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Abstract. In this paper the problem of the tangency of sets of some classes having the
Darboux property in a generalized metric space is considered. Some sufficient and necessary
conditions for the tangency of sets of these classes have been given here.

1. Introduction

Let (E,l) be a generalized metric space. E denotes here an arbitrary non-
empty set, and [ is a non-negative real function defined on the Cartesian
product Fy x Ejy of the family Ejy of all non-empty subsets of the set E.

Let k be any, but fixed positive real number, and let a,b be arbitrary non-
negative real functions defined in a certain right-hand side neighbourhood of
0 such that

a(r)——0 and b(r) ——0 (1)

r—0+ r—0+

Let Si(p, ), denote the so-called u-neighbourhood of the sphere S;(p,r) in
the space (F,[) defined by the formula

U Ki(qu) for u>0
Si(p, )y = 4€Sipr) (2)
Si(p,r) for u=0
We say that a pair (A4, B) of sets of the family Ey is (a,b)-clustered at the
point p of the space (E,1), if 0 is the cluster point of the set of all numbers
r > 0 such that the sets AN .Sy(p,7)q(r) and B N Sy(p, 7)y(r) are non-empty.
The tangency relation Tj(a, b, k, p) of sets of the family Ey in the generalized
metric space (F,1) is defined as follows (see [12]):

Ti(a,b,k,p) ={(A,B) : A, B € Ey, the pair (A4, B) is (a, b)-clustered
at the point p of the space (F,[) and

1
T—kl(A N SUP;T)a(ry> BNV SID, 7)) - 0} (3)
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If (A, B) € Ti(a,b,k,p), then we say that the set A € Ey is (a,b)-tangent
(or briefly: is tangent) of order k to the set B € Ey at the point p of the space
(ELD).

Let p be an arbitrary metric of the set £. We shall denote by d,A the
diameter of the set A € Ey, and by p(A, B) the distance of sets A, B € Ey in
the metric space (E, p).

Let f be any subadditive increasing real function defined in a certain right-
hand side neighbourhood of 0, such that f(0) = 0. By §; we will denote the
class of all functions [ fulfilling the conditions:

10 l: Ey x By — <0,00),

20 f(p(A,B)) <I(A,B) < f(d,(AUB)) for A,B € Ey.

It is easy to check that every function [ € §; generates in the set £/ the metric
lp defined by the formula:

lo(z,y) =l({z},{y}) = f(p(x,y)) for z,y€E (4)

We say (see [6]) that the set A € Ej has the Darboux property at the point p
of the generalized metric space (E,[), and we shall write this as: A € D,(E, 1),
if there exists a number 7 > 0 such that A N S;(p,r) # O for r € (0, 7).

In this paper we shall consider certain problems concerning the tangency
of sets of the classes ]\7},,;C having the Darboux property at the point p of the
generalized metric spaces (E,1), for [ € . Some theorems for the tangency
of sets of these classes have been given here.

2. On the tangency of sets of the classes Mp’k

Let p be a metric of the set E, and let A be any set of the family Fj of all
non-empty subsets of the set E. By A’ we shall denote the set of all cluster
points of the set A of the family Ej.

The classes of sets ]f\\jp,k, mentioned in the Introduction of this paper, are
defined as follows (see [10]):

]\N4p7,yc ={AcEy: pe A’ and there exists p > 0 such that
for an arbitrary € > 0 there exists 6 > 0 such that
for every pair of points (z,y) € [A, p; i, k]

p(z, A)
Pk (p, x)

<6, then 28U (5)

if p(p,z) <6 and
pp,) Pk (p, x)
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where

[A,p;p, k] ={(z,y): 2 €E, y€ A and pp(x, A) < p*(p,z) = p"(p,y)}
whereas p(z, A) is equal to
p(x,A) =inf{p(z,y): ye A} for x € E (6)
For an arbitrary k£ > 0 the classes of sets ]\7},7;c contain, among other things,

the classes A7 ; defined in the paper [9]. If k = 1, then the classes of rectifiable

arcs A, and ]{p are contained in the class of sets ]\NJp’l.
We say that the rectifiable arc A belongs to the class Ap, if the point p € F
is an origin of this arc, and

D)
Ax—pp(p, )

where ¢(pz) denotes the lenght of the arc pzr with the ends p and x.
If g =1, then we say that the rectifiable arc A has the Archimedean prop-

=g<oo (7)

erty at the point p of the metric space (E, p), and is the arc of the class A,,.
From the above it follows that all results obtained in this paper for the sets
of the classes M), will be true, in particular, for arbitrary sets of the classes
Ap, Ap and A;,k'
In the paper [10] was proved the following:

Theorem 2.1. In the classes J/\\jp,k of sets on the Darboux property at the
point p of the metric space (E, p) the condition

a(r)
. 0 (8)
s necessary and sufficient to
1
T_kdp(A N Sp(P,7)a(r)) ot 0 9)

Using this theorem we shall prove:

Theorem 2.2. If for an arbitrary function | € §5 the pair of sets (A, B) €
Ti(a,b,k,p) for A, B € Dy(E,1), then

a(T)——>O and @——m (10)

rk o+ r
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Proof. We assume that (A, B) € Tj(a,b, k,p) for A,B € Dy(E,l) and | €
8. From here, putting [ = f o d, (see definition of the class Ff), we obtain

(AN Si (P )a) U (B O Silp. ) ——0 (1)
Because
dp(A N Sl(p) T)a(r)) < dp((A N Sl (pa T)a(r)) U (B N Sl (pa r)b(r)))
and

do(B N Si(p: 7)) < dp((ANSi(ps7)a(ry) U (BN Si(p: 7))

then from here, from (11) and from the properties of the function f follows

1
r_kf(d/’(AﬂSl(pur)a(r)))To (12)
and
1
T—kf(dp(B NS (p, 7)) TO (13)
Hence and from the equality
f(dpA) =diA for A€ Lk (14)
we obtain
1
r—kdl(Aﬂ Si(p,7)a(r)) J)O (15)
and
1
T_kdl(BﬂSl(pur)b(r)) mo (16)

Because every function [ € §; generates in the set E/ the metric lo, then
from here, from (15), (16) and from Theorem 2.1 of the paper [10] follows the
thesis of this theorem.

Theorem 2.2 of the present paper has fundamental meaning for the tangency
of sets of the classes ]f\\jpyk in the generalized metric spaces (E,[). In many ear-
lier papers were considered, among other things, the problems concerning;:
compatibility, equivalence, additivity and homogeneity of the tangency rela-
tion Tj(a, b, k,p) of sets of the classes J/\\jp,k in the spaces (E,l), for [ € §. In
these considerations the condition (10) is sufficient condition for above men-
tioned problems. From Theorem 2.2 it follows that (10) is also necessary
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condition for these and other problems relating to the tangency of sets. It is
shown below:

Theorem 2.3. If | € §y, the sets A, B on the Darboux property at the

point p of the space (E,1) are subsets of a certain set C € My, then (A, B) €
Ti(a,b, k,p) if and only if the functions a,b fulfil the condition (10).

Proof. Because the sets A, B € D,(FE,l) are subsets of the set C' € ]f\\jpyk,
then the set C has also the Darboux property at the point p of this space, in
other words, C' € Mp,k N Dy(E,1).

We assume that the functions a,b fulfil the condition (10). Let a =
max(a,b). Hence, from (10), from Theorem 2.1 of the paper [10] and from
the fact that every function | € §; generates in the set E the metric ly it
follows that

Tikdl(c A 5P ary) —— 0 (17)

r—0t

Because from the assumptions of this theeorem on the sets A, B, C € ]\7},7;c

ANS (pa T)a(r) cons (pa r)a(r) (18)
and
B0 Si(p,m)pery € CNSi(py 7)) (19)
then from here and from (17) follows the conditions:
1
ﬁdl(A NS (P, 7)a(r)) ot 0 (20)
and
1
T_kdl(BmSl(paT)b(r)) ;_—>o—+>0 (21)

Let by the definition p;(A, B) denote the distance of sets A, B € Ej in the
generalized metric space (F,l), i.e.,

p(A,B) =inf{ly(z,y): v € A, ye B} for A,B¢€ Ey (22)
From the equality (4) and from the properties of the function f follows
f(p(A, B)) = f(inf{p(z,y) : € A, ye B})
= inf{f(p(z,y)): z€ A, y€ B}
= inf{lo(z,y): 2 € A, ye B} =p(A,B)
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that is to say

:Ol(AaB) :f(p(AaB)) for AaBEEO
From (18) and (19) it follows that
(AN S (p,7)a@ry) U (BN S, 7)) € CNSi(p,7)aqr)
Hence we get the inequality

pl(A N Sl(p7 r)a(r)7 Bn Sl(p7 T)b(r))

< dl((A N Sl(pa r)a(r)) U (B N Sl(p¢ r)b(r))) < dl(c n Sl(p¢ r)oz(r))

(24)

From here, from (18), (24), from the properties of the function f and from the

inequality
d,(AUB) <d,A+d,B+p(A,B) for A BeE
we obtain
0 <UANSIP,7)a(rys BN SI(P,7)b(r))
< f(dp((AN S (D7) a(ry) U (BN SH(DT)b(r))))
< f(dpo(ANSH(D; ) a(ry) + dp(B N S1(D; 7))
+p(AN 8D 7)a@ry, BN SHD; T)pr)))
< f(dp(ANS1(p;7)a@ry)) + F(dp(B N Si(p, 7))
+f(P(AN S (D, ) arys B O SUD T)o(r))
= di(ANSi(p,7)a@r)) + di(B N Si(p, 7))
+oi (AN S (D, 7)a(ry> B NSt (D 7)p(r))
< 3d(C N Si(p, 7))
in other words,
AN S (P, )a(rys BN Si(py7)e(ry) < 3di(C N Si(p7)a(r))

Hence and from the condition (17) we get

(AN S 7)agry, BN SHp, m)pery) —— 0

1
rk r—0+
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From the Darboux property of sets A, B € Mp,k at the point p of the space
(E,1) it follows that the pair (A, B) is (a,b)-clustered at the point p of this
space.

Hence and from (27) it results that (A, B) € Ti(a, b, k,p). This ends the proof
of the sufficient condition.

The necessary condition of this theorem follows from the assumptions of
the theorem and from Theorem 2.2 of this paper.

From Theorem 2.3 the following corollaries are easily derived:

Corollary 2.1. If |l € §5 and A,B € Dy(E,l), AUB € Mp,k, then
(A, B) € Ti(a,b, k,p) if and only if the functions a,b fulfil the condition (10)

Corollary 2.2. If | € §y and A € Dy(FE,l) is subsets of the set B €
M, . N Dy(E,1), then (A, B) € Ti(a,b,k,p) if and only if the functions a,b
fulfil the condition (10)

Corollary 2.3. If A € Mp,k N Dy(E,l) and | € §y, then (A,A) €
Ti(a,b,k,p), in other words, the tangency relation Ti(a,b, k,p) is reflexive in
the classes of sets Mp,k N D,(E,1) if and only if the functions a,b fulfil the
condition (10).
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