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Abstract. In this paper, the effects of rotation on a Jeffery nanofluid flow in a porous medium
which is heated from below is studied. Darcy model is employed for porous medium and
the Jeffrey fluid model is used as a base fluid. The Navier-Stokes equations of motion of
fluid are modified under the influence of the Jeffrey parameter, naoparticles and rotation.
The basic perturbation technique based on normal modes is applied to derive the dispersion
relation for a Rayleigh number. The effects of the Taylor number, Jeffrey parameter, Lewis
number, modified diffusivity ratio, nanoparticles Rayleigh number and medium porosity
on the stationary convection of the physical system have been analyzed analytically and
graphically. It is observed that the rotation parameter has a stabilising influence for both
bottom/top-heavy configurations.
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Nomenclature
a  wave number Greek symbols
v Darcy velocity vector [m/s] a  coefficient of thermal expansion [K™!]
d  thickness of the horizontal layer [m] ¢  nanoparticles volume fraction
Dy diffusion coefficient [m?/s] x  thermal diffusivity [m?s™']
D; thermophoretic diffusion coefficient u  fluid viscosity [Pas]
Ky, thermal diffusivity of the base fluid [m?’s™'] Q  angular velocity [s]
R, Rayleigh number Py density of base fluid [kgm™]
p  pressure [Pa] Py density of nanoparticle [kgm™]
g  gravitational acceleration vector [m/s?] ®  growth rate of disturbances
P, Prandtl number qu horizontal Laplacian operator
D, Darcy number V  Laplacian operator
V, Vadasz number o thermal capacity ratio

T, Taylor number ¢ medium porosity
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R, nanoparticles Rayleigh number A, stress relaxation-time parameter
Ny modified particle density increment A,  strain relaxation-time parameter
L, Lewis number Ay Jeffrey parameter

N, modified diffusivity ratio
basic density Rayleigh number

1. Introduction

The study of nanofluid in a porous medium has attracted various researchers
for the last few years because of their applications in automotive industries, energy
saving, nuclear reactors, transformers, biomedical appliances including hyperther-
mia, etc. Various researchers have shown that a particular type of nanofluid can be
used to destroy and kill cancer cells without damaging the normal tissues. The term
nanofluid was first coined by Choi [1]. Based on the Buongiorno [2] model, thermal
instability of nanofluids in a porous medium has been discussed by different
researchers [3-8] and applications have been found in earth’s molten cores, in
petroleum reservoir, the human lungs, bile duct, gall bladder with stones in blood
vessels etc.

In the above discussion, all studies were presented for Newtonian nanofluid only.
However, most of the industrial and biological nanofluids are non-Newtonian
fluids and the standard Newton’s law of viscosity cannot depict the rheological
behavior of non-Newtonian nanofluids. Such types of fluids are found applications
in biological sciences, geophysics and chemical and petroleum processes etc.
Fluids such as engine oil, drilling muds, soap solution, sauce, foam, paints, lubri-
cants and biological liquids such as blood are non-Newtonian nanofluids. Very
Small work has been done to study the non-Newtonian nanofluids in a porous
medium. There are different types of non-Newtonian nanofluids, one of such kind
is the Jeffrey fluid model that has drawn attention to different researchers because
Jeffrey fluid model is considered as a best model for physiological fluids [9-14].
Thermal instability problems of an elastico-viscous nanofluids have been studied
Sheu [15] and Chand et al. [16]. They found that the viscoelastic nanofluids are
very useful in the cooling of nuclear reactors, cooling of power plants and comput-
ers, drug delivery to kill the cancer cells and tissues, etc.

The role of rotation is very important in the study of thermal instability of a fluid
layer heated from below and has various applications in fluid machinery, power
plants, the automotive industry, the petroleum industry, biomechanics, mechanical
engineering, geophysics, etc. Chandrasekhar [17] examined the effect of rotation
on the Bénard convection which was later extended by Vadasz [18] for a porous
medium layer, and Sharma and Rana [19] studied it for the case of viscoelastic
fluid and others [20-23]. Various researchers have studied the effect of rotation
on thermal instability by taking different types of viscoelastic fluids [24-30],
and they found that rotation advances the stationary convection.
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Keeping in mind the various applications mentioned above, the main aim in this
paper is to study the effect of rotation on the onset of thermal instability of Jeffery
nanofluid in a porous medium. To the best of my knowledge, this paper has not
been published yet.

2. Mathematical model

Here, an infinite horizontal layer of Jeffrey nanofluid of thickness d in a po-
rous medium which is heated from below bounded by thermal conducting parallel
planes z=0 and z =d, as shown in Figure 1, is considered. Let the temperature
and the volumetric fraction of nanoparticles at z=0 be 7, and ¢, while at z =d
be 7, and ¢, (T, >7, and @, > ¢,). The gravity force g=g(0,0,—g) is acting
vertically on the physical system.

£=-2(00-g

11, ¢:

Z=d
C Jeffrey rotating nanofluid layer sat-
urated by a porous medium

zZ P »
e TTTTT T
X Heated from below

Fig. 1. Physical sketch of the problem

2.1. Assumptions

The physical model is based upon the following assumptions:

i. Thermo physical properties except for density in the buoyancy force (Boussinesq
hypothesis) are constant;

ii. Nanoparticles are spherical in shape;

iii. Nanofluid is laminar, incompressible and non-Newtonian;

iv. The size of nanoparticles are very small as compared to the pore size of the
matrix.

2.2. Governing equations

The governing equations for a Jeffrey nanofluid layer under rotation in a porous
medium [3-5, 9-12, 21-24] are given by

V-v=0 (D
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&(@+l(v-v)vj=—vp_ H V+2pbf(vxg){gop”p+(1—¢)pbf.{1_a(T_Tl)}]g,

e \ot ¢ k1(1+23) &
(2)
a V'V 2 D 2
—+ =D, Vo+—LV°T, 3
[61‘ - }P Y @ T, (3)

or ) D,
( pnfc)bm {5 + V.VT} =k, VT +¢( pnfc)np {DBV(D.VT + TOVT.VT}, (4)

where 4, = %cnp ,( pnfc)bm and ( 'D"fc)bf denote, respectively, the Jeffrey parameter

(accounting for viscoelasticity), the specific heat of the material constituting
the nanoparticles, the effective capacity and the heat capacity of nanofluid.

In non-dimensional form, equations (1)-(4) can be written by omitting the
dashes (") for convenience as

V-v=0, (5)

1 ov 1 R A . A
———=-Vp- v—-R e +RTe. —R pe +.T |ve —ue, ), 6
Va at p (1—‘,-]3) m-z a z }’I¢Z \/_a( X y) ()

1op 1 1l oo Ny
— L4 —v-Vo=—V’p+—4VT, 7
oo ¢ 4 L, 4 L, @
aa—T+V-VT=V2T+%V¢.VT+%VT.VT, (8)
t e e

Here, we have used the non-dimensional variables

(xl’yv’zv):(xaj;azj’ (M',V‘,W‘)Z[u’v’de, t|:thm pv: pkl d2’

Kpm O-dz ’ HEKp
- T-T, K
p=L"P L K = Y=y EpdV
L2 T, =T, YoEoATd

and the non-dimensional parameters are:

e s . k . .
thermal diffusivity of the base fluid (x,, )=——=—, the thermal capacity ratio

(P € Doy

PfCh,
(U)_M, the Prandtl number (P)= i , the Darcy number

(prgfcnp )bf Puf Kom
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(Da)=%, the Vadasz number (Va)zif , the modified Taylor number

a

przfgadk(TO_Tl)

»\2
(T,) :(29'0 d J , the Rayleigh number (R,)= , the nanoparti-

2 Moy Kpm
Pup = Py N1 — 0 ) gkyd
cles Rayleigh number (R))= ( v Y )( : O) : , the modified particle
/u’(bm
c
density increment (N) :M(gol —goo), the Lewis number (L,) =Kﬂ, the
(,0 ¢ )bf Dy
. o e . Dy (TO - Tl) . . .
modified diffusivity ratio (N,)=————"=, the basic density Rayleigh
DyT; ((Pl ) )
{pnp% + Oy + (1 — @ )} gkid

number (R,) =

IUKbm
The dimensionless boundary conditions are:

w=0, T=T,, p=¢, at Z=0
w=0, T=T, p=¢, at Z=1 ©)

2.3. Perturbation solutions

Let the physical system be slightly disturbed from the equilibrium position.
We suppose that

v=V, p=p,+p, T=T,+T", e¢=¢,+¢&, p=¢, +¢". (10)

where V', p*, T", &" and ¢" are the perturbations overlapped into the physical

quantities of the equilibrium state.
We describe to the quantities’ dependence on x, y and ¢ of the form

exp(ilx +imy + wt), where [ and m are the wave numbers in the x and y-direction,

respectively, and @ is the growth rate of the disturbances, which is, in general,
a complex constant. The perturbations quantities w,T and ¢ are supposed to be

of the form
[w.T.¢(x,y,2,t)|=[ W (2).0(2),@(2) Jexp(ilx + imy + w1, (1)

Using the perturbation equations (10) and expression (11) in the partial differen-
tial equations equations (5)-(8) and linearising the following ordinary differential
equations are obtained by applying stress-free conditions for a free surface as
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2
LEJF ! (Dz—arz)JrTaD2 w— LEJF ! R,a’®+ ii+ ! Ra’®=0
V.ot 1+4 V.ot 1+ 4 V,ot 1+4

a a

(12)
W Ny Lo oy o
?_L_C(D —a )G)_{L_C(D —da )—; (D—O, (13)
W+ &D+(D2—a2)—2m—a) s pe =, (14)
LE LE LE
where D = 4 and a® =1+ m’ is the dimensionless resultant wave number.
zZ
The boundary conditions for a free-free boundary are:
W=0, D’W=0, ®=0, ®=0 at z=0 and
W=0, D’'W=0,®=0, ®=0 at z=1 (15)

The set of differential equations (12)-(14) together with the boundary conditions
(15) form an eigen value problem for the Rayleigh number R,, and given values
of the other parameters A,,7,.R, , ¢, L,, N,, Ny, whose solutions are yet to be

obtained.
We assume the solution to W, ® and @ is of the form

W=Wysinrz, @=0,sinrz, ¢=@,sinrz (16)

which satisfies boundary conditions (15).

Substituting solution (16) into equations (12)-(14), integrating each equation from
z=0to z =1, and performing some integrations by parts, we obtain the following
dispersion relations

1
o £1+ﬂg +Ii:J(;;2+a2)(7z2+a2+a))+”2(7[2+a2+w)Ta .

¢ a’ 2[ 1 a)J
a +—
I+4 7, (17)

L
N, (7[2+a2)+—e(7r2+a2+a})
g - R
1)
rrat+—=¢
o

ne
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Equation (17) describes the effect of the Jeffrey parameter, Lewis number,
Vadasz number, Taylor number, nanoparticle Rayleigh number, modified diffusivity
ratio and medium porosity on the system.

3. Stationary convection

For the case of steady state (i. e., principle of exchange of stability), we put
® =0 in equation (17), we obtain

Y ’ 7 (1+ v+ 7T
Rf:l 1 (a . ) + ( %)(j )“—[Nﬁﬁjzen. (18)
+ A a a &£

Equation (18) expresses the Rayleigh number as a function of the dimensionless
resultant wave number a, the Jeffrey parameter (4, ), the Taylor number (7,), the
medium porosity (6‘), the nanoparticle Rayleigh number (Rn ), the Lewis number
(L, ) and modified-diffusivity ratio (N ,).

Since equation (18) does not contain the particle increment parameter Ny but
contains the diffusivity ratio parameter N, in corporation with the nanoparticle
Rayleigh number R,, this indicates that the nanofluid cross-diffusion terms approach

is dominated by the regular cross-diffusion term.
In the absence of rotation, that is, 7, =0, equation (18) becomes

RS = (azmz) —(NNQJR. (19)

a_1+/13 a’ e )"

In the absence of Jeffrey parameter and rotation, equation (18) becomes

2
2, 2
a +rw L
RS = #—[NA +—EJRH. (20)
a €
which is in good agreement with the previous result of Nield and Kuznetsov [4].
In the absence of nanoparticles, that is, R, =0 and N, =0 equation (18)
reduces to

RS = + . (21)

which is in good agreement with the earlier result of Chandrasekhar [17] for
ordinary regular fluids.
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4. Results and discussion

We analyze the influence of the Jeffrey parameter, Taylor number, Lewis
number, modified diffusivity ratio of nanoparticles, nanoparticles Rayleigh number
and medium porosity on stationary Rayleigh number analytically and graphically.
OR} OR} OR) OR) OR) OR} :

4 —4 4 4 <9 and —< analytically.
04, 0I, OL, ON, OR, os

From equation (18), we obtain

We analyze the behavior of

ORS 1 (7[2+a2)2 z° (a2+7z2)Ta
04, (1+/13) a a
ORS ﬂ2(1+ﬂ,3)(a2+7r2)
p ~= 5 , (23)
T, a
RS R
8La — ; ’ 24)
S
OR, =-R,, (25)
ON ,
ORS L
aR” =—[NA *fj’ (26)
ORS LR
e e
S 1 (ﬂ2+ az)

, therefore, the Jeffrey

. R .
From equation (22), i;z >0, if T, > >

(1+24, )2 7
parameter has a stabilizing effect on the system for both bottom/top-heavy nano-
particles distribution which is in an agreement with the result derived by Chand
et al. [28]. However, in the absence of rotation, the Jeffrey parameter has a destabi-
lizing effect.

From equation (23), we notice that the right hand side is positive which implies
that the Taylor number which is accounting for rotation has a stabilizing influence
on the stationary convection of the system.

The right hand sides of equations (25) and (26), if R, <0, therefore, the Lewis

numer (Le ) and modified diffusivity ratio (V) enhance the stationary convection

and postpone the stationary convection if R, >0. Hence, Lewis number and
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modified diffusivity havea stabilizing/destabilizing influence for bottom/top-heavy
configuration on the stationary convection which is in an agreement with the result
obtained by Sheu [15], Chand and Rana [25] and Yadav et al. [5]. Equation (26)
indicates that nanoparticles Rayleigh number postpones the stationary convection
for both bottom/top-heavy nanoparticles distribution. The right-hand side of equation
(27) is negative if R, <0, this shows the the medium porosity delays the stationary
convection for bottom-heavy configuration and if R, >0, the medium porosity
advances the stationary convection. which is in an agreement with the results
derived by Nield and Kuznetsov [4], Chand and Rana [25], Chand et al. [28], Rana
et al. [29] and Ahmad et al. [30].

We now analyze the results obtained from equations (22)-(27) numerically
by plotting graphs by giving some numerical values to the parameters to depict
the stability characteristics.

Figures 2-5 show that Rj increases with the increase in A4, and 7, which
imply that the Jeffrey parameter and Taylor number (accounting for rotation) have
stabilizing influence on the stationary convection for both bottom/top-heavy
configuration. Thus, both Jeffery parameter and rotation enhance the stationary
convection which clearly verify the results obtained analytically.
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From Figure 6, we notice that the R’ increases with the increase in L, for
bottom-heavy configuration whereas R’ decreases with the increase in L, for

top-heavy configuration, as shown in Figure 7. Hence, the Lewis number advances
the stationary convection for bottom-heavy configuration, whereas it postpones
the stationary convection for top-heavy configuration.
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In Figure 8, it is found that the R’ decreases very slightly with the decrease
in modified diffusivity ratio N,, this indicates that the modified diffusivity ratio has
slightly stabilizing effect on the system, while its reverse effect is seen in Figure 9.
Figures 10 and 11 show that R’ increases with the decrease in R, for both bottom/

/top-heavy configuration. Thus, the nanoparticle Rayleigh number postpones the
stationary convection of the system.
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Fig. 12. Effect of & on RS Figure 13. Effect of & on R}
for bottom-heavy configuration for top-heavy configuration

The variations of R’ with the wave number a for three different values of & is
plotted in Figures 12 and 13, and it is noticed that Rayleigh number decreases with
the increase in medium porosity for bottom-heavy configuration, while a reverse
effect is found for top-heavy configuration implying thereby medium porosity
postpone/enhance the stationary convection for bottom/top-heavy configuration.

5. Conclusion

The effect of rotation on thermal instability in a Jeffrey nanofluid layer of satu-
rated by a porous medium has been investigated. The main conclusion is as follows:
e The Jeffrey parameter advances the stationary convection if

1 (72'2+a2)

(1+4) =

¢ Rotation advances the stationary convection for both bottom/top-heavy configu-
rations.

e The Lewis number and modified diffusivity have stabilizing/destabilizing
influence for bottom/top-heavy configuration on the stationary convection.

e The nanoparticles Rayleigh number postpones the stationary convection for
both bottom/top-heavy nanoparticles distribution.

e Medium porosity delays the stationary convection for bottom-heavy configura-
tion and advances the stationary convection for top-heavy configuration.

>

for both bottom/top-heavy configurations.
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