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Abstract. Weighted Residual Method can be treated as a kirfdoonmon root” of well
known algorithms such as FDM, FEM, BEM, collocatibmethods etc. This point of view
is completely motivated and it is possible to shbuat all of these methods are the special
cases of WRM. In this paper the construction ofdglFDM algorithm for non-linear para-
bolic equations (on the basis of WRM) is presentadsimplify the considerations, the 1D
task is discussed.

1. Direct approach
We consider the one-dimensional non-linear Fowgiequation in the form

oT(xt)_1 8 0T (x, 1)

C(T)szm aX[XmA(T)T}, a<x<b (1)

with the following boundary and initial conditions
x=a:  T(at)=T,(t)

Y g, 1) @

t=0: T(x,0)=Ty(x)

Xx=b: -1

Equation (1) describes the non-steady temperateick ih the volume of plate,
cylinder or sphere (fom=0, 1, 2, respectively) (T), A (T) are the thermophysi-
cal parameters (volumetric specific heat and themoaductivity), x, t are the
spatial co-ordinate and time.

The problem formulated in this way will be solved the basis of FDM. So, in
the considered area the set of pots =1, 2, ...N creating the differential mesh
A" with steph=x;; —x = const is distinguished

A" a=x, <X, <..<X <..<X, =b -h/2 (3)
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At the same time the lattice
A':0=t°<t'<t®<..<tf (4)

with stepAt is introduced.

The cartesian produat’'= A"xA' constitutes the time-spatial differential mesh in
which the approximate solution is searched.

For latticeA" a three-points star created by central nedind two neighboring
ones is defined. The numerical approximation ofrafee div(A gradT) will be
realized on the basis of mean differential quotierthe form

EITIRE (R 15

0 X h

In the interior of the segmeri._;, x..1) one distinguishes two additional points
Xic12= X — W2, %+12,= X+ h/2 and then

P m TP TP
XmA(T)|:aT(X’ t):| _(Xi +D) Aigl/z i+l i

0 X _ 2 h
i+1/2 (6)

x”‘A(T){M}p —[x. _Ejmmzﬂ

R b2 h

where indexp identifies a certain moment of time’0¢t" t""). As a rulet’=1t'
(explicit differential scheme) a=t"** (implicit differential scheme).
Analogously

aT(xt)]° P P
19 xmA(T)L :i_l Xm/]a_T - XmAa_T (7)
x™ X ox | X"h 0X )y 0X ) 4,

in other words

P TP _TP TP TP
ii x™A a—T = cDi+1 — i-1 (8)
x™ X ax |, R” R,
where
1( X +0.5h " 1% —0.5 "
e e L e B ©)
h X h X
and
Riril:OSthO.Eh R, = 031+ 0.b (10)
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whereR are the thermal resistances between the nodaarpfisthe same time it is
assumed that

A p _ 2Ai21/1ip p _ 2/1ip/1 iEl 11
The left side of equation (1) is approximated d®¥es
0T (xt T/-T7 T /-7
aTxt) ):c(Ti”) A (12)
Jt At At
For example in the cage= f one obtains
T .f+ _T~f T .f —T.f
T if+1=-|-if +A_f i+1 i CD + i-1 i q)i_l (13)

f i+1 f
C; Ri +1 Ri -1

As it is well known the differential equation (18pesn't assure the stability of
numerical solution and it is necessary to find pssible interval of time for
assumed discretization of geometrical area.

Equation (13) has an obvious physical interpretaliecause it is transformated

energy balance for the layef(X -1, Xi+12), tE(t", t™ [1, 2].
2. Weighted residual method

A like as in the previous chapter we will consitiee boundary initial problem in
the form

L(u)=b
u, =T,
J, =a, (14)
U, =T,

whereL is a certain differential operator.
Let us introduce the definition of solution defattthe interior of considered

area and its boundary
R=L(u)-b
R =u-T, (15)
R, =q-q,
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If u” is the exact solution of the problem (14) thendellects are equal to zero,
whereas in the case of approximate solutiothey are non-zero values. If the
assumed function fulfills exactly boundary conditions (this casdlwe considered
in this paper) theR =R, = 0.

Weighted Residual Method requires an introductibtapering functiorw and it
is assumed that an approximate solution fulfilksfisilowing criterion

[RwdQ =] [L(u)-b]wdQ=0 (16)

where Q is the considered area (in the general case at $pace-time domain).
Assuming that tapering functiom is created in the form of combination of linearly
independent functions;

w=) Bw, 17)

one obtains

ijjdgzj [L(u)-b]w,dQ=0, j=12.M (18)

It can be shown [2-5] that the adequate choic@indtfonsw; leads to the typical
algorithms of numerical solutions of boundary-glitproblems e.g. FDM, FEM,
BEM, collocational method etc.

3. WRM for non-linear parabolic equations

Let us consider the energy equation (1) with cood# (2). The time-spatial
differential mesh\"* has been described in chapter 1. In this meslotirepoints
star shown in Figure 1 is distinguished. This angypical for explicit differential
schemes (one can also consider the others cas&aWf.

At

T, To Ty

° s ° of
! h

\ 4

Fig. 1. Four-points star
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The functionT(x, t) for x 0 (X1, X ix), t O¢t", t') is approximated by polynomial
in the form

2
_ X=X, (X—Xo) t-t'
T=T,+(T, —TZ)T (T, 21, +T2)T Hu,-T) = (19
where
T,=Tlw T,=TL, To=T', U=T'"™,  x,=x
One can easy to check that
f
T,-T T,-2T +T
axn( 9] =y ey, D > 2(x’“*l—xmxo) =
0X ) 2h h
' (20)
T,-T, . T,-T T,-T,  T,-T
|l jt_0_y_2 0 Iym 4] ) 120_'_/] 220(Xm+1_xmxo)
2h 2h h h

It is assumed that the thermal conductivitgoncurrent the succeeding compo-
nents in the last equation is averaged as in chapad then

f m+ m m
Axm(a—Tj :Tl—TOLX 1_x XO"'X_J"'

ox ), R, h 2
(21)
+T2—T0 XM =x"x,  x™
R, h 2
or
10 (3wdT ) TTo[m+1 m(1 %],
x™ 9 x d X R, h x(2 h
(22)

Tz _To m+1 m(1 X,
+ LY e )
R, h x\2 h
The functionR in the area(x,—h, o+ h), t0t", t***) has the following form
R:Tl_TO m+1+m l‘-ﬁ +
R, h x\2 h

e To[me1_m (1, %] Uo T
R, h Xx{2 h At

(23)
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The tapering functions will be assumed as follows
w' =1 (x,t)@ (x,t), w'= 0, (xtQ (x.t) (24)
where
Q(X, 1)1 Xy SXS Xy thstst™ (25)

The criterion of weighted residual method

tF

b
[ [ROxt)w dxdt=0, i=2..N-1 f=01.F- (26)
0 a
leads to the equations
£ X2
[ R(xt)dxdt=0, i=2..N-1 f=01.E~-  (27)

tf x-h2

The last formula can be written in the form

41 X x; +h/
tJ' I R(x, t)dx+ IZR(x,t)dx dt =

tf | xi—h/2 '

- Z (28)
e x+h/2 x;=h/2
=[| | R(xt)dx= [ R(xt)dx|d=0
tf Xi Xi ]
Integrating fromt"tot™* and next fronx, —h/2 tox + /2 one obtains
T,-T X
170 matem| 2 =20 | 1+ h —In| 1 h +
R, 2 h 2X, 2,
(29)

T,-T X U,-T
PLESELLY PRI R I ELLG B (L -,———2h =0
R, 2 h 2X, 2, At

Because If{1+2) = z therefore one find the same result as in chaptircan be
shown that the similar considerations for nagdead to the equation presented in
[2, 6].

Final remarks
The basic aim of the paper was to present more leongxample of FDM algo-

rithm construction on the basis of weighted rediduethod principles and it
turned out that it is possible owning to properichoof tapering functions and
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adequate approximation of functidr{x, t). It seems that the paper can be interest-
ed for the Readers working in the scope of numkrigadelling of heat transfer
processes.
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