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Abstract. An open queuing network (QN) with single-line queuing systems (QS) is consid-
ered. QS are characterized by the presence of bypasses and the possibility of coming of
negative customers. The network receives two independent elementary streams. The first
stream is formed from the ordinary (positive) customers, while the second is composed of
negative customers. Arriving of each negative customer to the system destroys exactly one
positive customer in the queue, if those are contained. Negative customers do not require
maintenance as the service of positive customers in the network systems is carried out
in accordance with the FIFO discipline. Positive customers with a probability depending on
the state of the node when they are sent to it are added to the queue, and with an additional
probability, they immediately bypass it and behave in the future as served. The service
in the systems is exponential, the routing of positive customers in the network is Markov,
taking into account the possibility of turning the customer into a negative one after sending
it to another system.
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1. Introduction

QN with negative customers has introduced by E. Gelenbe [1, 2]. The main appli-
cation of this model is to simulate the effects of computer viruses on executable
programs on a server or on user's local computer. In transition mode, this network
has been investigated in [3].

QN with bypasses of nodes have introduced in [4]. It is shown in this work
that such model includes the possibility to bypass systems due to restrictions of
the number of customers or of the estimated waiting time. Stationary probabilities
of network states in the form of a product have found. In transition mode, a network
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with bypasses has been investigated in [5]. The use of a network with bypasses is
associated with the possibility of a client arriving at a service center of an informa-
tion network not to join the queue for one reason or another, but has to switch to
another service center.

In this paper, we consider an open QN with negative customers and bypasses of
nodes with positive customers taking into account the first two features, and by-
passing service systems is carried out only by positive customers. In the stationary
mode, they were investigated in [6, 7]. In [8], the expected revenues of the systems
of this network have been found when the revenues from transitions are random
variables with known moments of the first two orders.

Consider an open G-network with n single-queues QS. The network state at

time ¢ is described by the wvector of dimension n+1: k= I;(t) = (I;t) =
=(ky,k,,....k,,t), which forms a homogeneous Markov process with a countable
count of states, where the state (k;,/) means that at time ¢ in QS S, there are
positive customers, i = I,_n

An independent Poisson flow of positive customers with rate 1, and a Poisson
flow of negative customers with rate A, arrive to QS S; from outside (system ),
i=1, n. All customer flows arriving to QS are assumed to be independent. A posi-
tive customer arriving to the system increases the count of customers in the system
by unity and requires service. Requests are serviced in the order received. The ser-

vice time of customers in the i-th QS is independent, and does not depend on dura-
tions of service of positive customers which are an exponential distribution with

the rate yl.,izl,_n.

The positive customer is sent to the i-th QS from the external environment or
from other systems, when the network is in a state k, with a probability f (i)(ki),
where k; — number of positive customers in the i-th QS, joins the queue, but with
an additional probability 1— £’ (k,) does not join the queue, considered instantly
served (i.e., bypasses the QS).

The positive customer gets serviced in S; with probability p;, moves to QS S,

as a positive customer and with probability Pi _asa negative customer and with

probability p,, :I—Z( p; +p; ) comes out of the network to the external envi-
A
ronment, i, j=1 n

Negative customers represent a special type of customers; they are not serviced
and arrive directly in the QS (for them " (k;) = 1), where they reduce the queue

length by one if the number of customers in the system is greater than zero, and do
not make any changes if there are no customers in the QS. After these operations,
negative customers disappear and subsequently do not affect the network.
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Let ¢, (7() — be the conditional probability that the customer arriving at the i-th

QS, when the network is in state &, will not be served by any of the QS and will
not change the status of the network;

¥ (7() — the conditional probability that the customer arriving at the i-th QS,
when the network is in state &, for the first time will receive a servicing in the j-th
QS, j=Ln;

Sy (7() — the conditional probability that the customer, arrived from the outside

at the i-th QS, when the network is in state k , for the first time will have an impact

on the j-th QS as a negative customer, j=1,n;
a; (7{) — the conditional probability that the customer, whose servicing in the

i-th QS is completed, when the network is in state k, will no longer be served by
any of the QS and will leave the network;

By (12) — the conditional probability that the customer, whose servicing in the
i-th QS was completed, when the network is in state k, for the first time after that
to get service in the j-th QS, i, j=1,n;

Vi (/;) — the conditional probability that the customer, has served in the i-th QS,

when the network is in state k for the first time will have an impact on the j-th QS,

while being a negative customer, i, j=1,n.
According to the formula of total probability, we obtain:

Q(%)Z(l—f([)(l;))[pio +Z:[p;¢j (l;)+p; (1—u(kj))}j, i=lLn, (1)

vy (k)= 100, +(1—f<”(1€))ip5w,, (k). ij=Ln, @)
& (F)=(1- fm@)){p,; S (;;)}, ij=ln. ®

ai(%)=pio+i[p;¢j (/;—Ii)+p,;((l—u(kj))+5g(2—u(ki))ﬂ, i=Ln, (4)

ﬁzj(lz):ip;(//lj(i{_li)’ i,j=1,_n, (5)
=
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yy.(/}):p;+ip;§b.(/§—1i), ij=ln, (6)
I=1

17i = .7 . . .
where: 6, = {O ) j. — the Kronecker delta, /; — vector, which is i-th component
JFE

Lx>0;
0,x<0.

The aim of the research is to derive the Kolmogorov system of difference-
-differential equations (DDE) for finding the non-stationary state probabilities and
propose a method for solving it.

equal to 1, all the others are 0, i = L_n , u(x) —Heaviside function, u(x) = {

2. The Kolmogorov system of difference-differential equations
for the state probabilities

Let P (12,:) — be the state probability of the network k at time ¢.

Lemma. Nonstationary state probabilities of the considered QN satisfy the Kolmo-
gorov DDE system:

dP(E,t) " . -

i =2 (1 () )1, () ) ()«

+izgiiy/ﬁ (k1) u(k)P(k—1,, 1)+

=l j=l

+i|:ﬂnz +iﬂgj§ji(§+Ii)+ﬂi“i(l;Jr[")}P(ler["’t)Jr

+ii%ﬁﬁ (1§+1j —Jl.)u(ki)P(%uj —[,.,t)+

i=1 j=l1
J#i

+izn:yj;/ﬁ(7c+1j+Ii)P(7c+1j+1,.,t). @)

i=1 j=1

Proof. The possible transitions of our Markov process in the state (lg,t) during
time At:
1) from the state (l; - Ii,t) with probability

Ao s (R =1, Ju(k)At+ o(AD), i j=1,n;
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2) from the state (12 +1, z) with probability
[/10’,. +/1(;j§_ﬂ.(7c+1l.)+,uial.(7c+1l.)JAt+o(At), i,jzl,_n; 1.n
3) from the state (12 +1,-1, ,t) with probability
B (ke+ 1, =1, Ju (k) At + o(AD), i, j =L,
4) from the state (12 +I+ 1, t) with probability
iy (k+ 1+ 1) At +o(AD), i, j=1n;
5) from the state (/Et) with probability
1—[11;.(1—¢,.(ié)u(k,.))wiu(k,.)(l—ﬂ”(12))+A1;iu(k,.)}m+o(m);

6) from other states with probability o(At?).

Then, using the formula of total probability, we can obtain

P(k,t+Af) = Zzozl//, (k=1,) utkc)P(k—1,, t)At+

=l =l

+;|:Ao‘i+;lgjfﬁ(k+1,.)+yiai(k+1[)}P(k+Ii,t)At+

+iiyjﬁﬁ(1€+1j 1 )u(k ) P(F + ;= I,,t) At +
i=l j=1
J#i

+iiﬂj7ﬁ(’;”f”f)’0(%”f +I“t)At

i=l j=1

+P(/€,t){1—[ﬁ,(; (1-¢ (l;)u(k[))+yiu(ki)(l—/3i[ (l;))+ﬂ(;iu(ki )Jm} +o(Af).

Dividing both sides of this relationship by Af and taking the limit A — 0,
we obtain a system of equations for the state probabilities of the network (7).
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3. Finding the state probabilities of the network operating
in saturation mode

We assume that all QS networks operate in saturation mode, i.e. k;(¢)>0
Vt >0, i=1,n, then system (7) takes the form

P 1 0) -0 5 ()

i=1

+;j&;¢/ﬁ(k—[[)P(k—li, t)+
+;|:Ao‘i+;ﬁgjfﬁ(k+1i)+,ulai(k+1i)}P(k+Ii,t)+
+iiﬂjﬂ_/i (7”1_/ _If)P(i‘J’I./ _If’t)+

i=l j=1
i

+iiyﬂ/ﬁ(l€+lj+[i)P(l€+Ij+[[,t). (®)

i=l j=1

The number of equations in system (8) is countable. To solve the DDE system,
we apply the method of multidimensional generating functions.

We denote by ¥, (z,t), where z=§=(zl,zz,...,zn), n-dimensional generating
function:

¥ (z,0)= i ii Pk, ky,.k, D)z 22 2 =

=§§ G t)Hz 2| <1. )

|| MS

the summation is taken over each k;, from / to oo, izl,_n, because the network
is operating in a high load (saturation) mode.

Consider the case where the conditional probabilities (/5,(7(), l//y(/;), i (lg),
a, (1}), B, (/}), Vs (1}), i, j=1,n do not depend on the state of the network.

Multiply (8) by Hz,kf and sum over all possible values of &, from 1 to +o0,
I=1
[ =1,n. Then we get:
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0

dP(k,t
Zlkz_:l ( )H

o0

_ z[ (1=¢,)+ 1, (1- B,) %]i ZP(’?’f)ll[ka’*
= =1 =1
+§_1 j~0+iz,ll//ﬁk—lmk —1P(k_[i, t)l— le+

+i|:ﬂ,0i +i/10*j§ﬁ +,uiai}i...i P(l;+1i,t)ﬁsz +

1 k=l =1
+Z”1ﬂﬂ Z Z (k+1 l.,t)Hz,kf +
i,j=1 k= I=1
l#]
S uy, Z Z (k+1;+1, I)Hz : (10)
i,j=1 kn=

Consider the sums included in the right-hand side of relation (10). Let

PINCUED WD NI W (I §
i=l =l k=l k=1 I=1

then
PMEHE ZZUIZIZI//JIZP(/C t)Hz [Z;:l&ziZ::wjiT,z(z,t).
For the sum . i
Y (zn)= Z{% +Zﬂo &+ e ,}Z Zl (k+1,, t)l_llzlk’
we have:

; Aoi + Zﬂ’gj‘fji + 4,
Zz(z,t)zz = ¥ (z,)—

Z;

. ﬂ,o_i-f'zlajé:ﬁ_’—/uiai 0
b= S Plkyesk 0,k ok, f)HZk’_
i=1

Z. —
i k£1

J=Ln, j#i

l:tt

y Aoi 2P0+ 14
= =l ¥ (z,1),
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Because the QS S, operates in saturation mode, i.e. P(k,,....k,_;,0,k,,,...k,,t) =0,

i=Ln.

For the sum

z (z,t)= Zyjﬂﬂz ZP(k+I Il,t)Hz

i,j=1 k=
i#]

we will have:

D (0=
—Z,uj ﬂ—‘{f (z,0)- Zyj B 2N Pk 0k ek D] [ 20 =

i,j=1 i,j=1 j k=1
i#] i#] m=1,n,m#i I1#i
Z;
=X wp B ‘Pn(Z 0,
i,j=1
i#]

for the same reasons as for the sum Z 2(z,t).
And finally, for the last sum

S (20)= zwﬂz z (ke d+1.0)[ T2
I=1

i,j=1 k=

we will have:

PINEHE
1 00 n
‘Zﬂﬂﬂ ‘P (z.0) - Z,uj;/ﬂzz > Plhyyeski 0.k ok, D] [ 217

i,j=1 j i,j=1 J  ky=0 1
m=ln,m#j 1#i

Since all QS of the network operate in saturation mode, then

> (E0= X w0,
i,j=l1
Thus, for the generatlng function we obtain a linear homogeneous differential
equation

d¥ (z,t) Ly _
Tz_g[(ﬂ’oi(1_¢i)+:ui(1_ﬂii)+ﬂ’0i)_
n ﬂ'()_i+i}'gj§ji+:uit
— gz —— - uj - Zu,y,, ‘P(z £). (11)
& _ _

Z

J#I l



Investigation of G-network with bypasses of queueing systems by positive customers ... 93

Its general solution has the form

n

¥ (z,0)=C, exp{—z[(zgi (1-¢,)+u; (l—ﬁ,»,»)m(;i)_

i=1

ﬂ’()_idl_zﬂ’(;—jgjidl_/ui Q;

_/,i’(;rizizl//ji - = z Z/u/ jl_ Z/u/;//l . (12)
ji=1 i j i<
J#I t¢j

Assume that at the initial moment of time the network is in a state
(. 25,..00,,0), @; >0, P(a,a,,...a,,0)=1, P(k,k,,...k,,0)=0, Va,#k,
i=1,n. Then the initial condition for equation (12) will be Y, (z,0)=
= P(al,az,...,an,O)Hzl‘"l :Hzf”. Using it, we get C, =1.

=1 =1
Thus, if at the initial moment of time, the QN is in a state (x;,x,,...,x,,0),

x>0, i =1,n, then the expression for the generating function W ,(z,7) (12) has

the form
1 n n 2107’ + z/l(;jé:ji + /ujaj
W, (z.0) = ay (t)exp Z%Zizl//ﬁ t rexp Z = - tbx
i=1 j;l[ P .
X exp Zﬂj jl Lt exp{z,uﬂ/ﬂ }Hz , (13)
£,j=1 Zj i j=1 zZ;
i#]
where

n

ao(t):exp{— (A5 (1=8)+ (1= B,) + Ay ) z}.

i=1

To find the probabilities of network states, we transform (13) to a convenient
form. We expand the Maclaurin series of its exponents. Then the following state-
ment is true.
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Theorem. The expression for the generating function is representable as

n
D (li+g+r+u;)

SRERI IR 3 S 3 S S SIS ST x

=
1l
(=]
-~
1l
(=]
=
Il
o
Q
)
Il
o
—_
Il
o
K
1l
(=]
=
1l
(=]
=
B
Il
(=]

b4 o, L. uj
(’1(;) HW]I (ﬂoﬂ' A é:ji+ﬂiaij { /ujﬂjij (H:uj}/jiJ
J=1 J=1 J=1 a;+l;—q;+nr;—R—u;-U

n n
where R:Z”w U:Zui.
i=1 i=1

Proof. From the relation (13) we obtain

LFn(Zat) = ao(t)al(z,t)az (Z,t)(l3(Z,t)(l4(Z,t)HZlal
=1

where

ay(z,t) =exp %Zizl//ji t ZHHeXp{ﬂJz‘Zinit}:
i1 i1

= i=1 j=1
J#i J#I

Il
A

[
MS
DM

|

0 tll +hy+.. A+,

0 n
_ +h 1, 4 I A I
_E’E’W RNV Mr AR [ 75l
=0°1+%2" n* Jj=1

; Ao + z}“(;rjgji + 1 " Ao + z}“(;rjgji Ry tes

a,(z,t) =exp z e t :Hexp /- tr=
z

j=1 j=1
z z J J
— t‘!l,,,r‘]n Zlql

i=1 Z; i=1 i

q;
[ﬂ(; + z}"g_—jfﬁ + :uiaiJZi_lt
j=1

Il
Ms

|
i=1 g;=0 q;-

[ﬁ”m_’_iﬂ’gj‘fjl +ﬂ1a1J [/1011 +iﬁ”(;rj§jn +/unanJ

qn

1=0  ¢q,=0 9 'Qn'

V4

. (14)

~An
n
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ay(z0=exp| Y 1,8 J,—f T Lexpi s, ,,—f

i,j=l1 i=l j=1
i#] i#]

—
L[]

| |
i=1 j=17,=0 r n=0 r,=0 i=1 j=1 e
J#i J#l
n ’1 n rn
o o Hi B ) H/l_,ﬂj,,
l.. |
n=0 r,=0 rl . rn .
U G ity P e Ry v Ity R Y nr, _
z z, z, zZ'zy 2z, =
n n n n
0 0 ]1 JEj1 ]J’U]ﬂﬂ" n
:z“.ztn cengln J= J= Zlnrl—R“.Z’r;rnfR, R= r,
ey ! !
n=0 rn,=0 7"1 . n* i=1

n © © n n ,uy-il‘z_lz_l uj
a,(2.1) = exp Zﬂ,nzl =22 111 L J

i,j=1 i“j =0 u,=0 i=1

J
uy n uy
[Ts7s -----[Hﬂﬂjn]
_ z z tu1+ Ay, J=1 J=1 Zl—ul—uz— ~u,, ;“1 2 Uy Zl_ul...Z;un
Loy !
utu,!
u) R u,
[Tu7, [ uﬂ/jnJ )
— Z Ztu1+ u, \ J=1 ' j:‘l l—(Uﬂq) n(UH{n), U:Zul
— un_o ul .'...'un. i=1

Multiplying a,(¢), a,(z,t), a,(z,t), ay(z,t), a,(z,t) and Hz,‘” we obtain
1=1
an expression (14). The theorem is proved.

With the obtained expression for the generating function, state probabilities of

the considered network can be found. The state probability is the coefficient
at z zé‘z ,...Z" in the expansion of (9) in multiple series (15), on condition, that

n

at the initial time the network is in a state (¢, ,...,,,0).
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Example 1. Consider the network consisting of # =4 CMO. The intensities of
the receipt of positive and negative customers in each QS and also the intensities of
service are equal to respectively Aj, =17; 15, =9; A, =13; A, =5; Aps=11; A3=3;
Aoa=8; Apg=1; 11, =50, i = 1,5. Customers in the QS joins the queue with probabil-
ity f(l) =0,1; f(z) =0,2; f(3) =0,15; f(4) =0,25. The probabilities of transferring
customers from one system to another are equal to p,,=0,2, pl; =p; =01,
i,j =1,4. Solving systems (1)-(6) in the Wolfram package, we find conditional
probabilities $=0,269; ¢,=0,239; ¢,=0,254; ¢,=0,224; v, =0,67; v,,=0,174;

=0,174; y,,=0,165, i=14, & =073, &,=0,14, &,=0,1, &,=0,03,
ai =0,2986, £,;=0,268; B,.=0,07; p,,=0,07; B,,=0,065; y,,=0,368; y.,,=0,17;

7:=0,17; y,,=0,166; Finding the state probability (1,2,3,4) provided that the state

(1,1,1,1) was initial. It is the coefficient of z z;z;z, in the expansion of the generat-

ing function in a series k,=1+1,—q.+nr.—R—u ~U,u +U=1+1—q.+nr.—R—k_.
Figure 1 shows a chart of the probability of this state in the time interval [0; 10].

P(12,3.4.1)

14E-07

12E-07

6 8 10

Fig. 1. State probability (1,2,3,4) on [0;10]
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