| [ 0<k<r—1; Y p, =1. (7)

i=0 M k=0

Here p, is the steady-state probability of the system being in the state k. Thus,
we have

r=1 -1 v
po=[1+ZP(o,k)j pe=pPO-D). 1<k<r Pa) =2 ®)
k=0

i=u Mg
A A 7 A Ay
0Olzll22 23|22
H Ha M H Hy

Fig. 3. Transition graph for the birth-death process with a finite number of states

Since the steady-state probability p, is the relative average time, the stationary
process stays in the state k, then

T,
p=—t—, OSkSr,%:—L,Tz—L;Qz 1 , 1<k<r-1, (9)

T, + 7:7ut(k) A M, A+ 1y

where 7, and T, is the mean time the process stays in the state k£ and outside

the state &, respectively. From (8) and (9) we obtain

r—2

1+ > P(0,5)

()ll P(O S) out(r L

f(O) 0 SZ(; t(r) P(O - 1)
r—1 (10)

1+ > P(0,s)
s=0
T szhd 1<k<r-1.

our(k) (A + 14 ) PO,k 1)
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Let us denote by 7, and T, ., the mean time that the process stays in the
group of states (0,1,...,k—1) to the left from state & and in the group of states
(k+1,k+2,...,r) tothe right from state k, respectively. It is obvious that

4Ty + AT

T = , 1<k<r-1. 11
out (k) /’lk'i‘,uk ( )
Let us derive a formula for YZM(,H using the auxiliary state graph shown
in Figure 4.
Ao A4 A Aa A1
02122 =22 k-1 |2k
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Fig. 4. Transition graph used to obtain a formula for 7,,,,_,

Taking into account (8), we can write

AL POk-D
/41 + Tguz(k—) 1+ ﬂkTout(k—) 1+ EP(O s)
5=0

Pi= ; (12)

and for the process, described by the state graph shown in Figure 3, we obtain
the formulas
k=2
1+ Y P(0,5)
T =—3=0 1<k <r 13
out(k—) ,leP(O,k _ 1) ( )

Equalities (13) are valid for the processes with a finite and infinite number of
states.

Let us derive a formula for 7,,.,, using the auxiliary state graph shown in

Figure 5.
’Ik ﬁ'kﬂ ﬂ'k+2 /?“r—l
k2 k+tl|2k+2 |=2...2|r
Hiev1 Hiev2 Hie+3 Hy

Fig. 5. Transition graph used to obtain a formula for 7, .,

Considering (8), we have
R 1 B 1
2’1;1 + Tnut(k+) 1+ ﬂ’k]:mt(/w) 1+ ip(k S)
s=k

Pi > (14)
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and for the process, described by the state graph shown in Figure 3, we derive
the formulas

ZP(k ), 0<k<r—1. (15)

k?k

out(k+)

For the process with an unlimited number of states, relations (15) can be written as
Tty = ZP(k $), k20, (16)
k s=k
Using equalities

Li=Tuny*+ T, T=T, 1yt T 05i<, (17)

ij o i+l,j> *ji ol

that follow from the properties of the Markov process, we obtain the following
formulas

Tmﬂ(k*):szlj kj’1<k<j’ nut(k+)_7;c+1: 7;“,0<l<k

_Z Ty Tji Z out(k+)? 0<i<j.

k=i+1

(18)

Equalities (18) are valid for the processes with a finite and infinite number of
states.
Using formulas (18), we obtain simpler expressions for 7;; and 7}, than we

ij
have in (2) and (6):

k=2
i i 1+Z(;P(O s)
1 = 7’:)“ - = - l J’
L& e 1 i PO,k — 1) (19)
j-1 j*l 1 r—1
Tjt = Tnut(kJr) /l_zp(k S) O<l<j sr.
k=i k=i "k s=k

4. The Erlang loss queueing system

The Erlang loss model is usually used to obtain the number a telephone network
links. In the paper [8] this model is applied for describing in-patient flow through
a hospital ward.

For the Erlang loss queueing system (see Fig. 6), changing the number of busy
servers is a birth-death process with a finite number of states and the following
values of the transition intensities

do=An A=A w=ku, 1<k<n. (20)



Formulas for average transition times between states of the Markov birth-death process 105
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Fig. 6. Transition graph for the loss queueing system

In this case, formulas (10), (13), (15) and (19) can be written as

J 1|k1
:ZTuut(k)— Z(k ) P , 0<i< j<n

k=i+1 H k=in1 !
j-1 1 j-1 n s—k
Tii: ]:mt(k+):_ k'z £ ,0£l<]£7’l,
S k=i S Saos! (
_ 21)
_1 !n 1 s
];)ut(k) Zp 0<k<mnm; szt(n) M P ;
ﬂ«‘”‘ﬂ =t up" 3 !
v;tk
(k 1) | k= lp . k! n psfk
];)ut(k -) = —k oo mh= out(kv) = Z T 0<k<n-1,
MO =0 S° A s!
where p=A/u.

For practical applications, it is important to know the average system availability
time 7, ., when at least one server is free, the mean busy period 7, and the
values of T, and T,,,.

For the case of unlimited number of servers (n — «), equalities (21) can be

written as

(22)

(k_l)!k—lps ' k! k ps
Lo = X Z—|, k21, Tnut(k+):/1_pk ep—zs—! » k20.

s=0

5. Queueing systems with finite and infinite waiting room

For the queueing system with a finite waiting room capacity (see Fig. 7), the
number of customers in the system is a birth-death process with a finite number of
states and the following values of the transition intensities

A=A 0<k<r; p=kp, 1<k<n; p,=nu, n+1<k<r. (23)
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Fig. 7. Transition graph for the queueing system with finite waiting room capacity

Let us denote f=A/(nu), then, using (2), (6), (10), (13), (15) and (19), we

obtain

'Zp +p" kZ,B , 0<k<m

c:tk

Z +p kilﬂ +p" g ”Zﬁ J n+l1<k<r

R N =
Loy = L :) o 1k<n (24)
|
ﬂp s=0 S*
n s k—n—1
n! 7+pn Z ps

R il =
5=0 s=1 , n+1<k<r;

[n'zp +p”"§ﬂ} 0<k<n-1,

s=k+1

Tnut(kJr) iy

Zﬁ n<k<r-1

J (k 1)|k 1,0
ij= Z Loy = Z
luk =i+l ‘

k=i+1
k—n-1
n (k 1)'k1p 1 J Z +p’1zp
T;j Z k ' = n anI 0Sl§l’l<],
Hi=is1 P 5=0 S+ H k=nn1 npﬂ
k—n-1

'Zp +p" Z o’
: (25)

, N<Ii<j<r;

aut(k+)

, 0<i<j<m

T;j:l
/uk1+1 npﬁ

kn

< r—n
Z out(k+) = Zk'(n' Z - +pn kz cj <j<
k=i s=k+1 ! s=1
L 5 Sk n—k 1 -1 rk s
Tii:m k'(n'z +p0 Zﬁ J"‘z Zﬂ’0<l<n<_]<}"
VY k=i s=k+1 ! k=n s=
i1 r—k

j-1
:ZT:mt(kH ZZ,B n<i<j<r.
k=i

kzsl
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Those of equalities (24)-(25) which do not contain » remain valid for the
queueing system with an infinite waiting room capacity for which we assume that
f <1. In other cases, we need to calculate the limit as » — o0, and we obtain

| n s—k
Ty = i ”!zp +,0"7k s ,0<k<m
n(A+ku)| = s! 1-p
s#k
k—n—1 k+1-n
P n P
T =+ + k>n+1;
out(k) = (/1+n,up”ﬂ ( SZ(; | ol Zﬂ P ,Bj
n—k
Ttk =—"7 'z ,0 '0 s ,0<k<n-1;
Smost =P (26)
b .
T i) :m, k>n;
J-1 n kﬂ
Tji:; out(k+) = Zk{ lzk:l o ﬂj,OSl<]Sn;
n—k
T, = LS kv[ lzp P ﬂj -mp 0<i<n<j:
s\ s 1 ) Ay
r,=Y=Db i (27)
"a(1-p)

For practical applications, it is important to know the average system availability
time 7, the mean busy period 7, ), and the values of 7;,, and T,,.

out(r)?

6. Series recoverable system with redundancy and repair facilities

Let us consider a Markov model for studying the reliability of series systems
with redundancy and repair facilities.

Consider a system that consists of » =m+c¢ identical units, namely, m main
operating units and ¢ unloaded redundant units. The main units are connected in
a series. The system stops functioning in normal mode at the moment when the
number of failed units reaches c¢+1. Assume that those m —1 units that were
serviceable at the moment of system failure, in idle time during recovery, continue
to operate and may fail. Let us suppose that the number n of repair facilities is
restricted (n <c¢), so failed units can form a queue for recovering.
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Let us denote states by natural numbers 0, 1, 2, ..., where the number of a state
corresponds to the number of failed units. Then the state graphs have the form
shown in Figure 8.

mA mA mA mA mA mA mA (m-1)A A
Temee. aie. e s af]
1% 2u 3u nu ny ny nu ny ny

Fig. 8. Transition graph for the series system with redundancy and repair facilities

The number of failed units is a birth-death process with a finite number of states
and the following values of the transition intensities
A=mA, 0<k<c; 4, =(r—k)A, c+1<k<r-1;

28
Me=kp, 1<k<n, y,=np, n+1<k<r. @8

Here A and u are the parameters of exponential distributions of the time to
failure and the recovery time respectively. For this system, the time to failure X
and the time between failures X, do not coincide, because the time interval X
begins at the moment of transition from state 1 to state 0, and the time X s begins

at the moment of transition from state ¢+1 to state ¢. Both states end simultaneous-
ly at the moment of transition from the state c to the state c+1. The downtime X,

is the time spent in a group of states (¢ +1,...,7).
With the help of (13) and (15), we obtain

(k=1)! § (mp)*

= ,1<k<n+1;
M ump) 3!
Y k—n n s k-1 s
Tnut(k—):(n )nk [Z(mp) +Z (m'oszn}n+2£k£c+1;
;u(mp) s=0 S! s=n+1 1 'l’l
_(n=Dr=k)n""
Loy = " x
m!m‘ up
n s c+l s k-1 191 € A
S LLIN S G S L A R Py P (29)
o st Shntn™ Shnl(r—s)in”™
k‘ n (mp)s c+l (mp)s r m!mcps
T = + + ,0<k<n—1;
D = g m T ok (Szk;l s! S;,n!ns_” ng nl(r—s)n*™"
k c+l s r c s
n (mp) m!m‘p
T = + ,n<k<c;
M am ot (; P I
—k-1 ! k r N
Tm(,{ﬂ:(” k) L P cil<k<r-1.
Ap sk (r=s)In
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Using expressions (29) and equalities (19), we can derive formulas for 7;; and

T,,0<i<j<r. We present only formulas for the mean values E(Xy)=1T

Jji? ,c+1°

E(X ) cc+1 and E(XSI) ut(c+)

E(Xg)=T, Zl (HZHU{ ) l(mp)

0,c+1 — out(k ) e (mp) s!

I it L (ioﬂp)s . § mj .
k=n+2 (mp)k s=0 s! s=n+1 n!ns—n (30)
(n=D)In [ (mp) <\ (mp)’
E(X ) cc+1 Tnut(ch): c+l1 15,57 )
,u(mp) s=0 s=n+1 11110
I n(m=-1! < you

E(Xg)= ()ut(c+) =—+ c

¢ S r=s)n’

7. Conclusions

Using the exponential distributions properties and peculiarities of the Markov
process we have established a connection between the transition times between the
states of the birth-death process and the times spent in the group of states. This in-
dicates an easy method to get formulas for average “travel” times between the
states of this process.

The obtained formulas can be used to test simulation models [9, 10] built to cal-
culate the characteristics of various stochastic systems. The constructed simulation
models can be used for systems with non-exponential distributions.
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