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Abstract. The paper deals with free vibration of a rod with a polynomial varying cross-
section. The formulation and solution of the problem take into account an arbitrary number
of spring-mass discrete elements additionally attached to the rod. The Green’s function
method was applied while solving the free vibration problem. The Green’s functions corre-
sponding to various cases of variable cross-sections of the rods were determined. The
obtained exact solution was used in a numerical analysis of an influence of the parameter
characterizing the system on its free vibration frequencies.

1. Introduction

Exact solutions for free longitudinal vibrations of uniform rods with classical
boundary conditions are well known. The study results of vibration of non-uniform
rods are presented in references [1-5]. Abrate in the paper [1] shows that for
a class of non-uniform rods the equation of motion can be transformed into the
equation of motion for a uniform rod. Kumar and Sujith [2] have presented a solu-
tion for a rod with a polynomial area variation and for a sinusoidal rod. In [3] Li
presents research results in which for several functional relations between stiffness
and mass distributions the governing differential equation for free vibration of the
rod to the Bessel equation has been reduced. The solution approach was then used
for determining the natural frequencies and mode shapes of multi-step non-
uniform rods. In [4] Li et all present an approach which combines the recurrence
formula with closed form solutions of one step rods in order to obtain the solution
of the problem of a multi-step rod. Li [5] derived the solution for the free vibration
of multi-step rods by using the transfer matrix method and solutions of one step
rods. The authors of the discussed papers [1-5] obtained the exact solutions of the
considered vibration problems.

In this paper the Green’s function method is used for solving the free vibration
problems of non-uniform rods with discrete spring-mass elements. The case of
non-uniformity caused by a polynomial variation of the cross-section of the rod is
considered. The necessary Green’s function of the differential problem is determi-
ned by introducing new variables leading to the problem of searching a solution of
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a Bessel equation. The presented exact solution for one step non-uniform rods may
be used to derive the solution for free longitudinal vibration of a multi-step rod.

2. Formulation and solution of the problem

Consider a non-uniform rod with discrete spring-mass elements r attached to
it at points X, (j = 1, 2,..., r) as shown in Figure 1. Free vibration of the rod is

governed by the differential equation

aa[EA()av(xt)} SA) azv(xt) Z azv(xt)+kv(xt) 5x-%) ()
X x

where A4 (x) is the area of the cross-section at point x of the rod, E is the modulus

of elasticity, p is the mass density of the rod material, & ) is the Dirac delta func-
tion, m; and k; are the discrete masses and the stiffness coefficients of the springs,
respectively. The function v satisfied homogeneous boundary conditions, which
may be symbolically written in the following form:

=0, By[V]

B,[v] =0 )

where Eo and B, are linear, spatial differential operators and L denotes the length

of the rod.
In order to obtain the natural frequencies of the rod, @, one assumes that

v(x,t)=u(x)e'™ 3)

Fig. 1. A sketch of the non-uniform rod with the spring-mass discrete elements attached
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By substituting equation (3) into equation (1) and introducing the non-dimensional

. .. X X u .
co-ordinates and quantities: & =7 g, = L U= 7 one obtains

di[z«g’)m} QAEUE) =Y [ -QCIUESE-C) ()
£ dé
where: Q° :’DLza)z Q%= pLza_)jz w; = k—j M= " forj=1..r

. E 9 J E 9 J m] o J pLAO ] - PEEET)

A(f):Z(x)/ 4, and 4, = 4(0). The boundary conditions (2) may be written in the
following form

B)[U].,=0. By[U] e=1=0 (%)

The solution of the problems (4)-(5) is obtained by using the properties of the
Green’s function G. The function G satisfied the boundary conditions (5) and the
following differential equation

L[G]=6(£-¢) (6)
where
_d 42
L—dg[A(f)dJm A¢) (7

If the Green’s function is known, then on the basis of equations (4)-(6) the
following relationship is obtained

U(f)Iiﬂj[ﬁ_f—Qle(CJ)G(f,Q,) )
Jj=1

By substituting £= &, i=1,..., r, successively into equation (8), one obtains a sys-
tem of » homogeneous equations with unknowns U (§ ; ) For a non-trivial solution

of the problem, the determinant of the coefficient matrix is set equal to zero,
yielding the frequency equation

la, (@) =0 )

where a; (Q):yj (Qz —ﬁf)G(g“,,Q)+5U and 6, is the Kronecker’s delta. The

equation (9), with the unknown €, is then solved numerically.
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3. The Green’s function for the vibration problem
of a non-uniform rod

The Green’s function G(f,é’ ) of the differential problem considered satisfied

the equation (6) and the boundary conditions (5). In order to determine it, one can
observe first that the function may be written in the following form

G(£.8)=G,(£.0)+ G (EO)HE-S) (10)

where H( ) is the Heaviside function, G, (f,;’ ) is the general solution and G, (f,;’ )
is a particular solution of the homogeneous equation

LlU]=0 an
Moreover, the function G, (£,¢) satisfies the below conditions

b (12)

G|, =0, &A=
le-c A0

dg

The general solution of the equation (11) may be determined by transforming
the equation so that in the obtained equation the 4 = A(f) is an independent varia-

ble. After suitable transformations the following equation is obtained

(dAszzU | d[ dA}dU
+ A

L L4 | iU =0 (13)
dé) dA®  AdE|” de | dA

It is further assumed that A(&)=(a& +1)". In this case the equation (13) has the
form

d2U+[2_ljldU 1
n

2(241)
7 S oA U=0 (14)

Next, new variables w, z [2] are introduced into the equation (14)
U=wd", z=1A4° (15)

1- Q
where: ¥ :—n, A=—0,0=—.
2n al n
Then the Bessel’s equation with v = I—Tn is obtained
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d->  z dz z

2 2
d W+lﬂ+[l_“_2]w:o (16)

The general solution of the equation (16) dependent on the value of the pa-
rameter v, has the following form:

w=cJ, (z)+c,Y,(z) ifvisaninteger (17)
w=cJ,(2)+c,J_,(z) ifv isnotan integer (18)

Taking into account the equations (17)-(18) in equation (15) and (12) one obtains
the Green’s function:
—if v is an integer:

G($.Q) =47 (D) (9, () + A (§) e2() Y (z:) +

(19)
+ M2, (2. )Y (20) = A7 (E =, (20)Y, (2 )V H(E =)
—if v is not an integer:
G(&.0) =47 (©) Q) I (zp) + A7 () (D, (z:) + 20)

+ M2, (222 ) (20) = A7 (€ =), (2 (2 )V H(E =)
where: z. = z(¢$), z,_, =2(§ = &), z, = 2(0), z; = z(1) and
M =az)[J_,(z))(J,-1(20) = 1(20)) =, (2 )(J -1 (20) =T i (2))] (21)

The constants c;, ¢, occurring in equations (19), (20) are determined on the basis

of boundary conditions (5). For the fixed-free rod (G| 0 =0, Z—? =0) the con-
£=l
stants ¢, ¢, are the following:
a(§)==J_,(2)) N()/D, ¢,(§)=J,(z9) N()/D (22)

where

N =247 W) (2v [, (21-0) T (20) = (2) T (21 ) ]+

(23)
+ 21 Iy @ISy (2iig) =Ty (2 ) =21 T (2 Iy (21 ) = Ty (212) 1}

D= MAO-(FU)(I _g){ 2V[JU(ZI)J—U(ZO) _JU(ZO)J—U(ZI)] +

24
+zi I CI o (Zise) =Ty (G ) =2 T, (Z)I 1 (21 = Ty (212) 13 &4
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Fig. 2. Frequency parameter values Q, for the first four modes of vibration as a function

of ¢, for the fixed-free rod with the cross-section A(§)= (a &+ 1)2
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4. Numerical example

Free vibration of a rod with a polynomial varying cross-section: A(f) = (adf + 1)"

for n = 2; 4, is considered. A discrete spring-mass element with the concentrated
mass m and spring stiffness & is mounted at the point £ = ¢ of the rod. Basing on

the equation (9) the frequency equation of the system has the following form

ﬂ1(92 —55)6(61,61;9)“ =0 (25)

The non-dimensional free vibration frequencies Q; are numerically calculated

as functions of the position £, of the discrete element. One assumes that:
Q, =+Jk; /m, =5.0. The curves of Q, :Q,( 1), i=1,..4, are presented for

various values of the parameter o, which characterise non-uniformity of the rod
in Figures 2 and 3. The results of computations prove that non-uniformity of the
rod can cause essential changes in the free vibration frequencies of the system.

Conclusions

The exact solution for the free vibration problem of a non-uniform rod with
discrete elements has been obtained by the application of the Green’s function
method. One derives the Green’s function corresponding to the differential prob-
lem considered. The numerical examples have shown the effect of selected para-
meters characterizing non-uniformity on the free vibration frequencies of the rod.
Although a rod with one spring-mass element is considered as an example here,
the solution can be used for any rod with an arbitrary number of discrete elements
of this type.
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