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Abstract. Fibonacci sequence is a well known example of second order linear recurrence 
relatio. Besides Fibonacci numbers and their generalizations have many applications as 

well as interesting properties almost in every field of science such as in Physics, Biology, 

Mathematics (Algebra, Geometry and Number Theory itself). The main aim of the present 

article to introduce a generalization of Fibonacci sequence which is similar to k-Pell,  

k-Pell-Lucas, Modified k-Pell sequences and known as Fibonacci-Like sequence. After that 

we obtain some fundamental properties of Fibonacci-Like sequence such as Binet formulae 

of Fibonacci-Like sequence, binomial transform of the Fibonacci-Like sequence and sum of 

Fibonacci-Like numbers with indexes in an arithmetic sequence. In addition to this we  

obtain some new relations among k-Pell, k-Pell-Lucas, Modified k-Pell and Fibonacci-Like 

sequences. 
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1. Introduction  

The classical Fibonacci numbers and their generalizations have very important 

properties and applications to almost every field of science and art. The Fibonacci 

sequence is defined by the following recurrence relation: 

 
1 2 0 1

, 2, 0, 1
n n n

F F F n F F
− −

= + ≥ = =  (1) 

Some sequences, such as Pell sequences, have a similar structure with the Fibo-

nacci sequence, see for instance [1, 2]. In [3] Halici and Dasdemir presented some 

relations among Pell, Pell-Lucas and Modified Pell sequences. Halici in [4] intro-

duced sums formulae for products of Pell { }
n
P , Pell-Lucas { }

n
Q  and Modified Pell 
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{ }
n
q  sequences. In [5-7] the authors delineated Binet’s formula, generating and 

some other identities for Modified k-Pell numbers, k-Pell-Lucas numbers and  

k-Pell numbers respectively. In [8, 9] the authors acquainted identities of general-

ized Fibonacci sequences with Jacobsthal and Jacobsthal-Lucas sequences. Jhala et 

al. [10] obtained some properties for k-Jacobsthal numbers. In [11] Campos et al. 

presented the properties for k-Jacobsthal-Lucas sequence. 

In [12, 13] the authors presented some properties for k-Jacobsthal and k-Lucas 

numbers with arithmetic indexes, say an r+ , for fixed integers a and r respective-

ly. In [14, 15] the authors employed several class of  transforms like binomial,  

k-binomial, rising and falling transforms to the k-Lucas and k-Fibonacci sequences 

respectively and investigated the properties between the so obtained new sequences 

and k-Lucas or k-Fibonacci sequences. 

2. k-Pell, k-Pell-Lucas and Modified k-Pell sequences 

Definition 1 [7] 

For any positive real number k, the k-Pell sequence say }{
,nk
P  is defined recurren-

tly by 

 , , 1 , 2 ,0 ,1
2 , 2, 0, 1

k n k n k n k k
P P kP n P P

− −

= + ≥ = =  (2) 

Definition 2 [6] 

For any positive real number k, the k-Pell-Lucas sequence say 
,

{ }
k n
Q  is defined re-

currently by 

 , , 1 , 2 ,0 ,1
2 , 2, 2, 2

k n k n k n k k
Q Q kQ n Q Q

− −

= + ≥ = =  (3) 

Definition  3 [5] 

For any positive real number k, the k-Modified Pell sequence say 
,

{ }
k n
q  is defined 

recurrently by 

 , , 1 , 2 ,0 ,1
2 , 2, 1, 1

k n k n k n k k
q q kq n q q

− −

= + ≥ = =  (4) 

The same characteristic equation, associated to the recurrence relations (2), (3) and 

(4) is given by 

 
2

2 0x x k− − =  (5) 

with two distinct roots a  and b. Note that the roots of the equation (5) are 

 1 1 and 1 1a k b k= + + = − +  

The general forms or Binet formulae for the k-Pell sequence, k-Pell-Lucas sequen-

ce and Modified k-Pell sequence are given respectively: 
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,

n n

k n

a b
P

a b

−

=

−

  (6) 

 
,

n n

k n
Q a b= +  (7) 

and 

 
,

2

n n

k n

a b
q

+
=  

(8) 

3. Fibonacci-Like sequence 

Definition 4. 

For any positive real number k, Fibonacci-Like say 
,

{ }
k n
R  is defined recurrently 

by 

 , , 1 , 2 ,0 ,1
2 , 2, 2, 1

k n k n k n k k
R R kR n R R

− −

= + ≥ = =  (9) 

Clearly 2
2 0x x k− − =  is also the characteristic equation of the recurrence (9) and 

a  and b  are its two roots. 

where  1 1 and 1 1a k b k= + + = − +  

Here a  and b  have the following properties: 

1. 2a b+ =   and  1 1a b− = −  

2. kab −=    

3. ( ) ( ) ( )1 1 1a b k− − = − +  

4. 2
2a a k= +   and  2

2b b k= +  

5. ( ) ( )2 2 2
1 1 2 3a b k k− − = − −  

6. 2 2
4 2a b k+ = +  

4. Binet formulae for Fibonacci-Like fequence 

In this section we present explicit formulae for the n
th
 Fibonacci-Like number. 

In other words also we find the relations of Fibonacci-Like sequence with the  

k-Pell sequence and k-Pell-Lucas sequence and so, for this we have the following 

theorem: 

Theorem 1  

 
, , ,

, 0

n n

n n

k n k n k n

a b
R a b Q P n

a b

−
= + − = − ≥

−

 (10) 
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( ) ( )1 1

, , 1 ,

2 3
2 3 , 0

n n n n

k n k n k n

a b a b
R P P n

a b

+ +

+

− − −

= = − ≥

−

 (11) 

Proof. The general form of the Fibonacci-Like sequence may be expressed in the 

form: 

 nn

nk
BbAaR +=

,

 (12) 

where A and B are constants these can be determined by the initial conditions of the 

recurrence (9). So put the values 0=n  and 1=n  in the equation (12), we get 

2A B+ =  and 1Aa Bb+ =  

After solving the above system of equations for A and B, we get 

 
1 2b

A
a b

−

=

−

 and 
2 1a

B
a b

−

=

−

     (13) 

Therefore, 

 
( ) ( )

,

1
1 2 2 1

n n

k n
R a b b a

a b
 = − + − −

( )
1

2 2
n n n n

a ba b ab
a b
= − − +

−

 (14) 

 
( )

,

1 n n n n n n

k n
R a ba ba b ab ab

a b
= − − − + +

−

  

( ) ( )
,

1
1 1

n n n n

k n
R a b b a ba ab

a b
 = − − − − + −

 

( ) ( )
,

1
1 1

n n n n

k n
R a a b b ba ab

a b
 = − − − − + −

 

( )
,

1 n n n n n n

k n
R a a a b b b ba ab

a b
= − − + − +

−

 

( ) ( )
,

1 n n n n

k n
R a a b b a b a b

a b
 = − + − − + −

 

( ) ( ) ( )
,

1 n n n n

k n
R a b a b a b

a b

 = + − − − −

n n

n n
a b

a b
a b

−
= + −

−

 

This proves the first part of the theorem (10). 

If we consult equation (14), we have 
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( )
,

1
2 2

n n n n

k n
R a ba b ab

a b
= − − +

−

 

( ) ( )
,

1
2 2 2 2

n n n n

k n
R a a a b b b

a b
 = − − − + − −

 

( )1 1

,

1
4 2 4 2

n n n n n n

k n
R a a a b b b

a b

+ +

= − + − + −

−

 

( )1 1

,

1
3 3 2

n n n n

k n
R a b a b

a b

+ + = − + + − −
 

( ) ( )1 1

,

2 3
n n n n

k n

a b a b
R

a b

+ +

− − −

=

−

 

This proves the second part of the theorem (10). 

But for the sake of simplicity we can write the Binet formula of 
,

{ }
k n
R as 

 
,

n n

k n
R Aa Bb= +  (15) 

Here,  

• 
1 2b

A
a b

−

=

−

  and  
ba

a
B

−

−

=

12

 

• 2A B+ =  

• 
2

A B
a b

−

− =

−

 

• 
( )

2

3 4k
AB

a b

+
=

−

 

Now if we interchange the positions A and B in the equation (12), we get another 

sequence say 
,

{ }
k n
R
∗

 and is given by 

 
,

n n

k n
R Ba Ab
∗

= +  

 
,

n n

k n
R Ab Ba
∗

= +  (16) 

But here our motive is to express 
,k n
R
∗

 in terms of k-Pell sequence, put the val-

ues of A and B from the equation (13) in the equation (16), we get 

( ) ( )
,

1
1 2 2 1

n n

k n
R b b a a

a b

∗  = − + − −
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( )1 1

,

1
2 2

n n n n

k n
R b b a a

a b

∗ + +

= − + −

−

 

( ) ( )1 1

,

1
2

n n n n

k n
R a b a b

a b

∗ + + = − − − −
 

 
, , 1 ,

2
k n k n k n
R P P

∗

+
= −  (17) 

Furthermore the relation between
  

nk
R

,

  and  ∗

nk
R

,

 is given by the following 

equation: 

 
nknknk
PRR

,,,

2−=
∗  (18) 

Lemma 1. 

 
( )

, 1 ,
2

, 0
3 4

n n

k n k n
R Ra b

n
a b k

+
−−

= ≥

− +

 (19) 

Proof. By the Binet formula of Fibonacci-Like sequence, we have 

 
( ) ( )1 1

, 1 ,
2 2

n n n n

k n k n
R R Aa Bb Aa Bb

+ +

+
− = + − +

 

 
1 1

2 2
n n n n

Aa Aa Bb Bb
+ +

= − + − ( ) ( )1212 −+−= bBbaAa
nn

 

Since, ( )
3 4

2 1
k

A a
a b

+
− =

−

  and  ( )
3 4

2 1
k

B b
a b

+
− = −

−

 

Therefore, 

 
( ) ( )

, 1 ,

3 4 3 4
2

n n

k n k n

k a k b
R R

a b
+

+ − +

− =

−

( )3 4

n n

a b
k

a b

−
= +

−

 

 ( )
, 1 ,

2

3 4

n n

k n k n
R Ra b

a b k

+
−−

=

− +

 

Theorem 2. (Catalan’s Identity) 

 
( )

( )
22

, , , , 1 ,
2 , 0

3 4

n r

k n r k n r k n k r k r

k
R R R R R r n

k

−

+ − +

−
− = − ≤ ≤

+

 (20) 

Proof.  

 
( ) ( ) ( )

2
2

, , ,

n r n r n r n r n n

k n r k n r k n
R R R Aa Bb Aa Bb Aa Bb

+ + − −

+ −
− = + + − +  

 

2 2 2 2 2 2 2

, , ,

2 2
2

n n r n r n r n r n n

k n r k n r k n

n n n

R R R A a ABa b ABa b B b A a

B b ABa b

+ − − +

+ −
− = + + + −

− −
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( )2

, , ,
2

n r n r n r n r n n

k n r k n r k n
R R R AB a b a b a b

+ − − +

+ −
− = + − ( ) ( ) ( )[ ]nrrrn

abbaabAB 2
22
−+=

−

 

Since, 
( )

2

3 4k
AB

a b

+
=

−

 

( ) ( )

( )
( )2 2 2

, , , 2

3 4
2

n r

rr r

k n r k n r k n

k k
R R R a b ab

a b

−

+ −

+ −
 − = + −
 −

( ) ( )
2

2

, , ,
3 4

r r
n r

k n r k n r k n

a b
R R R k k

a b

−

+ −

 −
− = + −  

− 
 

Now by lemma (10), we have 

( ) ( )
2

, 1 ,2

, , ,
3 4

3 4

n r k r k r

k n r k n r k n

R R
R R R k k

k

− +

+ −

− 
− = + −  

+ 

( ) ( ) 2
,1,2

43
rkrk

rn

RR
k

k
−

+

−

=
+

−

 

Hence the result. 

5. Relationships of Fibonacci-Like sequence  

with the other sequences 

In this section we present some results on the relations of Fibonacci-Like  

sequence with the k-Pell sequence, k-Pell-Lucas sequence and k-Modified Pell 

sequence by simply using the Binet formulae of the said sequences. 

Theorem 3. 

 ( ), 1 , , 1 ,
2 , 0

n

k n k n k n k n
R Q Q R k n

+ +
− = − − ≥  (21) 

Proof.  

( ) ( ) ( ) ( )1 1 1 1

, 1 , , 1 ,

n n n n n n n n

k n k n k n k n
R Q Q R Aa Bb a b a b Aa Bb+ + + +

+ +
− = + + − + +  

2 1 1 1 2 1 2 1

, 1 , , 1 ,

1 1 2 1

n n n n n n n

k n k n k n k n

n n n n n

R Q Q R Aa Aa b Bb a Bb Aa

Ba b Ab a Bb

+ + + + +

+ +

+ + +

− = + + + −

− − −

1 1 1 1

, 1 , , 1 ,

n n n n n n n n

k n k n k n k n
R Q Q R Aa b Bb a Ba b Ab a+ + + +

+ +
− = + − −

 
( ) ( )1 1 1 1

, 1 , , 1 ,

n n n n n n n n

k n k n k n k n
R Q Q R A a b b a B b a a b+ + + +

+ +
− = − + −

 

( ) ( ) ( ), 1 , , 1 ,

n n

k n k n k n k n
R Q Q R a b a b A B

+ +
− = − − ( ) ( )

2n

k a b
a b

−

= − −

−

( )2
n

k= − −

 

Theorem 4. 

 ( ), 1 , , 1 ,
2 , 0

n

k n k n k n k n
R P P R k n

+ +
− = − − ≥  (22) 
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Proof.  

( ) ( )
1 1

1 1

, 1 , , 1 ,

n n n n

n n n n

k n k n k n k n

a b a b
R P P R Aa Bb Aa Bb

a b a b

+ +

+ +

+ +

   − −
− = + − +   

− −   
 

( ) ( ) ( )
( )

1 1 1 1

, 1 , , 1 ,

1
n n n n n n

k n k n k n k n n n

Aa Bb a b a b
R P P R

a b Aa Bb

+ + + +

+ +

 + − − −
 − =

− +  
1 1 1 2 1 1

, 1 , , 1 , 1 1 2 1

1
n n n n n n n

k n k n k n k n n n n n n

Aa Aa b Bb a Bb Aa
R P P R

a b Ba b Aa b Bb

+ + + + +

+ + + + +

 − + − −
− =  

− − + −   

( )1 1 1 1

, 1 , , 1 ,

1 n n n n n n n n

k n k n k n k n
R P P R Aa b Aa b Bb a Ba b

a b

+ + + +

+ +
− = − + −

−  

( ) ( ), 1 , , 1 ,

n

k n k n k n k n

a b
R P P R ab A B

a b
+ +

−
− = − +

−

( ) nk−−= 2  

Theorem 5. 

 ( ), 1 , , 1 ,
, 0

n

k n k n k n k n
R q q R k n

+ +
− = − − ≥  (23) 

Proof.  

( ) ( )
1 1

1 1

, 1 , , 1 ,
2 2

n n n n

n n n n

k n k n k n k n

a b a b
R q q R Aa Bb Aa Bb

+ +

+ +

+ +

   + +
− = + − +   

   
 

2 1 1 1 2 1 1 1

, 1 , , 1 , 1 2 1

1

2

n n n n n n n n n

k n k n k n k n n n n

Aa Aa b Bb a Bb Aa Ba b
R q q R

Aa b Bb

+ + + + + +

+ + + +

 + + + − −
− =  

− − 

( )1 1 1 1

, 1 , , 1 ,

1

2

n n n n n n n n

k n k n k n k n
R q q R Aa b Ab a Bb a Ba b+ + + +

+ +
− = − + −

 

( ) ( )
( )

( ), 1 , , 1 ,

2

2 2

n n

k n k n k n k n

a ba b
R q q R ab A B ab

a b
+ +

−− −

− = − =

−

 

( ), 1 , , 1 ,

n

k n k n k n k n
R q q R k

+ +
− = − −  

6. Binomial transform of the Fibonacci-Like sequence 

In this section we introduce binomial transform of the Fibonacci-Like sequence

,

{ }
k n
R . Furthermore we present Binet formula and generating function of the  

binomial transform. 

Given an integer sequence 
0 1 2 3

{ , , , , }A a a a a′ = ⋅ ⋅ ⋅ , define the binomial transform 

B′ of  the sequence A′  to be the sequence ( ) { }
n

B A b′ ′ = , where 
n
b  is given by 

 
0

n

n i

i

n
b a

i
=

 
=  

 
∑  (24) 
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Definition 5. 

The binomial transform of the Fibonacci-Like sequence is denoted by { }
,k k n

B b′ =  

where: 

 , ,

0

n

k n k i

i

n
b R

i
=

 
=  

 
∑  (25) 

Lemma 2. The binomial transform of the Fibonacci-Like sequence verifies the re-

currence 

 ( ), 1 , , 1

0

n

k n k i k i

i

n
b R R

i
+ +

=

 
= + 

 
∑  (26) 

Proof.  

1

, 1 ,

0

1
n

k n k i

i

n
b R

i

+

+

=

+ 
=  

 
∑ ik

n

i
k

R

i

n
R

,

1

1
0,

1

∑ 








 +
+=
+

=

 

Since 
1

1

n n n

i i i

+     
= +     −     

, then 

1

, 1 ,0 ,

1
1

n

k n k k i

i

n n
b R R

i i

+

+

=

    
= + +    −    
∑

1 1

,0 , ,

1 1
1

n n

k k i k i

i i

n n
R R R

i i

+ +

= =

   
= + +   −   
∑ ∑  

, 1 ,0 , , 1

1 0

n n

k n k k i k i

i i

n n
b R R R

i i
+ +

= =

   
= + +   

   
∑ ∑ , , 1

0 0

n n

k i k i

i i

n n
R R

i i
+

= =

   
= +   

   
∑ ∑

 

( ), 1 , , 1

0

n

k n k i k i

i

n
b R R

i
+ +

=

 
= + 

 
∑  

Theorem 6. Binomial transform of the Fibonacci-Like sequence, { }
,k k n

B b′ =  veri-

fies the recurrence relation 

 ( ), 1 , , 1 ,0 ,1
4 3 , 2, 3

k n k n k n k k
b b k b b b
+ −
= − − = =  (27) 

Proof. Since 

 ( ), 1 , , 1

0

n

k n k i k i

i

n
b R R

i
+ +

=

 
= + 

 
∑
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( ), 1 ,0 ,1 , , 1

1

n

k n k k k i k i

i

n
b R R R R

i
+ +

=

 
= + + + 

 
∑ ( ),0 ,1 , , , 1

1

2

n

k k k i k i k i

i

n
R R R R kR

i
−

=

 
= + + + + 

 
∑

 

( ), 1 ,0 ,1 , , 1

1

3

n

k n k k k i k i

i

n
b R R R kR

i
+ −

=

 
= + + + 

 
∑

 

, 1 , , 1 ,0 ,1

1 1

3

n n

k n k i k i k k

i i

n n
b R k R R R

i i
+ −

= =

   
= + + +   

   
∑ ∑
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Therefore from equation (28), we have 

( ), 1 , , , 1
3 3

k n k n k n k n
b b b k b
+ −
= + − −  

( ), 1 , , 1
4 3

k n k n k n
b b k b
+ −
= − −  

Hence the result. 

7. Fibonacci-Like sequence with arithmetic indexes 

In this section we present property of Fibonacci-Like sequence with indexes in 

an arithmetic sequence, say mn r+ , for fixed integers m and r, 0 1r m≤ ≤ − . 

Theorem 7. The sum of Fibonacci-Like numbers of kind mn r+ is 
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Hence the result. 

8. Conclusion 

As we know that Fibonacci numbers and their generalizations have practical 

applications in every field of science. In the present article first of all we intro-

duced a Fibonacci-Like sequence and after that we obtained some properties about 

the Fibonacci-Like sequence and also obtained some relations among k-Pell, k-Pell-
Lucas, Modified k-Pell and Fibonacci-Like sequences. 
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