Please cite this article as:
Ewa Maijchrzak, Mirostaw Dziewonski, Grazyna Katuza, Application of the boundary element method coupled with the
artificial heat source procedure for numerical modelling of freezing process, Scientific Research of the Institute of
Mathematics and Computer Science, 2009, Volume 8, Issue 1, pages 105-112.
The website: http://www.amcm.pcz.pl/

Scientific Research of the Institute of Mathematics and Computer Science

APPLICATION OF THE BOUNDARY ELEMENT METHOD
COUPLED WITH THE ARTIFICIAL HEAT SOURCE PROCEDURE
FOR NUMERICAL MODELLING OF FREEZING PROCESS

Ewa Majchrzak"?, Mirostaw Dzieworiski', Grazyna Katuza'

! Silesian University of Technology, Gliwice, Poland
2 Czestochowa University of Technology, Czestochowa, Poland
ewa.majchrzak@polsl.pl, miroslaw.dziewonski@polsl.pl

Abstract. The freezing process of biological tissue subjected to the action of external cylin-
drical cryoprobe is analyzed. From the mathematical point of view the problem belongs to
the group of moving boundary ones because the shape and dimensions of frozen region are
time-dependent. In the paper the mathematical model of the process considered and the me-
thod of solution are presented. Next, the example of computations is shown.

1. Mathematical model

The freezing process proceeding in the domain of biological tissue subjected to
the action of external cylindrical cryoprobe (Fig. 1) can be described by following
equation [1-6]
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where C (T') is the substitute thermal capacity, A (T)
is the thermal conductivity, 7, {r, z}, t denote tem-
perature, cylindrical co-ordinate system and time.

The functions corresponding to substitute thermal
capacity C(T) and thermal conductivity A (T") [7, 8]
are shown in Figures 2 and 3, respectively. It should
be pointed out that natural state of biological tissue
corresponds to the temperatures 7 >7, =—1°C, while frozen state corresponds to
the temperatures T <7, =—8°C. In the interval of temperature [7>, T1] the evolution
of latent heat is taken into account.
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Fig. 1. Domain considered
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Fig. 2. Function C (T) Fig. 3. Function A (T')
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On the contact surface I'. between cryoprobe and tissue the Dirichlet boundary
condition is assumed

(r,pel’ : T()=T,—wgt, t<t, 2)

where w, [K/s] is the cooling rate, T} is the initial temperature of cryoprobe and ¢,
is the freezing time. After the time #, the boundary condition (2) is changed, namely

(r,9)el’,: T,0)=T,(@t,)—wt, t>t, (3)

where w, [K/s] is the heating rate, while T} (#, ) is the minimum temperature of
cryoprobe tip.

On the remaining boundary I'y limiting the domain considered the no-flux con-
dition can be accepted

(r,2)ely: q(r,z,t)=—MT)n-VT(r,z,1)=0 4)
Mathematical model is supplemented by initial condition
t=0: T(r,z,0)=T, 5)

where T, is the initial temperature of tissue.

It should be pointed out that the problem discussed is strongly non-linear and in
order to construct the effective algorithm basing on the boundary element method
the additional numerical procedure 'linearizing' the mathematical model (on a stage
of computations) should be taken into account. Here the artificial heat source me-
thod [9] is applied.

2. Kirchhoff's transformation

To linearize the mathematical model of freezing process the Kirchhoff substitu-
tion is introduced
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U =[rdp (6)

where T, is the reference level (in computations it is assumed that 7, = —200°C).
Because

oU(r,z,t) _dU 9T (r,z,1) _ AT oT(r,z,t) 7
ar dT  or or
and
BU(r,z,t):dU BT(r,z,t):MT)BT(r,z,t) 8)
0z dT 9z 0z
while
oU(r,z,t) _dU 9T (r,z,1) :}L(T)BT(r,z,t) ©)
ot dT  9Jt ot
so the right-hand side of equation (1) takes a form
li }L(T)raT(r,z,t) +i MT) 0T (r,z,1) _
ror or 0z 0z
(10)
19| oU(r,z,t) | 9°T(r,z,t)
——|r +
ror or 07’
and left-hand side of equation (1) can be written as
C(T)E)T(r,z,t):C(T)BU(r,z,t) (11
ot MT) ot
Finally, using the Kirchhoff convention one obtains
2
q)[T(U)]aU(r,z,t) _1 0 raU(r,z,t) N 0 T(r,zz,t) (12)
ot ror ar 9z
where
C[ru
BT )= (13)

NTU)]
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In Figures 4 and 5 the courses of functions U(T") and ®[T(U )] are shown.
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Fig. 4. Function U(T") Fig. 5. Function ®[7T(U )]

The boundary and initial conditions should be also written using Kirchhoff's trans-
formation, this means
(r,a)el’.: Ur,z,))=U, (1) =U[T,(1)]
(r,9)ely: q(r,z,t)=-n-VU(r,z,t)=0 (14)
t:o: U(r,Z,O)ZU(];J):UI,

3. Artificial heat source method

Function ®[T(U)] (c.f. equation (12)) can be expressed as a sum of two com-
ponents

PTU)]=P, +AP[TU)] (15)
The first component is constant, while the second denotes a certain increment as

shown in Figure 5.
The equation (12) can be written in the form

q)OBU(r,z,t):li raU(r,z,t)
ot ror or
o’T oU (10
N (r’zz’t)—ACI)[T(U)] (r,z,t)
0z ot

or
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oU(r,z,t) 19| oU(r,z,t) | 9°T(r,z,0)
b —— = ,Z, (17)
9t rar{r or }r 07’ Q.20
where
Qa<r,z,z>=—A¢[T<U>JW (18)

is the artificial heat source term. The calculation of a source function requires, of
course, the introduction of a certain iterative procedure [9, 10]. It should be pointed

out that if |A<I>[T(U )]| <@, then the adequate iterative algorithm is convergent.

4. 1st scheme of the boundary element method

The essential feature of equation (17) consists in a fact, that leaving out the last
term we obtain the linear form of energy equation. Taking into account the possibili-
ties of the boundary element method application in the range of non-steady problems
modelling, this is a very convenient form of basic differential equation because
a non-linearity appears only in the component determining the internal heat sources.

It should be pointed out that in order to use the BEM for domains oriented in
Cartesian co-ordinate system the equation (17) can be expressed as follows [11]

2 2
@ aU(x,y,Z):a U(x,y,t)+8 U(x,y,t)

S(x,y,t 19
T - oS ) (19)
where
SGry ) =L2UEYD L oy (20)
X dx

is a new artificial source function and x=r, y=z.
Application of the 1st scheme of the BEM to equation (19) for transition

t/ =t/ and constant elements with respect to time and spatial co-ordinates leads
to the following system of equations [12, 13]

leGﬂf = ﬁHUU{ + ZL:PI-,U/" + ZL)Z,-ZSX' 1)
j j =1 =1

where Gy, Hj;, Py, Z; are elements of influence matrices [13].
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In the first step of computations the system of equations (21) is solved and next
the internal values of function U are calculated using the formula

N N L L
U/ ZZH,‘,U; _ZGijq;t "'Z:Pilef_1 +ZZiISlf (22)
j=1 Jj=1 I=1 =t

5. Results of computations

The radius of cryoprobe equals R.=0.005 m and the tissue domain of dimensions
3R X3R. has been considered. The boundary has been divided into 60 constant boun-
dary elements and the interior has been divided into 225 internal cells (squares) as
shown in Figure 6. Time step: Ar=10s. It was assumed that cooling rate is equal
to heating rate w, =w, =5 K/min and freezing time equals #, =900 s. In Figure 7 the
temperature distribution for times 5, 10, 15 and 20 minutes is shown.
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Fig. 6. Discretization
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Fig 7. Temperature distribution for 5, 10, 15 and 20 minutes

Conclusions

The 1st scheme of the boundary element method coupled with the artificial heat
source procedure has been applied for numerical modelling of biological tissue
freezing process. The results of computations showed that the algorithm proposed
constitutes an effective tool of such problems solutions.
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