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Abstract: In this paper, the Lie symmetry theory of discrete singular systems is studied 

in phase space. Firstly, the discrete canonical equations and the energy evolution equations 

of the constrained Hamilton systems are established based on the discrete difference varia-

tional principle. Secondly, the Lie point transformation of discrete group is applied to 

the difference equations and constraint restriction, and the Lie symmetry determination 

equations of the discrete constrained Hamilton systems are obtained; Meanwhile, the Lie 

symmetries of singular systems lead to the discrete Noehter type conserved quantities 

when the structure condition equations (discrete Noether identity) are established. Finally, 

an example is given to illustrate the application, the results show that the conservative 

constrained Hamilton systems also have the discrete energy conservation. 
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1. Introduction  

The systems described by the singular Lagrange function are called singular 

systems and expressed in Hamilton form in phase space. They are also referred to 

as constrained Hamilton systems [1]. Many important dynamic problems of 

mathematical physics and engineering technology are in accord with the model 

of constraint Hamilton systems, such as an electromagnetic field, light traversing 

phenomen, quantum electrodynamics, superstring theory etc. Symmetry theory [2] 

is a higher level rule in theoretical physics, engineering mathematics, modern 

mechanics and so on, and it is closely related to the conserved quantities, such as 

twins. In modern times, people seek conserved quantities through the symmetries 

that have: Noether symmetry [3], Lie symmetry [4] and Mei symmetry [5]. 

In recent years, the research on symmetries and conserved quantities of constrained 



Z. Mingliang 62 

Hamilton systems are paid more and more attention, and have made some progress 

[6-10]. 

 The theory of symmetry and conserved quantity for discrete mechanical sys-

tems has important theoretical and practical values for various numerical algo-

rithms and integrability of differential equations in the fields such as computer 

visualization, quantum field theory, mathematical physics, economics and so on. 

In 1970, Cadzow [11] gave the discrete variational principle and the discrete 

Euler-Lagrange equations, which laid a foundation for the symmetry principle to be 

applied in discrete systems in the future. In 1980, on the basis of the discrete varia-

tional principle, Li Zhengdao [12] considered time as a dynamic variable to be dis-

crete and obtained the motion equations of the discrete systems and the discrete 

form of energy conservation law. In 2002, Guo Hanying [13] proposed a new dis-

crete variational method: the discrete difference variational method. This varia-

tional approach treats the difference as a geometric object and has the advantage of 

preserving the structure in dealing with discrete Hamilton systems. Fu Jingli and 

Shi Shenyang [14-16] studied the Noether symmetries and conserved quantities of 

discrete Lagrange-Maxwell electromechanical systems, discrete nonconservative 

and discrete nonholonomic constraint systems. Dorodnitsyn [17] firstly used Lie 

group transformation in differential equations and the lattice equations at the same 

time, he gave a conclusion that different Lie groups can lead to different conserved 

quantities. Fang Jianhui and Xia Lili [18-20] studied the Mei symmetries and con-

served quantities of discrete constrained mechanical systems in form space and 

phase space. They were also compared with Noether symmetry and Lie symmetry. 

Generally speaking, the research on the symmetries and conserved quantities of 

discrete mechanical systems mainly focuses on the form space and nonsingular 

systems. There has been practically nothing written in literature about the discreti-

zation and the symmetry theory of the constrained Hamilton systems. According to 

the research methods about symmetries and conserved quantities of nonholonomic 

discrete mechanical systems, in this paper, the intrinsic constraints caused by 

singularity are considered, the Lie symmetry of a discrete singular singular systems 

in phase space is given, and I derived the conditions and form of discrete Noether 

conserved quantities by Lie symmetries. 

2. Motion equations of discrete constrained Hamilton systems 

The form of mechanical systems is determined by n generalized coordinates 
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systems description, there are some constraints between the regular variables 

in phase space:  

 ),...,1(0),,( rnjtj −==Φ qp  (1) 

The constraints also must satisfy the restrictive conditions of virtual displace-

ment and time variation: 
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The Hamilton functional action of the system is: 
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In the discrete mechanics systems, the variational principle is divided into two 

kinds: the discrete variational method and the discrete difference variational 

method.  The former only uses the difference instead of the derivative and does not 

preserve the difference form, the latter regards difference as a geometric object 

(independent variable), generally speaking, the discrete difference variational 

principle is more practical and superior in discrete Hamilton mechanics systems. 

According to the discrete difference variational method, time is discretized into 

a point sequence { } ),...,2,1( Nktk = , the regular variables )(tq
s

 and )(tp
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replaced by a discrete difference sequence, and the difference of time and regular 

variables are expressed as: 

 
kk

k

s

k

sk

s

kk

k

s

k

sk

skkk
tt

pp
p

tt

qq
qttt

−

−
=∆

−

−
=∆−=∆

+

+

+

+

+

1

1

1

1

1
,,

 (4) 

The corresponding discrete form of the Hamilton function is: 
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The formula (3) is discretized:  

 ∑ −∆−=
+
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 (6)  

The 
t
δ  is all variational operators, δ  is isochronous variational operators, 

∆  is discrete derivative operators, there are the following important relationships: 
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The 
+

R  is the recursion operator, the discrete Leibniz rule can be expressed 

as under the variable time step: 
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According to the variational principle, the total variation of formula (6) should 

be as follows: 
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The discrete-time forms of internal constraints (1) and restrictive conditions (2) 

resulting from the singularity of the constrained Hamilton systems are: 
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For independence and independence k

s

k

s
pq , , as long as we choose the discrete 

constraint multiplier ),,( k
s

k
sk

k
j pqtλ  rationally and appropriately, it multiplies the 

second equation of formula (10) and takes the sum in the interval )(
1 kk tt −
+

, and 

then adds it to the formula (9), we can get the following result:  
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By using the fixed boundary conditions and the arbitrariness of the sum k  

interval, the regular equations of the discrete constrained Hamilton systems are 

as follows: 
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The energy evolution equations are as follows: 
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In this case, this article only considers the constraint formula (1) as the second 

class constraint, namely { } 0,det
0
≠ΦΦ

=Φ
ji ）,...,1,;( rnjiji −=≠ , then all 

constrained multipliers jλ  can be completely determined by the self-consistent 

stability condition of constraints [21]: ),,( ssjj pqtλλ = . 

3. Lie symmetries of discrete constrained Hamilton systems 

The infinitesimal transformation of discrete time 
kt
, discrete generalized coor- 

dinates k

sq  and discrete generalized momentum k

sp  are: 
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The vector of the infinitesimal generating element is: 
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It is important to note that the motion difference equations (12) and (13) involve 
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discrete points. 

According to the Lie symmetry definition of the mechanical systems, the invari-

ance of the differential motion equations of the discrete constrained Hamilton 

systems under the infinitesimal transformation (14) is reduced to the following 

discrete deterministic equations: 
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The discrete restriction equations with invariance of the intrinsic constraint 

equations (1) under the infinitesimal transformation (14) are: 
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Considering the export process of differential equations, then the infinitesimal 

generating element needed to meet the discrete additional restriction equations: 
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Definition 1: If the discrete infinitesimal generating element 
k

s

k

sk ηξτ ,,  satisfies 

the deterministic equations (16), the corresponding symmetry is the Lie symmetry 

of the discrete-time constrained Hamilton systems corresponding to the discrete-

time free Hamilton system. 

Definition 2: If the discrete infinitesimal generating element 
k

s

k

sk ηξτ ,,  satisfies 

the deterministic equations and restriction equations (17), the corresponding sym-

metry is the weak Lie symmetry of the discrete-time constrained Hamilton systems. 
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Definition 3: If the discrete infinitesimal generating element k

s

k

sk ηξτ ,,  satisfies 

the deterministic equations (16), restriction equations (17) and additional restriction 

equations (18), the corresponding symmetry is the strong Lie symmetry of the 

discrete-time constrained Hamilton systems.  

4. Conserved quantities of discrete constrained Hamilton systems 

      For the constrained mechanical systems, the Lie symmetry of the system can lead 

to the conservation of the Noether type under certain conditions. The following 

theorem gives the conditions and forms about the Lie symmetries of  the discrete 

constrained Hamilton systems leading to discrete Noether conserved quantities. 

Theorem 1: According to differential discrete variational principle, if the infini- 
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Then the Lie symmetry of the discrete constrained Hamilton systems leads to 

the discrete form of the Noether type conserved quantity: 
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At the same time, it can be seen from the above proof that the infinitesimal 

generating element that satisfies the structural condition equations are also the 

Noether quasi symmetric transformation of the discrete constrained Hamilton 

systems. 

Theorem 2: According to differential discrete variational principle, if the infini-

tesimal generating element k

s

k

sk ηξτ ,,  can make the deterministic equations (16) 

and  restriction equations (17) can be established, meanwhile, there are also normal 

functions satisfying the following structural equations (19), then the weak Lie 

symmetry of discrete constrained Hamilton systems leads to the discrete conserved 

quantity of type (20). 

Theorem 3: According to differential discrete variational principle, if the infini-

tesimal generating element k

s

k

sk ηξτ ,,  can make the deterministic equations (16), 

restriction equations (17) and additional restriction equations (18) can be estab-

lished, meanwhile, there are also normal functions satisfying the following struc-

tural equation (19), then the weak Lie symmetry of discrete constrained Hamilton 

systems leads to the discrete conserved quantity of type (20). 
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5. Example  

The Lagrange function of the system is: 
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Try to investigate the Lie symmetries and conserved quantities of discrete 

systems in phase space. 

It is obvious that the L's Hess matrix rank is 20 < , so it is a constrained 

Hamilton system, thus there are two constraints in the regular variables: 
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The compatibility conditions and stability conditions of the constraints are 

obtained: 
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The discrete Hamilton function of the system is as follows: 
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According to formula (12) and (13), the motion difference equations of the 

system are obtained: 
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The deterministic equations (16) of Lie symmetry are given: 
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For convenience, we take the standard lattice, that is, the time step is the equal 

step length htk =∆ , then the equations (26) have a set of solutions as follows: 
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The restriction equations (17) are given: 
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The additional restriction equations (18) are given: 
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The structural equations (19) give the norm function corresponding to the 

generating element and it is: 

 0=
k
G  (30) 

Therefore, the system has the conserved quantity of the corresponding form (20) is: 
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It is easy to see that the above results are correct, and formula (31) is the discre-

tization of energy conservation in the conservative systems. At the same time, 

the generating element can be verified to satisfy the restriction equations (28) and 

the additional restriction equations (29). Therefore, the infinitesimal generating 

element corresponds to the strong Lie symmetry of the discrete constrained 

Hamilton systems. 

6. Conclusion 

The symmetry and conserved quantity of discrete singular mechanical systems 

have not yet appeared, in this paper, the Lie symmetry and the Noether conserved 

quantity of discrete constrained Hamilton systems are studied by the difference 

discrete variational. The main conclusions are: the differential motion equations 

(12) and (13) of discrete constrained Hamilton systems; Lie symmetry determinis-

tic equations (16) and three definitions for discrete constrained Hamilton systems; 

the structural equations and form of the Lie symmetry leads to a conserved quan-

tity. It is found that the discrete constrained Hamilton systems have similar forms 

and properties with the constrained Hamilton systems under continuous variation 

when the difference is regarded as an independent variable, in particular, it can 

keep the structure unchanged. An example shows that the results of this paper 

can be regarded as a natural generalization to the Lie symmetry of continuous con-

strained Hamilton systems )0( →h , the conservative discrete singular systems also 

have energy conservation. The method and content of this paper can be extended 

to study the symmetries and conserved quantities of the nonconservative and 

nonholonomic discrete singular mechanical systems in phase space. 
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