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Abstract. The paper deals with numerical modeling of binary alloys solidification process 
with motion of the fluid in the liquid and mushy zone. The mathematical model of the  
phenomenon is presented. Finite Element Method is used for modeling process. The results 
of the numerical simulation in the 2D region are discussed. 

1. Mathematical model 

Solidifying region is divided into three subregions (Fig. 1) with different 
physical properties. The liquid area LΩ  is filled with moving liquid alloy, the area 

SΩ  contains non-moving solid material and SL+Ω  is filled with mixture of liquid 
and solid phases. 
 

 
Fig. 1. Considered domain divided into liquid, mushy and solid zone 

Mathematical model consists of heat transport equation with convection term, 
momentum equation with buoyancy and Darcy’s drag term and continuity equation 
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The value of the artificial heat capacity *c  is calculated based on the following 
relation [3] 
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where ( )Tφ  is porosity coefficient defined as 
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Equations (1)-(3) are completed by the Dirichlet, Neumann and Newton boundary 
conditions 

 b1 TT: =Γ∈X  (6) 

 b2 qT: =⋅−Γ∈ gradnX λ  (7) 

 )TT(T:3 ∞−=⋅−Γ∈ αλ gradnX  (8) 

and following initial conditions 

 0u: i31 =Γ∈ −X  (9) 

 0u,TT:0t i0 ===  (10) 
 
Permeability of the porous region is calculated based on Karman-Kozeny relation [2] 
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where pd  is average pore diameter depending on the size of the forming grains. 

Material properties are averaged using following formula 
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2. Numerical model 

The weighted residual method for the heat transport equation (1) is introduced 
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Weak form of (13) is presented 
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Equation (14) is discretized over space using Petrov-Galerkin method. For the finite 
element one can write 

( )

( ) ( )

( ) ( )

( ) ( )

( )
∫∫∫∫

ΓΩΩΩ

Γ=Ω+Ω+Ω
eeee

e
bi

e

ji
*e

kl
j

kji
*

e

kjki dqwdNwcd,NuNwcd,N,wλ  (15) 

where iN  is linear shape function of the finite element andiw  can be written as 

follows 
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Integral terms from (15) can be written in the following matrix form: 
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where ( )eK  is element heat conductivity matrix, ( )eA - advection matrix, ( )eM  - heat 

capacity matrix and ( )eB  - right hand side vector. 
After procedure of discretization over time (Euler backward scheme) and 
agregation of the discrete model we obtain global finite element equation 
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We solve Navier-Stokes equation (2) by a characteristic based split (CBS) scheme 
based on the projection metod of Chorin [1] as described in Zienkiewicz and 
Codina [4] and Zienkiewicz and Taylor [5]. In this metod an auxiliary velocity 

field *u is introduced to uncouple equations (2) and (3): 
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The final velocity field is corrected by the pressure increment so that is divergence 
free: 
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By taking the divergence of (25) we arrive at the following Poisson equation for 
the pressure: 

 ( ) i
*
i

1f
ii ,u,pt ρ=∆ +  (26) 

We apply the standard Galerkin procedure for (24)-(26). 
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3. Example of the numerical simulation 

The computer simulation of the solidification process of the casting in the sand 
mould was made. The boundary and initial conditions are presented in the picture. 

 

 
Fig. 2. Boundary and initial conditions 

In Figure 3 we can see velocity field after 50, 250 and 550 s. The movement of 
the liquid alloy can be observed in the liquid and porous region. 

After 50 s we observe convection cells in the pure liquid region (Fig. 3a). The 
rest of the casting is filled with porous material. Velocities in this area are smaller 
than in the central region of the casting. 

 
a) b) c) 

           

Fig. 3. Three stages of solidification process in the casting 

After 250 s pure liquid region is vanished and the entire area of the casting is 
filled with mixture of the liquid and solid (Fig. 3b). We can see the stream of the 
liquid material which flows from the bottom to the top of the casting. On the top it 
divides into two streams. 
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After 550 s there are pure solid areas in the corners of the casting. The rest of 
the solidifying region contains porous material. The motion of the fluid slowly 
vanishes due to solid fraction continuous growth. 

Conclusions 

Analysing the results of the numerical simulation it can be concluded that wide 
mushy region appears in the casting solidifying in the sand mould. The material 
properties of the sand mould guarantees low cooling rates, so the mushy zone can 
evolute so easily. Low cooling rates in the casting favours equiaxed solidification. 
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