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Abstract. This paper considers the random evolution with Markov switching. The resulting 

limited process is diffusion and depends on the small series parameter. The sufficient 

conditions of dissipativity of the limited process were obtained. Since the conditions 

of the Model Limit theorem and dissipativity conditions were set asymptotic dissipativity 

of the output process. 
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1. Introduction 

One of the main problems in the theory of random processes is the establish-

ment of sufficient conditions for convergence to diffusion processes [1]. Random 

evolution of continuous and discrete types is considered in [2]. In particular, 

the solution of the singular perturbation problem is obtained for random processes 

with Markov and semi-Markov switching. Markov and semi-Markov processes are 

considered in the paper [3] for queuing systems with a single server and mainte-

nance time, depending on the length of the queue. Work [4] deals with a stochastic 

process with Markov switching in the scheme of asymptotically small diffusion. 

On the other hand, dissipativity as a property of the process is widely discussed 

in the literature. The book [5] deals with dissipativity as deterministic as well as 

random systems. Specifically, dissipativity of random systems with diffuse compo-

nent is investigated in [6]. The important  point to establish the system dissipativity 

conditions is the use of the Lyapunov function. In [7] the conditions of dissipativity 

of impulsive systems are studied in terms of Lyapunov function defined for this 

system. Asymptotic dissipativity of random evolution was previously received with 

diffusion [8] and impulse perturbation in the diffusion approximation scheme. 

In this paper the stochastic process is considered with diffusion perturbation in 

the asymptotically small diffusion scheme. Asymptotic dissipativity derives from 

dissipativity of the limited evolution and conditions of the Model Limit theorem. 
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2. Problem formulation 

Considering the stochastic system with diffusion perturbation which is defined 

by stochastic differential equation [2] 

 

1
03 3

1/2

3

( ) = ( ); ( );

( ); ( ),

t t
du t C u t x dt C u t x dt

t
u t x dw t

ε ε ε

ε

ε
ε ε

ε σ
ε

−      + +      
      

  +   
  

 (1) 

where ( ), 0u t tε ≥
 
-  random evolution, du R∈ ; 0 ( ; )C u x  - singular perturbation of 

the regression function ( ; )C u x ; ( )w t  - Wiener process; ( , )u xσ  - diffusion. 

Markov process ( ) > 0x t  is defined in the dimensional space phase of states 

( , )X X  with stationary distribution ( ),B Bπ ∈X . 

The generator of the Markov process ( )x t  is given by ratio 

 ( ) = ( ) ( , )[ ( ) ( )].

X

x q x Q x dy y xφ φ φ−∫Q  (2) 

For generator Q  potential 0R
 

is determined, which has the form 

1
0 = ( ) ,−Π − Π +R Q  where ( ) = ( ) ( )

X

x dx xφ π φΠ ∫  - projector on the subspace of 

zeroes of operator : = { : = 0}.N φ φQQ Q  

Limited evolution of system (1) has representation 

 
1

( ) = ( ) ( ) ( ),
2

du t C u dt B u dw tε+  (3) 

where 

 ( ) = ( ; ) ( ).

X

C u C u x dxπ∫  (4) 

Limited diffusion σ  is determined from the ratio *( ) ( ) = ( ),u u B uσ σ  where 

 2( ) = ( ; ) ( ).

X

B u u x dxσ π∫  (5) 

Let the condition of balance hold 

 0( ) ( ; ) 0.

X

dx C u xπ ≡∫  (6) 
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Operator ( )xɶL  takes the form 

21
( ) = [ ( ) ( , )] ( ) ( ) ( , ) ( ).

2
x C u C u x u B u u x uφ εσ φ ′ ′′− + −  
ɶL  

3. Main result 

Theorem. Let the Lyapunov function 4( ) ( )dV u C R∈  of system 

 = ( ),
du

C u
dt

 (7) 

satisfies the conditions 

0 0 0 1 11:| ( , ) [ ( , ) ( )] |< ( ), > 0;C C u x C u x V u M V u M′ ′R  

1 0 2 22 :| ( , ) [ ( , ) ( )] |< ( ), > 0;C A u x L u x V u M V u M′ ′ɶR  

0 0 0 3 33:| ( , ) [ ( , ) ( )] |< ( ), > 0;C C u x C u x V u M V u M′ ′R  

1 0 4 44 :| ( , ) [ ( , ) ( )] |< ( ), > 0.C A u x L u x V u M V u M′ ′ɶR  

Under the condition of balance (6) and inequalities  

 1 1( ) ( ) < ( ), > 0,C u V u c V u c′ −  (8) 

 2 2( ) < , > 0,sup
du R

u c cσ
∈

 (9) 

system (1) is asymptotic dissipative [2]. 

Proof of the theorem: 

Lemma 1. Generator of two-component Markov process 

 
3

( ), = , 0t

t
u t x x t
ε ε

ε
  ≥ 
 

 (10) 

in Banach space ( , )dR XB  of real functions 2,0( , ) ( , )du x C R Xφ ∈  has form 

 3 1
0 1( , ) = ( , ) ( ) ( , ) ( ) ( , ),u x u x x u x x u xεφ ε φ ε φ φ− −+ +L Q C A  (11) 

where 

 2
1

1
( ) ( , ) = ( , ) ( , ) ( , ) ( , )

2
x u x C u x u x u x u xφ φ εσ φ′ ′′+A  (12) 

and 

0 0( ) ( ) = ( , ) ( , )x u C u x u xφ φ ′C  
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Proof: The generator of two-component Markov process (10) on the test-function 

( , )u xφ  is given by 

 
0

1
( , ) = [ ( ( ), ) | ( ) = , = ] ( , ) .lim t tu x E u t x u t u x x u xε ε ε ε εφ φ φ+∆

∆→
 + ∆ − ∆

L  (13) 

Let us compute the conditional expectation 

,[ ( ( ), ) | ( ) = , = ] = ( , ).t t u x tE u t x u t u x x E u u x
ε ε ε ε ε ε εφ φ+∆ +∆+ ∆ + ∆  

The indicators of system time spent in the state x  are determined from the 

ratios 

3
3 3( )

( > ) = =1 ( ) ( ),t

q x
I e q x o

εθ ε ε
−−− −∆∆ − ∆ + ∆  

3
3 3( )

( ) = 1 = ( ) ( ),t

q x
I e q x o

εθ ε ε
−−− −∆≤ ∆ − ∆ + ∆  

since the distribution function of the time spent in a state x  has an exponential 

distribution. 

Hence, 

3 3
, ,( , ) = [ ( , )][( > ) ( )] =u x t u x t t tE u u x E u u x I

ε ε ε ε εφ φ θ ε θ ε− −
+∆ +∆+ ∆ + ∆ ∆ + ≤ ∆  

3 3
, ,= [ ( , )( > )] [ ( , ) ( )] =u x t u x t tE u u x E u u x I

ε ε εφ θ ε φ θ ε− −
+∆+ ∆ ∆ + + ∆ ≤ ∆  

3
,= [ ( , )(1 ( ) ( ))]u xE u u x q x o

εφ ε −+ ∆ − ∆ + ∆ +  

3
, [ ( , )( ( ) ( ))] =u x tE u u x q x o

ε εφ ε −+∆+ + ∆ ∆ + ∆  

3
, ,= [ ( , )] ( ) [ ( , )]u x u xE u u x q x E u u x

ε εφ ε φ−+ ∆ − + ∆ ∆ +  

3
,( ) [ ( , )] ( ).u x tq x E u u x o

ε εε φ−
+∆+ + ∆ ∆ + ∆  

Consider the second term separately. From decomposition to Taylor series 

obtain 

3 3
, , ,( ) [ ( , )] = ( )[ ( , ) [ ( , ) ]] ( ).u x u x u xq x E u u x q x E u x E u x u o

εε φ ε φ φ− − ′+ ∆ ∆ + ∆ ∆ + ∆  

From here 

3
, , ,( , ) = [ ( , )] ( ) [ ( , )]u x t u x u x tE u u x E u u x q x E u u x

ε ε ε ε ε εφ φ ε φ−
+∆ +∆+ ∆ + ∆ + + ∆ ∆ −  

3 3
, ,( )[ ( , )] ( )[ [ ( , ) ]] ( ).u x u xq x E u x q x E u x u oε φ ε φ− − ′− − ∆ ∆ + ∆  
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By the substitution received results in (13) 

3
, ,

0 0

1 1
( , ) = [ ( , )] ( ) [ ( , )]lim limu x u x tu x E u u x q x E u u xε ε ε εφ φ ε φ−

+∆
∆→ ∆→

+ ∆ + + ∆ ∆ −
∆ ∆

L  

3 3
, ,

0 0

1 1
( ) [ ( , )] ( ) [ [ ( , ) ]]lim limu x u xq x E u x q x E u x uε φ ε φ− −

∆→ ∆→
′− ∆ − ∆ ∆ −

∆ ∆
 

( , ) ( ) =u x oφ− + ∆  

3
, ,

0 0

1
= [ ( , )] ( ) [ ( , )]lim limu x u x tE u u x q x E u u xε ε εφ ε φ−

+∆
∆→ ∆→

+ ∆ + + ∆ −
∆

 

3 3
, ,

0 0

( ) [ ( , )] ( ) [ [ ( , ) ]] ( , ) ( ).lim limu x u xq x E u x q x E u x u u x oε φ ε φ φ− −

∆→ ∆→
′− − ∆ − + ∆  

From the Taylor series 

3 3
, ,( ) [ ( , )] = ( ) [ ( , )]u x t u x tq x E u u x q x E u x

ε εε φ ε φ− −
+∆ +∆+ ∆ +  

3
,( ) [ ( , ) ] ( ).u x tq x E u x u oε φ−

+∆′+ ∆ + ∆  

Therefore, 

3
, ,

0 0

1
( , ) = [ ( , )] ( ) [ ( , )]lim limu x u xu x E u u x q x E u xε εφ φ ε φ−

∆→ ∆→
+ ∆ − −

∆
L  

3 3
, ,

0 0

( ) [ ( , ) ] ( ) [ ( , )]lim limu x u x tq x E u x u q x E u xε φ ε φ− −
+∆

∆→ ∆→
′− ∆ + +  

3
,

0

( ) [ ( , ) ] ( , ) ( ).lim u x tq x E u x u u x oε φ φ−
+∆

∆→
′+ ∆ − + ∆  

Taking into account the representation of Markov process generator (2) 

, ,
0 0

( ) [ ( , )] [ ( , )] = ( , ) = ( , ).lim limu x t u xq x E u x E u x u x u xφ φ φ φ+∆
∆→ ∆→

 −  Q Q  

Consequently, 

3
,

0

1
( , ) = [ ( , )] ( , )lim u xu x E u u x u xε εφ φ ε φ−

∆→
+ ∆ + −

∆
L Q  

3
,

0

( ) [ ( , ) ]lim u xq x E u x uε φ−

∆→
′ ∆ +  

3
,

0

( ) [ ( , ) ] ( , ) ( ).lim u x tq x E u x u u x oε φ φ−
+∆

∆→
′+ ∆ − + ∆  

From system (1) get 

1
03 3

= ( ); ( );

t t

t t

t t

s s
u u C u s x ds C u s x dsε εε

ε ε

+∆ +∆
−

+∆
      + + +      

      
∫ ∫  

1/2

3
( ); ( ).

t

t

s
u s x dw sεε σ

ε

+∆   +   
  

∫  
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Thus, 

1
03 3

= ( ); ( );

t t

t t

t t

s s
u u C u s x ds C u s x dsε εε

ε ε

+∆ +∆
−

+∆
      − + +      

      
∫ ∫  

1/2

3
( ); ( ).

t

t

s
u s x dw sεε σ

ε

+∆   +   
  

∫  

Substituting received result to second limit of expression for the generator 

( , )L u xεφ  

,
0

[ ( , ) ( , )] =lim u x tE u x u x uφ φ+∆
∆→

′ ′ − ∆   

, 3
0

= [ ( , ) ( , )] ( );lim

t

u x t

t

s
E u x u x C u s x dsεφ φ

ε

+∆

+∆
∆→

  ′ ′− +  
  

∫  

1
, 0 3

0

[ ( , ) ( , )] ( );lim

t

u x t

t

s
E u x u x C u s x dsεε φ φ

ε

+∆
−

+∆
∆→

  ′ ′+ − +  
  

∫  

1/2
, 3

0

[ ( , ) ( , )] ( ); ( ) = 0.lim

t

u x t

t

s
E u x u x u s x dw sεε φ φ σ

ε

+∆

+∆
∆→

  ′ ′+ −   
  

∫  

Considering the obtained results 

3
,

0

1
( , ) = [ ( , )] ( , ) ( , ) ( ).lim u xu x E u u x u x u x oε εφ φ ε φ φ−

∆→
+ ∆ + − + ∆

∆
L Q  

Replace 

1
03 3

= ( ); ( );

t t

t t

s s
z u C u s x ds C u s x dsε εε

ε ε

+∆ +∆
−      + +      

      
∫ ∫  

So, 

, , 3
0 0

1 1
[ ( , )] = ( ( ); ( ), ) =lim lim

t

u x u x

t

s
E u u x E z u s x dw s x

ε εφ φ σ
ε

+∆

∆→ ∆→

   + ∆ +   ∆ ∆     
∫  

, 3
0

1
= ( ( ); ( ) ( , ) ( , ), ) =lim

t

u x

t

s
E z u s x dw s z x z x x

εφ σ φ φ
ε

+∆

∆→

   + − +   ∆     
∫  

, ,3
0 0

1 1
= ( ( ); ( ) ( , ), ) [ ( , )].lim lim

t

u x u x

t

s
E z u s x dw s z x x E z x

εφ σ φ φ
ε

+∆

∆→ ∆→

   + − +   ∆ ∆    
∫  
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Applying the Taylor series to the first term 

1/2
, 3

( ); ( ), ) =

t

u x

t

s
E z u s x dw s x

εφ ε σ
ε

+∆    +          
∫  

1/2
, , , 3

= [ ( , )] [ ( , )] ( ); ( )

t

u x u x u x

t

s
E z x E z x E u s x dw s

εφ ε φ σ
ε

+∆   ′+ +   
    

∫  

2

, , 3

1
[ ( , )] ( ); ( ) ( ).

2

t

u x u x

t

s
E z x E u s x dw s oεφ σ

ε

+∆   ′′+ + ∆   
    

∫  

Hence, 

,
0

1
[ ( , )] =lim u xE u u xφ

∆→
+ ∆

∆
 

2

, , 3
0

1 1
= [ ( , )] ( ); ( )lim

2

t

u x u x

t

s
E z x E u s x dw sεε φ σ

ε

+∆

∆→

   ′′ +   ∆     
∫  

,
0

1
[ ( , )] ( ).lim u xE z x oφ

∆→
+ + ∆

∆
 

Thus generator takes the form 

, 3
0

1
( , ) = [ ( ( );lim

2

t

u x

t

s
u x E u C u s x dsε εε

φ φ
ε

+∆

∆→

  ′′ + +  ∆   
∫L  

2

0 ,3 3

1
( ); , )] ( ); ( )

t t

u x

t t

s s
C u s x ds x E u s x dw sε εσ

ε ε ε

+∆ +∆       + × +       
        

∫ ∫  

3
, [ ( , )] ( , ) ( , ) ( ) =u xE z x u x u x oφ ε φ φ−+ + − + ∆Q  

2 3
,

1
= ( , ) ( , ) ( , ) [ ( , ) ( , )] ( ) =

2
u xu x u x u x E z x u x oεσ φ ε φ φ φ−′′ + + − + ∆Q  

2 31
= ( , ) ( , ) ( , )

2
u x u x u xεσ φ ε φ−′′ + +Q  

1
, 0[ ( , ) ( ( , ) ( , )) ( , ) ( , )] ( ) =u xE u x C u x C u x u x u x oφ ε φ φ− ′+ + + − + ∆  

3 1 2
0

1
= ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ).

2
u x C u x u x C u x u x u x u xε φ φ ε φ εσ φ− −′ ′ ′′+ + +Q  

Taking into account expression (12), generator (11) is obtained. 

Lemma 2. Limited generator L  on the perturbed test-function 

 2 3 4
2 3( , ) = ( ) ( , ) ( , ), ( ) ( )du x u u x u x u C Rεφ φ ε φ ε φ φ+ + ∈  (14) 
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determined by the solution of the singular perturbation problem 

 1
2 0 3 1( , ) = [ ( , ) ( )] [ ( , ) ( ) ( )] ( ),u x u x C u u x x u xε εφ ε φ φ φ φ εθ− + + + +L Q Q A  (15) 

where residual term ( )xεθ  has representation 

 
0 2 0 3

2
1 2 1 3

( ) = ( ) ( , ) ( ) ( , )

( ) ( , ) ( ) ( , ).

x x u x x u x

x u x x u x

εθ φ ε φ

ε φ ε φ

+ +

+ +

C C

A A
 (16) 

Proof: Generator (11) on the perturbed test-function (14) has the form 

3 1
2 3( , ) = ( ) ( , ) ( , )u x u u x u xεφ ε φ ε φ φ− −+ + +L Q Q Q  

1 2
0 0 2 0 3( ) ( , ) ( , )u u x u xε φ ε φ ε φ−+ + + +C C C  

2 3
1 1 2 1 3( ) ( , ) ( , ) =u u x u xφ ε φ ε φ+ + +A A A  

3= ( )uε φ− +Q  

1
2 0[ ( , ) ( )]u x uε φ φ−+ + +Q C  

3 1[ ( , ) ( )]u x uφ φ+ + +Q A  

2
0 2 0 3 1 2 1 3[ ( , ) ( , ) ( , ) ( , )].u x u x u x u xε φ ε φ ε φ ε φ+ + + +C C A A  

Since N∈ QQ , then 

( ) 0.uφ ≡Q  

Therefore, 

1
2 0 3 1( , ) = [ ( , ) ( )] [ ( , ) ( ) ( )]u x u x u u x x uεφ ε φ φ φ φ− + + + +L Q C Q A  

2
0 2 0 3 1 2 1 3[ ( , ) ( , ) ( , ) ( , )].u x u x u x u xε φ ε φ ε φ ε φ+ + + +C C A A  

Given the appearance of residual term (16) get generator (15). 

Lemma 3. The solution of singular perturbation problem for generator Lε  on 

perturbed Lyapunov function  

 2 3 4
2 3( , ) = ( ) ( , ) ( , ), ( ) ( )dV u x V u V u x V u x V u C Rε ε ε+ + ∈  (17) 

has a representation 

 1( , ) = ( ) ( ) ( ),V u x V u x V uε ε εεθ+L L  (18) 

where limited generator L  has form 

 
1

( ) = ( ) ( ) ( ) ( )
2

V u C u V u B u V uε′ ′′+L  (19) 



Asymptotic dissipativity of the diffusion process in the asymptotic small diffusion scheme 101

and residual term 1 ( )xεθ  is defined by the ratio 

 
1 0 0 0 0 0

2
1 0 0 1 0

( ) = ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ).

x x x x x

x x x x

εθ ε

ε ε

+ +

+ +

ɶ

ɶ

C R C C R L

A R C A R L
 (20) 

Proof: The generator (15) on the perturbed Lyapunov function (17) has 

representation 

1
2 0 3 1( , ) = [ ( , ) ( )] [ ( , ) ( ) ( )] ( ).V u x V u x V u V u x x V u xε εε εθ− + + + +L Q C Q A  

From the first condition of singular perturbation problem solvability 

2 0( , ) ( ) = 0,V u x V u+Q C  

2 0( , ) = ( ).V u x V u−Q C  

Applying the balance condition (6) gets 

 2 0 0( , ) = ( ).V u x V uR C  (21) 

Using the second condition of solvability 

3 1( , ) ( ) ( ) = ( ),V u x x V u V u+Q A L  

here 1( )A x  is given by (12). 

3 1( , ) = ( ) ( ) ( ),V u x x V u V u− +Q A L  

where 

 1= ( ).xΠL A  (22) 

Denote by ( )xɶL  difference 

1( ) = ( ).x A x−ɶL L  

Then 

3( , ) = ( ) ( ),V u x x V uɶQ L  

 3 0( , ) = ( ) ( ).V u x x V uɶR L  (23) 

That is generator (22), which has representation 

21
( ) = ( ) ( ; ) ( ) ( ) ( ; ) ( ).

2X X
V u V u C u x dx V u u x dxπ ε σ π′ ′′+∫ ∫L  
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By the substitution ratios (21) and (23) in residual term (16) 

2
1 0 0 0 0 0 1 0 0 1 0( ) = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).x x x x x x x x xεθ ε ε ε+ + +ɶ ɶC R C C R L A R C A R L  

Thus, taking into account expressions (4) and (5), generator (18) is obtained 

with limited generator (19) and residual term (20). 

 

From the conditions C1-C4 of the theorem boundary on the residual term is 

of the form (20) 

 ( ) ( , ) < ( ).u x u w MV uεθ φ  (24) 

From Lemma 3 and expression (24) the conditions of the Model Limit theorem 

take place ([2], p. 64) 

( ) ( )ˆ( ), ( ) ( ), ( ) , 0.u t t u t W tε εη σ ε→ →  

Lyapunov function ( )V u  satisfies the Lipschitz condition 

2 1 2 1| ( ) ( ) |< | |,V u V u K u u− −  

where - const.K  

Then the relation below is performed 

(1) ( ) ( )
( ) | ( ) |,

d V u dV u
K u dW t

du du
σ≤ +  

where (1)( ( ) / )d V u du  and ( ( ) / )dV u du  - derivatives of the Lyapunov function 

calculated along the trajectory of the systems (3) and (7), respectively. 

Applying expressions (8) and (9) ([5], p. 23), have 

(1)

1 2

( )
( ) | ( ) | .

d V u
c V u Kc dW t

du
≤ − +  

Therefore, 0 1 1 2
0 0

( ) ( )exp{ } exp{ } | ( ) | .
t t t

s
V u V u c ds c dp Kc dW s ds≤ − + −∫ ∫ ∫  

Thus, 0 1 2 1
0

( ) ( )exp{ } exp{ ( )} | ( ) | .
t

V u V u c t Kc c t s dW s ds≤ − + − −∫  

Finding the expectation of both parts inequality obtained 

1 1
0 2

0

( )
( ) ( ) | ( ) | .exp exp

tc t c t s
EV u V u Kc E dW s ds

− − −≤ + ∫  
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Consequently, estimates are of the form ([5], p. 23) 

( )
{| ( ) |> } , 0.

( )inf
du R

EV u
P u t R R

V u
∈

≤ →  

So, system (3) is dissipative. Herefrom and from the Modal Limit theorem 

follows that system (1) is asymptotic dissipative. 

4. Conclusions 

This result makes it possible to build a functional of action in the problem 

of large deviations with small diffusion for asymptotic dissipative stochastic 

evolutions. In the paper the asymptotic dissipativity of random evolution with 

Markov switching in the asymptotic small diffusion scheme is obtained. Balance 

condition on the singular perturbation of regression function is crucial for estab-

lishing convergence of the initial process to the limited evolution. 
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