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A SIMPLE EXAMPLE OF A NONCLOSED SET 

OF REPRESENTING MEASURES 

Piotr Puchała 

Institute of Mathematics and Computer Science, Technical University of Częstochowa 

Abstract.  Let  X be a locally convex Hausdorff  space,  K - its compact, convex and 

metrizable subset. We say, that a regular Borel probability measure µ on K represents point 

Xx∈  if the equality ∫=
K

fdxf µ)(  holds for every f ∈ X*. We will show by a simple  

example, that the set of  such measures supported on ext K need not be closed. 

1. Definition Let  A be a nonempty set. A point a ∈ A is an extreme point of A,  

if it is not an internal point of any line interval whose endpoints are in A. 

 Compact convex set in locally convex space always has extreme points. The set 

of extreme points of a compact convex set is closed only in R
1
 and R

2
, it need not 

be closed even in  R
3
. 

2. Example  Let A:={( ),, zyx ∈  R 3 : z = 0, }1
22
=+ yx )}.1,0,1(),1,0,1{( −∪  

If  K is closed convex hull of A, then K is compact and convex, but the set of its 

extreme points 

=extK {( ),, zyx ∈  R
3
 : z = 0, }1

22
=+ yx )}0,0,1\{( )}1,0,1(),1,0,1{( −∪  is not 

closed. 

3. Definition Let X be a topological space and µ - a probability measure on X. We 

say that µ is regular, if 

 µ(A)  =  sup CACC ,:)({ ⊆µ - closed} = inf UUAU ,:)({ ⊆µ - open} 

4. Definition Let X be as above.  

a) the support of a measure µ is a closed set  XS ⊂ such that: 

     (i) µ(S) = 1; 

     (ii) if A  is any closed set such that µ(A) = 1, then ;AS ⊆  

b) we say that a measure µ  is supported by  a set  A ⊂ X (not necessarily 

closed), if µ(A) = 1. 

A Borel measure µ cannot have more than one support. The terms „support” and 

„supported by” should not be confused. 

5. Example If µ is Lebesgue measure on [0,1], then its support is [0,1], but it is 

supported by ]0,1[. 
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The generalized sequence (µα) of measures is weakly*-convergent to the meas-

ure µ0 if and oly if ( )=ϕµ
α

( )∫ ∫ =→

X X

dd ϕµµϕµϕ
α 00

 for every bounded continuous 

function ϕ on X. In general, weak*-topology is not metrizable, but under certain 

conditions it is possible to consider countable sequences of measures on a topo- 

logical space instead of  generalized ones.  

6. Theorem Let X be a metrizable space and denote by M(X) the space of regular 

probability Borel measures on X. 

Then X is a Polish space if and only if M(X) is a Polish space. 

7. Definition Let X be a locally convex Hausdorff space and K - its compact con-

vex subset. We say, that probability measure µ on K represents point x ∈ X, if for 

every *Xf ∈  there holds an equality 

 ∫=
K

dkkfxf )()()( µ  

The set of measures representing points of a compact, convex and metrizable sub-

set of a locally convex space, supported by extreme points of this subset is always 

nonempty by a Choquet integral representation theorem. It can be easily checked 

that it is also convex, however, it need not be closed, as the following simple  

example shows. 

8. Example Consider the set K of Example 2. For n ∈ N we define the sequence  

of measures (µn), ,
2

1

2

1
:

nn
ban

δδµ +=  where 
n
a

δ stands for the Dirac measure con-

centrated on the point an; points an and bn have cylindrical coordinates )0,,1(
n

φ
π +  

and ),0,,1(
n

φ
 respectively. If ,)(

3 ∗

∈ Rf  then 0)0( =f and 

 0)(
2

1
)(

2

1
)(

2

1
)(

2

1
=−=+=∫ nn

K

nnn
afafbfaffdµ  

so each of the measures µn represents point (0,0,0). 

As lim
0

:)0,,1( aa
n

== π  and lim ,:)0,0,1(
0
bb

n
==  we get 

00
2

1

2

1
:
0 ban

δδµµ +=→  

in the weak* topology. We also have 

∫ =

K

fd 0
0

µ , i.e. measure µ0 represents point (0,0,0), but ∉0 ext K, so µ0(ext K) < 1 

(what means that µ0 is not supported by ext K). 

Let C be a closed subset of a Polish space X and consider a sequence (µn)  

of regular probability Borel measures on X convergent weakly* to the measure µ0 

and such that the support of each µn is contained in C. Then for every bounded 
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continuous function ϕ on  X with support (i.e. the smallest closed set outside of 

which ϕ vanishes) contained in the complement of  C we have µn(ϕ) = 0  for each 

n, hence .0)(
0
=ϕµ  From this and the definition of the support of measure we have 

that the closure of the set of representing measures supported by extreme points of 

compact, convex metrizable set consists of measures representing points of that set 

and supported on the closure of the set of its extreme points. 
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