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Abstract. In the paper, two tests of pentadiagonal Toeplitz covariance structure are
presented. In contrast to standard testing procedures, the likelihood ratio test and the Rao
score test, based on maximum likelihood estimation, which in the considered case requires
computationally intensive numerical algorithms, the estimators obtained by projection onto
the linear space of banded Toeplitz matrices or onto the asymptotic cone of nonnegative
definite banded Toeplitz matrices are applied. To investigate the behavior of the test statistics
distributions, the simulation study is performed for two particular examples of pentadiagonal
Toeplitz structured covariances.

MSC 2010: 65C60, 62E20
Keywords: banded Toeplitz matrix, statistical model, likelihood ratio test, Rao score test,
estimation, projection

1. Introduction

In various scientific disciplines such as sociology, physics, biology, genetics, and
computer science, large data sets are often collected, with numerous characteristics
being measured or observations repeated across multiple time points. In many cases,
the number of characteristics exceeds or is comparable to the sample size, making
traditional statistical methods ineffective. To deal with such a problem, it is reason-
able to assume that the covariance matrix has a certain structure, which reduces the
number of parameters that should be estimated.

In this paper, we consider the case of the banded Toeplitz matrix. That covariance
structure finds wide applications in various fields. In signal processing, assuming that
the data have a stationary structure, the covariance matrix can be approximated by
a banded Toeplitz matrix. That structure (i.e., limiting the number of significant
coefficients to a certain band) allows for a simplified computation, which is particu-
larly useful in signal filtering and compression algorithms, and provides theoretical
results that explain how noise can improve performance in signal processing; cf. [1].
In multiple input and multiple output (MIMO) systems, modeling the spatial de-
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pendencies between antennas often also leads to that covariance structure. Assuming
a limited number of significant covariance coefficients, simplifications can be applied
that reduce the computational complexity of the system, which is critical for sys-
tems with a large number of antennas; see [2]. Additionally, in time series analysis
in financial engineering, the banded Toeplitz structure describes local dependencies
between observations. That structure is used to predict market volatility more effec-
tively; cf. [3].

It is well known that the most preferred estimator, due to its theoretical properties,
is the maximum likelihood estimator (MLE). However, in the case of the considered
structure, such an estimator cannot be determined analytically but only in an approxi-
mate way using simulation methods. Therefore, in the literature, we can find methods
for determining other estimators of the covariance matrix having a banded Toeplitz
structure and a comparison of their properties: shrinking estimation, e.g. [4] and [5],
or a projection onto the asymptotic cone of nonnegative definite (nnd) Toeplitz matri-
ces, e.g. [6]. However, these methods are dedicated for special structures. Therefore,
the most important aspect is the selection of the appropriate structure of the covari-
ance matrix to perform efficient statistical analysis. Two of the most commonly used
tests for covariance structures, which are also discussed in this work, are the likeli-
hood ratio test (LRT) and the Rao score test (RST).

Here we recall that the covariance structure under consideration is a banded
Toeplitz matrix. Such kinds of matrices have been deeply studied over the last 100
years, and a lot is known regarding eigenvalue distribution, eigenvalue localization,
spectral asymptotic features, algorithms for the fast solution of linear systems, fast
eigenvalue computation, etc.; see [7, 8] for a general treatment, and [9, 10] for very
fast linear in time eigensolvers. Statistical tests commonly found in the literature are
typically based on MLE, which, in the case of a considered structure, requires compu-
tationally intensive numerical algorithms. As a result, directly applying these existing
tests is inefficient and requires modification. The authors of [11] propose an estima-
tor that is a projection of S onto the linear space of banded Toeplitz matrices. Such
a projection generally does not preserve definiteness; therefore, a projection onto the
asymptotic cone of nonnegative definite Toeplitz matrices is proposed in [6].

In Section 2 we present the model and hypothesis under consideration, in Sec-
tion 3 we derive the form of LRT and RST test statistics for the hypothesis testing
whether the covariance matrix has the structure of a banded Toeplitz matrix and pro-
pose new, modified statistical LRT and RST tests for which the MLE of the penta-
diagonal Toeplitz matrix is replaced by a projection onto the linear space of banded
Toeplitz matrices and a projection onto the asymptotic cone of nonnegative define
Toeplitz matrices, respectively. In Section 3 we verify the distributions of the mod-
ified LRT and RST statistics using simulation studies. An important element of the
analysis is to assess whether the distributions of the newly proposed test statistics
converge to the same x> distribution that characterizes the case of using the MLE.
This study allows the determination of the compatibility of the proposed methods
with the classical approach and to assess their potential advantages and limitations.
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The work ends with Section 4, which contains a summary and indicates a possible
direction for further research.

2. Model and hypothesis

Let the matrix of observations X follow the matrix-variate normal distribution,
that is

X~ Nm,n(l;q ®[J,Q,In),

where m is the number of characteristics or time points measured at each individ-
ual, n is the number of individuals (sample size), y is an m-dimensional general
mean (the same for every individual), and € is an unknown m X m positive definite
variance-covariance matrix of observations between characteristics or time points, I,
is the identity matrix of order n, 1, is an n-dimensional column vector of ones and &
denotes the Kronecker product.

Substantially, the covariance matrix Q is usually estimated by the sample covari-
ance matrix

S=1X'Q, X, (1)

1
with Q =1, — ~1,1,.
n

In this paper a banded Toeplitz structure is of interest. It has the following form

cop (1 ... Cp 0 ... 0
cr ¢ €1 ... Cp
C1 co C 0
Y= cp cp , Co,Cl,...,CPGR,
0 .
Cl
0 ... 0 ¢ ... c o

that can be also written as

Y= i CiTl’,
i=0

with To =1, and T;,i=1,2,..., p, being the m X m binary matrices with 1s on the ith
superdiagonal and ith subdiagonal. In this paper, we consider the pentadiagonal struc-
ture of banded Toeplitz matrices, therefore, in further considerations p = 2. In the
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)4
relevant literature, we notice that X is called .7, (f) with f(6) = co+2 Z cos(j0),
j=1
0 € [0, 7], and the function f is called the generating function (see [7, 8] and refer-
ences therein). In reference to [8], the generating function f : [—m, ] — C belonging
T

to L' ([rr, x]), and its Fourier coefficients can be expressed by f; = 7 / f(6)e *q0,
—7T

where k € Z. Then, using the notations from [8],

p
L=THf)= ) I,

k=—p

where (Js,k)> ~=0;_j with § = 1if I =0 and § = 0 otherwise. The generating
ij
function has very intriguing features and leads to a lot of information. For example,

if f is nonnegative and not identically zero, then the banded Toeplitz matrix .7,,(f)
is positive definite for any positive order m. Furthermore, its eigenvalues can be com-
puted using very fast algorithms even when the coefficients c; are not real; see [9,10].

[11] noticed that the estimator of the covariance matrix with the banded Toeplitz
structure is the projection of the MLE of the unstructured covariance matrix, S, onto

2
the banded Toeplitz space. Denoting it by S’ following [11], we obtain §' = Z o;T;,
i=0

with ap = tr(S)/m and o; = tr(ST;)/[2(m —i)], i = 1,2. However, [6] showed that
the estimator S’ does not always retain positive definiteness. If we want to check the
positive definiteness of a covariance matrix, we can use a simple test based on the
generating function. Furthermore, this is not difficult to verify since f is an even
trigonometric polynomial. The ability to obtain a positive definite estimator is to
project S onto the asymptotic cone of nnd matrices (cf. [6]). This projection will
be denoted by S”. The algorithm for determining S can be found in [6].

The main task of this paper is to verify whether the covariance matrix has a pen-
tadiagonal Toeplitz structure denoted by X. Therefore we consider a hypothesis

Hy: Q=% vs Hj:Qisunstructured 2)

We start with determination of the formulas for the LRT and RST (originally defined
for MLE of covariance matrix) that are designed to verify the hypothesis that a given
covariance matrix has a banded Toeplitz structure. The proof of the following theorem
can be found in Appendix A and for general or specific structures also in the literature,
among others in [12].

Theorem 1 Statistics LRT and RST for (2) are as follows
LRT = n [tr <s§*1) “In ‘si”‘ —m} :

o)

where S is the sample covariance matrix defined in (1) and Y is the MLE of L. O

RST



Testing hypotheses about the pentadiagonal banded Toeplitz covariance structure 37

It is known (cf. [13]) that under the null hypothesis and n — oo the distributions
of LRT and RST statistics tend to the x? distribution with m(m+1)/2 — p degrees of
freedom.

Observe that the determination of the MLE of the covariance matrix of a pen-
tadiagonal Toeplitz structure can be determined only numerically, which is quite
a complex and time-consuming process. Therefore, we propose modified tests, MLRT
and MRST, which, instead of the MLE of ¥, take into account estimators of the
covariance matrix obtained by the projections onto: (i) the linear space of banded
Toeplitz matrices [11], and (ii) the asymptotic cone of nonnegative definite Toeplitz
matrices [6]. Then the modified test formulas can be written as

MLRT(Z) = n[tr(siA)fln‘Si”‘fm},

ol )

with £ being an estimator of the covariance matrix determined by projections onto
the linear space of banded Toeplitz matrices (S') or onto the asymptotic cone of nnd
matrices (S). The main interest of this paper is to verify the convergence of the
distribution of MLRT(X) and MRST(Z) to the asymptotic distribution y?.

MRST(Z)

3. Simulation study

In this section, we compare the convergence of the modified MLRT(X) and
MRST(i) test statistic distributions to the limiting x> distribution. To determine
the modified test statistics, we use Y=8and ¥ =S~

Let X ~ Ny (1,@1,Q,1,), where m = {5,10} and n = {25, 50,75, 100, 150,200},
u=0,and ¥y =I,+0.5T; +0.4T>,, X, =1, +0.25T; — 0.25T>.

For every set of parameters (m,n,Y;), i = 1,2, we generate a data matrix and
compute the sample covariance matrix S. Then, we project S onto the pentadiago-
nal Toeplitz matrices space to obtain S’. If §' is positive definite (p.d.) and well-
conditioned (with condition number less than 100), we plug it into the formulas for
test statistics obtaining MLRT(S") and MRST(S"). Otherwise, when S’ is not invert-
ible or ill-conditioned, we project S’ onto the asymptotic cone of p.d. pentadiagonal
Toeplitz matrices to get S, and then plug this estimator into the formulas for test
statistics obtaining MLRT(S™) and MRST(S™). We repeat this procedure as long as
10,000 valeus of each test statistic will be computed (for each choice of X).

Figures 1, 2 present the empirical null distributions of MLRT(S") and MRST(S")
for data generated from the normal distribution with m = 5 and ¥ = £, (Fig. 2) and
¥ =%, (Fig. 3), while the empirical null distributions of MLRT(S*) and MRST(S™)
can be seen in Figures 3, 4. The blue solid line represents the limiting )(122 distribution.
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Fig. 1. Histograms of empirical null distributions of MLRT(S') (first row) and MRST(S") (second row)
for Xy =I5 +0.5T +0.4T,, m = 5 and n € {25,100,200} along with 75122 distribution
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Fig. 2. Histograms of empirical null distributions of MLRT(S') (first row) and MRST(S") (second row)
for ¥y =I5+ 0.25T; —0.25T,, m = 5 and n € {25,100,200} along with X122 distribution

Similarly, in Figures 5 and 6, the empirical null distributions of MLRT(S') and
MRST(S"), and in Figures 7 and 8, the empirical null distributions of MLRT(S*)
and MRST(S™) for m = 10 and matrices X;, i = 1,2, together with a limiting 96522

distribution.
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Fig. 3. Histograms of empirical null distributions of MLRT(S™) (first row) and MRST(S™) (second
row) for £y =I5 +0.5T| +0.4T,, m = 5 and n € {25,100,200} along with x122 distribution
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Fig. 4. Histograms of empirical null distributions of MLRT(S™) (first row) and MRST(S) (second
row) for Xy =I5+ 0.25T; — 0.25T,, m = 5 and n € {25,100,200} along with x,zz distribution

It should be noted that MRST(S') is very sensitive for the modification proposed
in this paper. It appears that using S’ instead of the proper MLE in the formula for the
Rao score test statistic, around 1 % of all the computed values of MRST(S’) are huge
and incomparable with the remaining values; thus, all these outliers are not taken into
account when creating empirical histograms and computing the quantiles.
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Fig. 5. Histograms of empirical null distributions of MLRT(S') (first row) and MRST(S’) (second row)
for £y =10+ 0.5T; +0.4T,, m = 10 and n € {25,100,200} along with x522 distribution
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Fig. 6. Histograms of empirical null distributions of MLRT(S') (first row) and MRST(S") (second row)
for £y =TIjp+0.25T; —0.25T, m = 10 and n € {25,100,200} along with x522 distribution

The graphs demonstrate that the convergence of the modified test statistics based
on S to the limiting distribution is superior to that based on the estimator S’. This
observation is further supported by Table 1, in which the 95th quantile of empirical
null distributions of the considered test statistics is compared together with the
95th quantile of the respective x* distribution. The distributions of MLRT(S) and
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MRST(S™) show significantly better convergence compared to their counterparts
based on S’. Furthermore, in certain cases, the empirical quantiles exhibit oscilla-
tory behavior, initially increasing before gradually decreasing toward the asymptotic
result. This pattern suggests fluctuations around the point of convergence. Similar
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Fig. 7. Histograms of empirical null distributions of MLRT(S™) (first row) and MRST(S) (second
row) for Xy =1Ij9+0.5T; +0.4T,, m = 10 and n € {25,100,200} along with 75522 distribution
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Fig. 8. Histograms of empirical null distributions of MLRT(S™) (first row) and MRST(S™) (second
row) for Xp = I19+0.25T — 0.25T,, m = 10 and n € {25,100,200} with x522 distribution
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phenomena, where empirical quantiles oscillate around their asymptotic values, can
also be found in other studies in the literature, including [14]. Notably, for m = 10
and for the biggest sample size, the empirical quantiles remain nearly twice as high
as the asymptotic quantiles, indicating a slower convergence in this case.

However, on the other hand, calculating a single test statistic value using S*
requires a special algorithm and takes approximately 10 times longer than using S,
which can be a big disadvantage from the point of view of researchers.

Table 1. Values of 0.95 quantiles of MLRT(X) and MRST(Z) for m € {5,10} and
Y =1,+0.5T +04T; or £ =1, +0.25T| — 0.25T, for two different estimators of the covariance
matrix: 8", 8%

m | n [ MLRT(S) | MRST(S") [ MLRT(S”) | MRST(S*)
=1, +0.5T; + 04T,

525 49.77 82.50 34.58 19.94
50 40.15 53.46 36.96 24.16
75 35.07 45.08 26.67 2451
100 31.91 36.26 26.03 24.02
150 29.86 3221 26.05 2475
200 30.14 31.79 25.90 24.94
500 28.68 28.94 27.38 26.80
o0 21.03 21.03 21.03 21.03

10 | 25 128.54 283.24 91.87 87.41
50 152.55 316.23 84.03 89.07
75 176.07 346.85 84.93 94.22
100 [ 162.85 288.53 85.56 97.09
150 || 13379 194.97 90.81 91.36
200 || 13121 179.86 95.09 91.58
500 [ 11347 124.60 108.90 119.49
oo 69.83 69.83 69.83 69.83

Y =1, +0.25T, —0.25T,

525 3434 51.79 34.00 22.83
50 20.11 3452 32.66 2442
75 28.50 31.66 24.78 2232
100 26.47 27.61 24.02 21.91
150 2521 26.23 24.39 2248
200 2473 25.28 24.37 22.99
500 25.35 25.62 2432 2320
o0 21.03 21.03 21.03 21.03

10 [ 25 135.45 343.99 91.10 66.19
50 163.81 433.00 82.67 67.30
75 209.40 486.93 81.56 68.58
100 [ 192.87 397.67 81.41 69.55
150 [ 17134 311.43 81.24 71.81
200 [ 14248 220.75 75.85 70.82
500 [ 121.84 149.67 7422 71.38
o0 69.83 69.83 69.83 69.83
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4. Conclusions

The analysis presents a comparison of the null distributions of the MLRT(X) and
MRST(E) test statistics to test the hypothesis of the covariance matrix with a pen-
tadiagonal Toeplitz structure. Instead of the standard MLE, the estimators obtained
using the projections: S’ and S are used. The results show that the distribution of
the test statistics based on S® converges faster to the limiting distribution than those
based on S'. Therefore, despite the longer computation time, we recommend using
the S” estimator as a replacement for MLE.

Finally, note that since the determination of S™ is usually time-consuming, alter-
native covariance matrix estimators with a banded Toeplitz structure can be proposed
for the testing procedure. This will be the topic of future research, along with the
study of potential synergies with the vast Toeplitz literature; see [7, 8] and refer-
ences therein. A suitable next step in future research will be to compare the mod-
ified test statistics proposed in this paper with the statistics determined based on
MLE not only in terms of convergence to the limiting distribution, but also in terms
of other statistical and algebraic properties. Knowing from [13] that under the null
hypothesis the distributions of LRT and RST statistics tend to the y? distribution
with m(m+1)/2 — p degrees of freedom with n — oo, it becomes essential to com-
pare methods that employ the MLE of the covariance matrix with those that do not.
Moreover, alternative approaches that do not utilize the MLE might exhibit differ-
ent rates of convergence, impacting the robustness and practical applicability of the
tests. Investigating these differences will provide deeper insights into the conditions
under which the asymptotic x> approximation holds true and will help clarify the
challenges associated with different estimation techniques.
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Appendix A: Proof of Theorem 1

Proof. The theorem itself, as well as its proof, is a well-known result which can also
be found in [12]. The logarithms of the likelihood function for the null and alternative
hypotheses, when  is replaced by its MLE, have the forms, respectively

InL(Z) = —%m(zn)—glnm—gtr(yls),
mL(Q) = —%ln(Zn)—gln]m—gtr(Q’IS).

Referring to [15], the likelihood ratio test statistic is expressed as —2InA, where A
is the likelihood ratio between the maximum values of likelihood function under
the null and alternative hypotheses. Thus, we get

LRT = —n[-mln(27)—In|Z[—tr(Z7'S) +mIn(27) +1n|S|+tr (S7'S)]
— e (s5) —mfsz <]

Using [12], now we provide the formula for RST. Following [13], the RST can be
presented for testing (2) as

RST — ¢/ (i) F! (E) s (E) :

where s is a score vector and F = —F (82 InL/d 02) is the Fisher information matrix.

To determine the score vector, it is necessary to differentiate the above function
with respect to Q. Observe, however, that since the considered hypothesis does not
contain any restrictions on U, the first entry of the score vector (first derivative with
respect to () will reduce to 0 when u is replaced by its MLE. Thus, without loss
of generality, we consider the score vector of dimension %m(m +1). Similarly, the
Fisher information matrix is of the order 1m(m+1).

Using the chain rule described in [16] and the formulas for derivatives from [17],
we have that

dInL
8?2 = {—gvec’(Q_l) - gvec’S(Q_1 ®Q_1)} D,
where D,, is a duplication matrix; for more details see e.g. [16]. Plugging the estima-

tor of Q under null hypothesis into the above formula, we obtain

s = —%D;n [vec(fil)—(fil®§71)VecS}/
= -2, {E e [@@i)veci’l—vecs}}/
- oD, (€ 2 )vee®-8)].
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Now, we will determine the Fisher information matrix. Hence,

d%InL

n _ _ n
Sor = Du{5@ @0 ) - F [wecSoLe] (1, 9 Ky 1)

(Q'eQ " TovecQ T +vecQ '@ ' ®Q ) 1D,

Then, using the formulas from [14]

FQ) = —3D,[(@'007")— (ve'SOLp) (I ©Knn 1)
(Q'eQ  'ovecQ T +vecQ '@ '@ Q)] D,

(D, (Q7'®2Q71)D,,

(Vec S®D), ) m @Ky m @Ly) (Q_l Q! ®vecQ‘1)Dm

(Vec S®D’ ) m @Ky m @1Ly) (vecQ_1 Q! ®Q_1)Dm]

[-D, (@ '®Q ')D,

(Vec S®D)/ ) m QKim @1y )(Imz ®VecQ*1) (Qfl ®971)Dm

(vec’'S®D),) (In @Ky @L,) (vece Q' @L,p) (7' @ Q') D,

= p,(@'®Q)D,.

2 m

n
2
_|_
+
n
2
_l’_
_l’_

Plugging the estimator of Q under the null hypothesis into the above formula we
obtain

FE) = gD;n (i’l @i’l) D,.

Then, taking into account the form of Rao’s test statistics, substituting the inverse of
Fisher’s information and writing the Moore-Penrose inverse of D,, as D;, we get

RST = Zvec(£-$) (et )p,p; (205) DD,
. (iil ®§71) vec(Z—S)
~1 o~ ~ o~
— "y (T-8) (2 ®% )(Im2+Km7m) (2@2) (L2 + Kp)

(271@@71) vec(Z—S)
vec |Z 1(): S)L }
_](f—S)E_l] . n



