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Abstract. In the paper the 1D model of nonlinear transient heat transfer process is assumed. 

Thermophysical parameters of the material considered are strongly temperature dependent. 

The sensitivity analysis of this process with respect to the thickness of plate is presented. 

On the stage of numerical computations the finite difference method is used. In the final part 

of the paper the results obtained are shown. 

1. Formulation of the problem 

The heat transfer process in the plate of thickness L is described by following 

equation 
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where C(T) is the volumetric specific heat, λ(T) is the thermal conductivity, T, x, t 

denote temperature, spatial coordinate and time. Equation (1) is supplemented by 

adequate boundary and initial conditions. 

The aim of this paper is to estimate the change of temperature due to a change 

of the plate thickness. We assume that b = L is the shape design parameter. Using 

the concept of material derivative we can write [1, 2] 
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where ),( bxν=ν  is the velocity associated with design parameter b. 

Because (c.f. equation (2)) 

 ν
∂

∂
+









∂

∂

∂

∂
=ν

∂

∂
+









∂

∂

∂

∂
=









∂

∂
2

2

2

2

D

D

x

T

b

T

xx

T

x

T

bx

T

b
 (3) 

and 
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therefore 
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In similar way one obtains 
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Using formula (5) we have 
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and next 
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Taking into account the definition (2) we obtain 
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Additionally, we can check that 
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Presented above formulas are necessary in order to realize the shape sensitivity 

analysis of heat transfer process. 
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2. Shape sensitivity analysis 

The heat transfer equation (1) can be written in the following form 
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If the direct approach of sensitivity method is applied [1, 2] then the equation 

(12) is differentiated with respect to shape parameter b, and then 
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where U = DT/Db is the sensitivity function. 

Using previously presented dependencies one obtains 
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Taking into account the equation (1) we have 
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In similar way we differentiate the boundary and initial conditions. 

So, the basic problem and additional one connected with the sensitivity func-

tion U should be solved using the numerical methods. The problems discussed are 

coupled and it is impossible to solve only the sensitivity one because in equation 

(15) the derivatives of temperature T with respect to x and t appear, so the 

knowledge of temporary temperature field is necessary. 
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3. Example of computations 

The freezing process of biological tissue has been considered. The temperature 

dependent parameters λ(T) and C(T) of tissue have been described by the follo-

wing formulas [3] 
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and 
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In Figures 1 and 2 the courses of functions λ(T) [W/mK], C(T) [MJ/m
3
K] and 

courses of their derivatives dλ(T)/dT [W/mK
2
], dC(T)/dT [MJ/m

3
K

2
] are shown. 

It is assumed that L = 0.02 m. On the surface x = 0 the Dirichlet condition 

Tb = −10°C has been accepted, on the surface x = L the Neumann condition qb = 0 

has been taken into account. Initial temperature in tissue domain: T0 = 37°C. 

 

 

Fig. 1. Function λ(T) [W/mK] and its derivative 
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Fig. 2. Function C(T) [MJ/m3K] and its derivative 

The velocity associated with design parameter b has been defined as 

)./()(),( bLxLb x −−=ν=ν The problem has been solved using the finite diffe-

rence method [4]. In Figure 3 the temperature distribution for m]0050,0[  .  x∈  for 

times 2, 4, 6, 8 and 10 s under the assumption that b = 0 is presented. Figure 4 

shows the changes of temperature due to a change of b for time 2, 4, 6, 8 and 10 s. 

It is assumed that b = 0.002 m and 

 b t xUt x T ),(),( =∆  (18) 

 

Fig. 3. Temperature distribution 
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Fig. 4. Distribution of function U⋅b 

Summing up, the shape sensitivity analysis allows, among others, to estimate 

the changes of temperature in the case when the geometry of the domain conside-

red is changed. 
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