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Abstract. In the paper the application of the BEM for numdriution of the inverse parametric
problem is presented. On the basis of the knowledgemperature field in the domain considered
the temperature dependent thermal conductivity dentified. The steady state is considered
(2D problem) and mixed boundary conditions areriakeéo account. The inverse problem is solved
using the gradient method. In the final part of plager the results of computations are shown.

1. Formulation of the problem

The following 2D problem is considered

xOQ @ O[A(T)OT(X)]=0
xOM : T(X)=T,(x) (1)
xOl, 0 g(x) =—-A(T)MOT(x) =q,(x)

where T is the temperaturex = (x3,X2) are the spatial coordinate®(T) is the
thermal conductivity,Ty(X), 0u(X) are known boundary temperature and boundary
heat flux,n is the normal outward vector at the boundary pxite assume that

A(T)=qT +c, (2)

wherec,, ¢, are the coefficients.

If the direct problem is considered then all geainat and thermophysical
parameters appearing in the mathematical modelrélknown.

In the paper the inverse parametric problem isidened in which we assume
that the coefficients;, ¢, are unknown. In order to solve the inverse problem
the additional information is necessary. So, waimssthat the temperatures at the
selected points; [0 Q are given

Ty =Ty (4, %), i=12,.,M (3)

whereM is the number of sensors.
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2. Solution of direct problem using the boundary element method

In order to solve the problem (1), (2) for arbiyrassumed values of parameters
C1, C; the Kirchhoff transformation is introduced

U(T)zj A du 4)
0

and then the governing equations (1) take a form
xOQ : 0%U(x)=0

xOM: UX=U,(x)=U(T,) (5)
xOT,: gq(x)=-mJ0OU(X) =0q,(X)

where (c.f. equation (2))
V() = 5aT?(0 + 6 T( 6)

The integral equation corresponding to the prok(&his the following [1, 2]

BEU (@) + [ue.)ae)dr = [QE,x)U (x)dr (7

where & is the observation poinB(&) is the coefficient from the scope (0, 1],
U "(¢,x) is the fundamental solution and for 2D domaireoted in Cartesian
coordinate system it is a function of the form
UEx) = o Int ®)
2«

wherer is the distance between the poig&ndx.
The function

Q& x) = ~MOUTEX) 9)

is calculated in analytic way and then

Q=5 (10)
Tr
where

d =(x —§&)cosu, +(x, —&,)cosu, (11)

and cos,, cos, are the directional cosines of the normal outweactorn.
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In numerical realization of the BEM the bound&rys divided intoN constant
boundary elementsS;, j =1,...N and then the approximation of equation (7) takes
a form

BU, + ]ZN; g, rj USE x)dr, =JZN_£ U, rj QY& ) (12)
or
B~,Ui+jZ':Gij qj:jzh_l;Hijuj (13)
where
G, = [UE X, (14)
while
H, = [ Q7 xdr, (15)

rj

andB; = B(&), U; = U(&), U; =U (x'), g =q(x)). It should be pointed out that for
¢ 0T B = 1/2 ([ is the constant boundary element), whilegdi Q: B = 1.

Fori =1,2,...N one obtains the system Nf equations of type (13) from which
the 'missing’ boundary valuét andg; can be determined.

The values of functiorlJ;, i = N+1, N+2,...N+L at the internal points are
calculated using the formula (c.f. equation (13))
N N
i=1 i=1

The obtained internal values of functionshould be re-counted:
1 _
EclTi + c, I -U;(T)) =0 (17)

One of the roots of this equation correspondsdastarched value of temperatliye

3. Sengitivity analysiswith respect to ¢; and c;

Taking into account the dependence (6) the intexgraation (7) can be written
as follows
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B(é)Equ(awczT(a)} j e x)am)dr =
1QD(<2,X) Equ(X) +c, T (x)} ar
We differentiate the equation (18) with respeat,tand then
B() BTZ(&) +6TEZ(O)+ czzl@} *[Ue Q0o =
JF.QD(é,X) ETZ(X) +¢, T(X)Z,(X) +¢, Zl(x)} dr

whereZ;(x) = dT (X)/dc,, Q1(X) =aq (X)/0c;.
The approximate form of equation (19) is following

N N
B (%Tiz-i-}‘izilj-i-z G ijlzz Hij(%sz-i-}‘ijlj
=1 j=1

or

N N Ny .
D GiQu =D HyhZjy-BrZy+ ) “HT -=BT,
i=1 j=1 J.:12 2

Next, the equation (18) is differentiated with resiptoc,
B(E)[C.T(E)Z,(8) +T(§) +¢,Z,(9] + IU (&, X)Q, ()dr =

[QEXET(NZ, () +T(X) +¢,Z,(x)]dr

whereZ,(X) = dT(x)/0c, andQ,(X) = dq(x)/ac,.
The approximate form of equation (22) is following

N N
B (T, +)‘izi2)+z GiQj. =z H; (Tj +7“ij2)
= =
or

N N N
z G; Qj2 :z Hj }‘ijZ_Bi)“iZiz-i-z Hy Ty - BT,
j=1 j=1

j=1

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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The boundary conditions are also differentiatedhwiispect ta,, €= 1,2,
and then

xO 7, Z.()=0
(25)
xOr,: Qe(x)=m=0
oc

e

So, in order to determine the sensitivity functiafisandZz;, at the boundary
nodesx’, j = 1,2,..N two systems of equations (21), (24) should beesblWext,
the values of functiong; andZ;, at the internal points are calculated using again
the formulas (21), (24) for = N+1, N+2,...N+L. It should be pointed out that
the additional problems (21, (24) are coupled \lign basic problem (13) because
the values of temperatur@sappearing in (21), (24) should be known.

4. Solution of inverse problem

In order to solve the inverse problem the followiegst squares criterion is
applied [3, 4]

S(c1,¢) = (T =Ty ) (26)

i=1

where T, =T(xi,xi2) is the calculated temperatuleat the pointx for arbitrary

assumed values of andc,.
The necessary condition of optimum of function (23ds to the following
system of equations

M
T
E:zz (T, _Tdi)L | 4+ =0
dc = dc, @
y (27)
0S 0T
=2 =T, )—- =0
6C2 ; (TI d|)acz |02:Cl2<

Wherecl", c'zf for k = 0 are the arbitrary assumed values of parameters while
ck, ¢k fork > 0 result from the previous iteration.
FunctionT; is expanded into the Taylor series about knowue&abfcf, c'z‘

dT . T .
T=T g g e 50 Lot -ct) (28)
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this means
T =Tz (ot - o)+ 2t (e o) (29)
where
iklzﬂ G Zikzzﬂ iy (30)
dg @™ dc, '@
are the sensitivity coefficients. Putting (29) if&Y) one obtains
z [Tk +ZY (Cfﬂ C ) + Zf, ( 5 _CIZ()_Tdi]Zikl =0
(31)
[Tk +Z|k1 (Clk+1 -G ) + Z|k2 ( . _Clz()_Tdi]Zikz =0
j—l
or
M M
Z [Z|1 (Clk+l Cf) + Zikz (Clz(+l _CIZ()]Zikl =Z(Tdi _Tik)zikl
i= i=1
(32)
M
Z [Z|1 (Clk+1 Cf) +Z5 (Clz(Jr1 _CI2<) zZf ZZ(Tdi _Tik)zikz
i=1
wherek=1,...K is the number of iteration.
This system of equations can be written in the mébrm
(ZT)k chk+l :(ZT)k Zka +(ZT)k (Td _Tk) (33)
where
k k
VAYRAY,
k k
Zk = ZZl 222 (34)
k k
Zyi Ly
and
Ta le
T TX
T,=| ?|, T=|? (35)
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while

k k+1
¢k = [zlk} . = [zlkl} (36)
2 2

The system of equations (33) allows to determire whlues of ¢, ck™ .

The iteration process is stopped when the assumwber of iterations is
achieved.

5. Example of computations

The square domain of dimensions 0.1x0.1 m has bessidered. On the left
surface the boundary heat flgg = -5 010° W/m? has been assumed, on the
remaining parts of the boundary the temperature°@0Bas been accepted.
The boundary has been divided into 40 constant demyrelements.

At first the direct problem has been solved untergdssumption that

» (T) =-0.05427T +386116 (37)

In Figure 1 the position of isotherms 120, 14Cetc, is shown.

Next, the inverse problem has been considered.dssumed that the temperatures
at four internal nodes (0.02, 0.05), (0.04, 0.@8)06, 0.05), (0.08, 0.05) (Fig. 1)
are given.

T=100

q:_5.106 1.80160 1?0 120 | T=100

T=100

Fig. 1. Temperature distribution
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Fig. 2. Identification of parameters faf = -0.3, ¢ = 300
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Fig. 3. Identification of parameters fof =-03,c¢ = 700
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Fig. 4. Identification of parameters fof =0,c = 600
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Fig. 5. Identification of parameters faf =-0.1,¢) =  600teration process is not
convergent
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In Figures 2-4 the results of identification of @aweters cy/Cig, Co/Cyq
(cg = —0.05426,c,y = 386.116 denote the real values of these paramefi@rs)

different initial valuesc?, cy are shown. It is visible that the iteration precés

convergent and after 5 iterations the real valuesearched parameters are
obtained.
It should be pointed out that iteration processio$ always convergent, for

example forc? = 0.and ¢ = 600- c.f. Figure 5. So, the proper choice of initial

values of identified parameters allows the convecgeof iteration procedure.
Summing up, the algorithm presented allows to ifietite unknown parameter as
the temperature dependent function, and it is tagnradvantage of the approach
discussed.
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