Please cite this article as:

Maria Lupa, Analytical solution of Cattaneo equation, Scientific Research of the Institute of Mathematics and Computer
Science, 2007, Volume 6, Issue 1, pages 127-132.

The website: http://www.amcm.pcz.pl/

Scientific Research of the Institute of Mathematics and Computer Science

ANALYTICAL SOLUTION OF CATTANEO EQUATION

Maria Lupa

Institute of Mathematics and Computer Science, Czestochowa University of Technology, Poland
email: lupa@imi.pcz.pl

Abstract. The Cattaneo equation supplemented by adequate boundary and initial conditions
is considered. The solution of this equation is found in analytic way. In the final part
of the paper the computations basing on the solution presented are shown.

1. Cattaneo equation

The following eguation is considered
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where u= u(x, t) is an unknown function, a, T are the positive constants. The equa-
tion (1) is supplemented by the following boundary conditions

t>0, x=0: u(0,t)=0

2
t>0, x=L: u(L,t)=0 &)
and initial ones
0<x<L, t=0: u(x0)=u, >0
O<x<L, t=0: @ =0 )
at|._,
2. Analytical solution
The equation (1) can be written in the form
2 2
au_rau_la_uzo (@)
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To solve the problem (4), (2), (3), the Fourier method [1] is applied. So, one
assumes that

u(X,t)zr;Un(X’t) ©
where
u, (%, t) =X, ()T, (t) ©
and then
aun(x, t) Xn(X)Tn/ (t), 0%, (;(,t) - n(x)Tn// (t)
at 2 ot (7)
288 s om0, T2 (o)

Putting (7) into (4) one obtains

X (x)Tn (t) —ixn(x)Tn” (t) —ixn(x)Tn’ (t) =0 (8)
this means
Xo (X)) _tT(1) _1T(t) _
X)) aT.() aT() ° ®)
or
Xix) LT O+IT)
n —a a (10)
X, (x) T, (t
It is assumed that
I lTn” t +£Tn/ t
Xn (X) - a ( ) a ( ) - _xi (11)

where A, # 0 are the constants.
If the function X, (x), Tn(t) will be the solutions of equations

T4+ /
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X (x)_ A = -\, (12
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then these functions will fulfil the equation (9). The equations (12) can be written
in the form

Xo(x) +22 X, (x)=0 (13)
and
T () T () +anT, (1) =0 (14)
The solution of equation (13) isfollowing
X, (x) = A, cosk,x +B, sink, x (15)

Taking into account the boundary conditions (2) one has

nn

X,(0)=A,=0, X,(L)=B,sini,L=0 -2, = (16)
this means
X, (x) =|3nsinnLLX (17)
The equation (14) can be written in the form
" / n’n’a _
TTn (t) + Tn (t) + L2 Tn (t) =0 (18)
Under the assumption that
L*-4n°r’at >0 (19
one obtains the following solution of equation (18)
T, (t) :exp(—zij[cn exp(~a,t) + D, exp(a,t)] (20)
T
where
L2 -4 2,2
o = n‘tart (1)
2Lt

Finally, the function (5) hasaform
U(X,t):eXp[_zljign%[En exp(—ant) + F, eXp(ant)} (22)
T n=1

where E, = B, C,,, F, = B, D, are the constants.
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Because the equation (4) is linear, so the function (22) fulfils the equation (4)
and boundary conditions (2).
Now, theinitial conditions (3) should be taken into account, this means

u(x, O):i(En+Fn)sinnLLX: Ug (23)

n=1
and

ou(x,t)
ot

:ZK—i -anjEn +(—i+anan}sinm =0 (24)
o &l 2 L

T

For the arguments x[J [-L, L] function u(x, 0) can be extended on the uneven func-
tion

0, x=-L
u,, x0Of L,0)
U(x,0)=40, x=0 (25)
Uy, xD(O, L)
0, X=L

Taking into account the expansion of this function into a Fourier series one obtains

2uoL . NnX 2u0 n
= = — = 2
E,+F = — {sm X nn[l (1)] (26)

From condition (24) results that the zero function is expanded into the Fourier
series. In such case

(—i—anjEn +(—i+anan =0 (27)
2t 2t

The solution of the system of equations (26), (27) isfollowing

u n] —1+2a.1
E =—1-(1)" | ——— 28
" nn[ ( )} 20,1 (28)
and
u 1+20 1
E=_21-(-1\"|——Z=n" 2
" nn[ ( ) ] 20, T (29)

n
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Finally, one obtains

u t Y\ &1-(-1)" . nxx
u(x,t) = Znorexp(—z—TJZ ( )sm 3

N (30)
|:_1+2anrexp(—(xnt) +1+2anTeXp((xnt):|
(Xn a‘n
or
u(x t):iex —Li ! sin(2k_1)nx
’ nT P 2t Jioi 2k -1 L
(31)

{Mexp(‘%k-lt) + M@(p(az“t)}

Olok-1 Ok

3. Example of computations

The heat transfer in biological tissue [2] of thickness L = 0.01 mis considered.
The initial temperature of tissue equals u (x, 0) = 37°C. On the surfaces x = 0 and
x = L the Dirichlet condition u(0, t) = u(L, t) = 0 is accepted. The following values
of parameters are assumed: thermal diffusivity a = 2.67[10°" m%s and relaxation
timet =0.05s. Thevauesof L, a, t fulfil the assumed condition (19).

The temperature field in the domain analyzed is described by equation (1), the
boundary conditions (2) and the initial conditions (3). The solution of the problem
formulated is given by equation (31).
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Fig. 1. Temperature distribution for times 10, 20, 30, 40 and 50 seconds
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Fig. 2. Cooling curves at the points 0.002 m, 0.003 m and 0.005 m

In Figure 1 the temperature distribution for times 1 - 10, 2 - 20, 3 - 30, 4 - 40,
5 - 50 second is shown. Figure 2 presents the cooling curves at the points
1-x=0.002m,2-x=0.003mand 3-x=0.005m.
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