Please cite this article as:

Grzegorz Biernat, Sylwia Lara-Dziembek, Edyta Pawlak, The determinants of the three-band block matrices, Scientific
Research of the Institute of Mathematics and Computer Science, 2012, Volume 11, Issue 3, pages 5-8.

The website: http://www.amcm.pcz.pl/

Scientific Research of the Institute of Mathematics and Computer Science 3(11) 2012, 5-8

THE DETERMINANTS OF THE THREE-BAND BLOCK
MATRICES

Grzegorz Biernat, Sylwia Lara-Dziembek, Edyta Pawlak

Institute of Mathematics, Czestochowa University of Technology
Czestochowa, Poland
grzegorz.biernat@im.pcz.pl, sylwia.lara@im.pcz.pl, edyta.pawlak@im.pcz.pl

Abstract. In the paper the method of calculating of the determinants of block matrices is
presented. The three-band matrices are considered, both in the particular case (3D) as well
as in the general case.

Introduction

When we attempt to solve many issues connected with heat flow or with
the theory of vibrations the system of equations which reading to the band matrix
are obtained. Typically, these systems are solved using the numerical methods.
This work is an introduction to solve these systems using algebraic methods.

1. Solution of the problem

Let us consider the following matrices:
— the three-band matrix

A= 1 1ot 1)

L = nyxny

and
— the three-band block matrix
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So, the block matrices in 2D and in 3D case are presented in these form

4 -
I, A I, ... ... ... .
Ay=| ¢ 1 o 3)
]1 Al Il
T A )
41 -
I, A4, I, ... ... .. ..
Ay=| ot o “4)
12 A2 12
O SN
etc.
It is easy to check that the determinant of the block matrix 4, is as follows [1]
n n, -1 ny =2 n, -2 n -4
detd, =a"' - a' "+ a' —.. (5
1 2
Then, following the same way we obtain the determinant of matrix 4,
" n,—1) ,_ n,=2\ ..
det 4, :det[Alz—( 21 ]Alz 2+[ 22 JAlz “—..} (6)

Assuming the polynomial of degree n,

n, nz_l n,-2 n2—2 n,—4 _
fz(xl):x1 —[ . jxl +( 5 jxl — = -
:(xl _pl,l)(xl _pl,z)(xl _p1,3)"'-'(x1 _pl,nz)

where p; ; are zeros of the polynomial £, forj = 1,....n,,



The determinants of the three-band block matrices

we obtain the determinant of the three-band block matrix

det 4, :det|:(Al _pl,lll)(Al _pl,zll)(Al _p1,311)'~--'(A1 _pl,nlll):|:

:de‘[(A1 —pull)-det(A] —p,’211)~det(A1 —ply3ll)~...~de‘[(A1 _pl,nlll):

Wy (P11) W (p12) W (p13) W, (,,1_”1)
:(11 _pl,l)(ﬁ“l _pl,Z)(ﬂ’l _p1,3)'---'(ﬂ'1 ~ Py )

-(/12 —plyl)(/l2 —pu)(/l2 —pm)-...-(/l2 —plynl)-

'(inl _pl,l)(/ln] _pl,z)(/ln, _p1,3)'--"(ﬂ'n1 _pl,nl)

®)

where /11,...,/1,,1 are eigenvalues of the matrix 4; and Wi P11, Wa (1) are the

values of the characteristic polynomials W, of the matrix 4, [2, 3].

Moreover, the determinant of the matrix 45 is given by the formula

n n3_1 ny=2 n3_2 ny—4
dot A, =det| A7 - " LA+ T A

and then applying the polynomial of degree n;

nsy n3_1 ny=2 ny—2 ny—4
fz(xz):xi_[ 1 )xz’ +£ 32 sz‘ T =

:(x2 — P2, )(x2 —pu)(x2 —pm)-...-(x2 _p2,n3)

we obtain

det 4, :det[(Az _pz,llz)(Az _pz,zlz)(Az _p2,312)""'(A2 _p2,n212)i|:

= det(A2 —pzyllz)-det(A2 —pzyzlz)'det(A2 —pmlz)'...'det(A2 —pzynzlz):

W, (112,1) Wi, (Pz‘z) W.42(P2,3) Wi, (pZ,nz)

©)

(10)

:det|:A1 _(pl,l +p2,1)]1]'det|:A1 _(pl,l +p2,2)]1}""'det[A1 _(pl,l + Do, )Il:l'

WAI(I’]J*PZ,]) WA] (1’1,1 +1’2‘2) W41(pl,l+1}2,nz)



8 G. Biernat, S. Lara-Dziembek, E. Pawlak

'det|:A| _(pl,nl +p2,1)11:|'det|:A| _(pl,n] +p2,2)11:|'”-'det|:A1 _(pl,n] D2, )11:|

WAl(p],n1+p2,l) m (Pl,m*l’z‘z) W»Il(pl,n]*’pz‘nz)
(11)
Generally, continuing above algorithm we have
det A, =det( 4], —r, A" +r 4 =) (12)
Assuming
_ ny nk_l n,-2 nk_2 n,—4
det4, =det| 4,", — 1 A5+ 5 A5 - (13)
and
ny n,—1 np=2 n,—-2 n,—4
fk(xk—l):xk—l _[ kl jxk_l +£ k2 }CH —e =
(14)
:(xk—l Pk )(xk—l -P k—I,Z)(xk—l -P k—I,S)""'(‘xk—l TPk, )
we obtain
det4, :det[A1 —(pu + P, +...+pk71’1)11]-... (15)

W4|(P1,1+Pz,|+ -+1’k71,1)

The above expression includes n;xn,x...xn; factors.

In conclusion, the determinant of the three-band block matrix is given by the
product of the respective characteristic polynomials of matrix A4;.

The determinants of the block matrices are applicable among others in problems of
heat transfer. For example, the Finite Differences Method (FDM) for the Fourier
equation (in the case of the internal nodes) leads to the seven-band internal
equations in each time step and then the matrix of the system equations is a three-
band block matrix.
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