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Abstract. In the note a certain aspects of the interralatietween initial temperature

fluctuations and the averaged temperature fieldth@ microperiodic laminated rigid

conductors are investigated. The tolerance avegatgichnique is t into account as a tool
of modelling. It was shown that there exist initalues of initial temperature fluctuations
that the heat transfer process is independenteafi.th

1. Formulation of the problem

In the mathematical investigations of the averagedels of the heat transfer
process in microperiodic rigid conductors the terapee field is represented in
the form of

0=39+6,_ 1)

where 4 is the averaged temperature field, [1, 2]. Theciedumodelling problem
is then strictly related to answer to the questiow to introduce physical parame-
ters or fields which with the sufficient approxinaat can determine the residual
term §_=6-&. In the framework the well-known homogenizatioedaty, [1],
the residual termg, can be obtained by a solution to the unit cellbpjgm and
hence is uniquely determined by averaged temperdtald. In the framework
of the tolerance averaging approach, [2], the tediterm g is investigated in
the form of a finite number of first terms of a ta@n Fourier expansion with
respect to giver priori orthogonal function systerh” which are referred to as
shape functions. Coefficient8" of this expansion, nameblictuation amplitudes,
together with the averaged temperature field ave besic unknowns. Fluctuation
amplitudes $*, A=1,...,N, should be restricted by certain additional relasi
named physical reliability conditions [2]. The nuenbN of the first terms
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of Fourier expansion which are taken into accoumt #rm of shape functions is

strictly related to every problem which is analyzsdthew tolerance averaging
technique application. In the framework of tolermmoodel the heat transfer in
the microperiodic rigid conductor is representedabgystem of partial differential

equations of the first order with respect to tinoe fluctuation amplitudes and

the averaged temperature. Hence, the problem hfeinée of initial temperature

fluctuations on the heat transfer process in mierigglic laminated rigid conduc-

tors will be treated in this note as equivalenth® answer to the question what is
the influence of initial and boundary temperaturetuations onto a aforemen-
tioned heat transfer process.

The aim of this note is to discuss some speciakcspof this problem in
the framework ofsimplified tolerance model, [4], called alsosecond order
tolerance model [4] in which the evolution of fluctuation amplited is described
by the separated system of differential equationthe first order with respect
to time not depending on the averaged temperatigld. fin the framework
of asymptotic homogenization model residual temipeeafield 6, is uniquely

determined by the averaged temperature fiéldand hence the above problem
cannot be correctly formulated.

2. Mode equations

To make this paper self-consistent we are to shoetall basic concepts
of from the tolerance averaging techniqd@T). For details the reader is referred
to [1]. The object of considerations teperiodic conductors occupied in the refe-

ence configuration the regio® =Mx(-L,L) in R™, n=1,2, where N is
a certain regular region iR" (in the special case afi=1 region IN coincides
with a certain real interva(O,H),H > 0, cf. Figure 1. In the framework of the

tolerance averaged model of heat conduction praocesscroperiodic rigid lami-
nated conductors the residual tempera#gx, z,t) (at time instant and in every

point (x,z)Mx € L,L)) is assumed in the fornd (x,zt)=g"(2){*(x,zt),
A=1,...N, where g"(), g*(}, ... , g"(QDO(I) are |-periodic piecewise
differeniable continuous real shape functions gastda priori in every problem

formulated in the framework of a certain toleranmeeraged model. Hence
the total temperature is investigated in the form

B(x,21) =6 (x,z1)+9'@2)9' X,z1)+9° @Y &.z1)+ .. +9" €F" &k 21 .(2)

in which averaged temperature 8° andfluctuation amplitudes (1), $°((3), ...,
IV (G1), should be slowly varying (together with all iterivatives applied in
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the model) functions in thez@xis direction. The thermal properties of the édns
ered conductor will be described by the heat fitand the conductive matrikK

which are assumed to Heperiodic functions with respect taO{ L,L) and
constant in directions perpendicular waXis, i.e.c(x,z) =c(z), K (x,z) =K (2)

for (x,z)1x € L,L) and for every (X,z),(x,z+1)Mx € L,L) we have
c(z)=c(z+1), K(z)=K(z+1). Moreover, considerations will be restricted to
the case in which conductive mati has the form

K 0
K= 3
{0 k} (3)
for a certain positive definitexn symmetric matrix K =K (z) and positive

constant k(z), which are | -periodic functions with respect teOf{ L,L).

The starting point of the considerations is a systé tolerance averaged model
equations of the heat transfer process, [1], wfochhe aforementioned laminated
conductors will be written in the form

(©8°, ~IKK) M6 (k)&°,,=[KI"",,

R — 4
1’[("* 9%, -I(K)MM 99 {R “92-[k'9;, @
where we have introduced denotations:
IZCABE AB, IZKABEKAB
(0)"* =(cg”g®), 1*(K)* =(Kg"g") )

[K* =(kg?, ), {R*® =g’ ,9%,)

The averaged temperature and fluctuation amplitbeésy basic model unknowns
should satisfyhysical reliability conditions, cf. [1]

&°(x,(1), 9 (x, )OSV, (T) (6)

which means tha#°(x,0t) and 9”(x,[1) are slowly varying (together with all

derivatives of these functions in thedxis direction applied in (4)) with respect to
the certain tolerance systéim

Due to the fact that (4)reated as equations f@r are time ordinary differen-
tial equations and partial differential equationghwespect to the variable [Tl
we shall to formulate initial and boundary condiscfor both basic unknowng
and ¢ . Assume the temperature initial condition in thenf

6(x,2,0)=6(x,z), xmM , Z-(LL) @)
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where
0(x,z)=6°(x,z) +9"(x,2)9*(x,2z), xM , D-( L L) (8)
for known slowly-varying functiong°(0J and #* (0} defined in Q. Conditions
(7) and (8) yields initial conditions for toleranc®del equations (4)
& (x,2,00=6°(x,2), & (x,2,0=9%x2) (9)
Moreover, assume boundary conditions for a tempegdield & in the form
6(x,zt)=6,(x,zt), k,z)BQ ,& 0 (10)
where
G, (x,z,t) = 6% (x,2t) + 9" (x) &, (x,21t), &k z)BQ ,& C (11)

for known slowly-varying functionsg®, (1) and 8%, ([1) defined in 0Q for

every timet. Conditions (10) and (11) yields boundary condisidor tolerance
model equations (4)

6% (x,zt)=6°(x,zt), & (x,zt)=9"(xzt) ,x@ ,Z-(LL)F ( (12
We shall also assume that
6% (x,2,00=8°(x,z), 9,(x,z,0=9"(x z) ,xBQ (13)

Tolerance model equations (4), initial/boundaryditans (9), (12) together with
(13) will be referred to ashe tolerance averaged model for heat conduction
processin |-periodic conductor under consideration.

To simplify considerations we shall assume thatoetivity matrix has the form

K(2)=Wc(2), zO€ L,L) 14)
where
P o0
- -

for a certain positivenxn symmetric matrix® and positive realg . Condition
(14) will be referred to athe heat proportional assumption. Hence, we have

(K)*® = ()™, [KI*=¢fd”, (& " =g)k”™ (16)
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for
[d” =(cg",) {3 " =(cg’,9% ) 17)

Under denotation

00 W (18)

A
1]

model equations (4) yields
<C>(001t _iwgo_ ‘//‘90122 ): l//[c]A 79A’z
179" (5°, -0,9"F w{d"9%=-¢i 07,

In the subsequent considerations constant matBx \dll be treated as a certain
parameter characterized thermal properties of dinsidered conductor.

(19)

3. Analysis

Now we are to show that, under certain assumptifinstuation amplitudes
() can be described by the system of equations wisicindependent of the
averaged temperatur€. Considerations can be treated as special casieosé
for the hyperbolic heat transfer process in thdopkér rigid conductors which
yield the simplified tolerance averaged model aneliplained in [3]. To formulate

aforementioned assumptions we shall introdyr@glient part ¢, of the fluctua-
tion amplitude of fluctuation amplitude

Jem=—-({3 ) 1 ¢°2, (20)
where
{d)qp*=0" (21)

for AB,C=1,...N. Hence we have decomposed every fluctuation ampliti
onto two terms

I =98 +x* (22)

From the second of model equations (19) tepmisof the above decomposition,

which will be referred to auctuation variables, should satisfy partial differential
equations

120" Ix % ~Ox°F ¢A¢ “x°= 118 0 nm Tnom - UE i . (23)
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At the same time the first from equations (4) tatkesform

(©@, -0, kK9, =z lcx ", (24)
where
k¥ = e (25)
for
¢ =(c)-[]"H*Td" (26)

It can be shown, cf. [3], that if all derivativesfluctuation amplitudes?” applied
in (4) (not only in the Baxis direction) are slowly varying then the rigifaind side
of (23) can be omitted and hence the second tgfnin (22) should satisfy ordi-

nary differential equation
12(e)** (x®, O, x®F ¢{d " x*=0 (27)

and hence boundary conditions fgr®, written in (12), cannot be taken into
account. Under (20) and (13) initial conditions fpt takes the form

XA(x,2,0)=x"(x,z),x[@ ,Z-(L,L) (28)

where under (20),” is interrelated with initial valueg, of averaged temperature
J by

Y (%, 2)=9%(x,2) +wH™®[c]®00°(x,2), M ,Z ( L,L) (29)

and will be referred to abe initial fluctuation. Let us observe that for given initial
condition (9) fluctuation variabley can be determined from (27). Indeed, intro-

ducing for every square matrik denotation
+00 An
expA )=y

n=0 n!

(30)
we conclude that model equations (19) can be retitaéhe form single heat con-

duction equation for averaged temperature

(e)(6°, 0,6 k*6°, = s(x.t) (31)

z

whereH_ is a NxN positive matrix defined by

H =¢((©™)®{3* ABCH,..,N (32)
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and
s(x,z,t) =gc]"exp(H*H tY* X°,, x,z) (33)

Equation (31) will be referred to #% mean heat conduction equation while func-
tion (33) will be calleda temperature pseudosource. Formula (2) in the considered
case takes the form

6(x,zt)= & (x,2t) +g"(2) [ H®[c] &, (x, 2.t) +expEH L ° X° & )| (34)
It is easy to verify that the pseudosource (33) ¥alue of differential form
Wlc"exp(-1°H 1)*®9, (35)
on initial valuesy” = ¥*(x,z) . Denote
§"={X" =(x 2: ¢4 "exp(4°H D X°,, (x, 2) =0} (36)

Every initial valuesy” = ¥*(x,z) which do not depend on the varialzlbelongs
S”. Set§" is a certain linear space. It easy to verify tBat includes also initial
values Y* = ¥*(x,z) which satisfy condition

X" (x,2) ==k (2)[c] {exp(4°H D x(x 2) +...

(37)
o expEH Y & 2)

for

e — 1 —
[c]"exp(-I"H t)

and for an arbitrary differentiable functiogn=x(z) . Since for every element from
S” the right hand side the mean heat conduction aguédl) vanishes the diffe-
rential form (35) plays role of a certain filterrfinitial values Y* = ¥*(x,2).

Every instant for which y*(x,z)0S" will be calledan instant of the filtering.
Moreover, the right hand side of the mean heat gotoh equation (31) can be
treated as a value of a certain bilinear forngfic]* and 0,x® . This form is posi-

tive and symmetric since their matréxp(-1°H t) can be represented as

expl?H t)=0"diag € “™,..e"*" D (38)
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where AW, .. A™ are eigenvalues of positive and symmetric makfixand O is

certain orthonormal matrix. Hence,liftends to zero then pseudosource also tends
to zero.

4. Final remarks

Summing up aforementioned considerations it shdxddemphasized that in
the framework of the simplified tolerance averageadel of the heat transfer in
microperiodic laminated rigid conductors can beomgiulated to the form
of classical heat transfer equation with constasefficients which depends on
the fluctuations of initial temperature by the smuterm named in the paper as
pseudosource. The pseudosource has the followomepies:
1° it depends on the derivative in tiz -axis direction of fluctuation amplitude

initial values (28),
2° it monotonically degrees in the time being,
3° it is equal to zero provided that the consider@dductor is a homogeneous one

or initial fluctuation function,YA([)] do not depend omor has a special form

given by (37),
4° it is a certain filter for initial values of flieation amplitudes, i.e. there exist
initial values,?“([)], A=1,..N, of fluctuation amplitudes on which the heat

transfer in microperiodic laminated rigid condustocannot depends (in

the framework of simplified tolerance model).

It can be emphasized that there exist familiesndfal values of fluctuation
amplitudes on which the heat transfer in micropiddaminated rigid conductors

depends identically. This families are spaces effdim [x*()I....x" Q1+ S" for
a given sufficiently regular initial valugg™ (..., x" (0].
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