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Abstract. The object of research is an open HM-network with one-type messages bypass of 

systems in the transient behavior. Two cases are considered: when incomes from transitions 

between network states are deterministic functions depending on states and time, and 

network systems are single-line, and when incomes from transitions between network states 

are functions depending on random variables. The purpose of the research is to find the 

expected incomes of such a network in both cases on condition that the probabilities of 

messages bypasses of systems network and the parameters of incoming flow of messages 

and services depend on time. Examples are considered. 

General information 

In [1], a study was conducted in open exponential networks with multiline 

queuing systems (QS) with one-type messages bypass of systems in transient 

behavior. In [2] we found the nonstationary state probabilities and the average 

characteristics of the network in the case, when the probabilities of messages by-

passes of systems network and parameters of incoming flow of messages and ser-

vices depend on time. 

In this paper there are considered open HM (Howard-Matalytski) - network 

incomes of such type, when the probabilities of messages bypasses of systems 

network depend on time. Here we will consider two cases: when incomes from 

transitions between network states are deterministic functions depending on states 

and time and the QS networks are single-line, and when incomes from transitions 

between network states are functions depending on the random variables (RV). 

1. Formulation of the problem 

Consider an open exponential QN with one-type messages, consisting of n QS 

.S,...,S,S
n21

 Messages during the transition from one to another QS bring some 
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income and, accordingly, the income of the first system is reduced by that amount. 

It is necessary to find the expected incomes systems in the network during the time 

t o condition that we know its state at the initial time .t
0
 

Let 
i
m  be the number of identical service lines in the QS ,

i
S

i
I  - a vector of 

dimension ,n  consisting of zeros except the i-th component, which is equal to 1, 

;,1 ni = ijp  - the transition probability of the message after service in the system 
i

S  

into the system ,jS .,0, nji =  We assume that the system 
0
S  is the external envi-

ronment. Let us consider the case when the parameters of the incoming flow 

of messages and services depend on time, i.e. the time interval )[ tt,t ∆+  in the 

network receives a message with a probability ),()( tott ∆+∆λ  and if at the time t  

of service on the line i-th QS located in a message, at the range )[ tt,t ∆+  of its 

services will end with a probability ),()( tott
i

∆+∆µ .,1 ni =  The message is sent to 

the i-th QS with probability ,

0i
p .p

n

i

i
1

1

0
=∑

=

 The message sent to this QS from the 

external environment at a moment of time t, with a probability ),(
)(

tkf
i

 when the 

network is in a state ( ),, tk  joins the queue, and the probability ),(1
)( tkf i

−

 
is not 

attached to the queue, regardless of the handled (i.e., its time of service with 

a probability of 1 is equal to zero). If the message has been served in the i-th QS, it 

is likely to be sent immediately to the j-th QS with probability ,ijp  and leaves the 

QN with the probability ,
0i

p ,1
0

=∑
=

n

j

ijp .,...,1 ni =  

Let ( ) ),,...,,(),(
21

tkkktktk
n

==  be the state vector of the network, where 
i
k  - 

the number of messages at the moment t  in the system ,

i
S ;,1 ni = ( )tk

i
,ϕ  - the 

conditional probability that the message is delivered to the i-th QS at time t, when 

the network is in a state ( ),, tk  will not be serviced by any of the QS; ( )tkij , ψ  - the 

conditional probability that the message is delivered to the i-th QS outside at time 

t, when the network is in state ( ),, tk  the first time, a service in j-th QS; ( )tk
i

,α  - 

the conditional probability that the message, served in the i-th queuing system at 

time t, when the network is in a state ( ),, tk  will no longer be served in any of QS; 

( )tkij ,β  - the conditional probability that the message, served in the i-th queuing 

system at time t, when the network is in state ( )tk ,  for the first time then receives 

services in the j-th QS, .,1, nji =  
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2. Finding the expected incomes, when incomes from transitions 

between network states are deterministic functions, 

depend on states and time 

Let ),( tkv
i

 - total expected income, which the system 
i

S  gets during time ,t  if 

at the initial moment the network is in state ,k  and it is assumed that this function 

is differentiable in t; )(kr
i

 - income of system 
i

S  at a time when the network is in 

state ;k ),(
0

tIkr
ii

+  - income of system ,

i
S  when the network makes a transition 

from state ),( tk  in the state ( )ttIk
i

∆++ ,  during time ;t∆ ( )tIkR
ii
,

0
−−  - system 

income, if the network makes a transition from state ),( tk  in the state ( );, ttIk
i

∆+−  

( )tIIkr jiij ,−+  - income of system 
i

S  (consumption or loss of system jS ), when 

the network changes its state from ),( tk  to ( )ttIIk ji ∆+−+ ,  during time ,t∆  

.,1, nji =  

Suppose that the network is in state ).,( tk  During an interval of time it can re-

main in state k  or move to states ( ),
i
Ik − ( ),

i
Ik + ( ),ji IIk −+ .,1, nji =  If the 

network is in state ),,( ttk ∆+  then the expected income of system 
i

S  will be tkr
i
∆)(  

plus the expected income ),,( tkv
i

 that it will receive the remaining time t  units. 

The probability of this event is ( ) ( )( ) ( ) ( )( )( ) ).(,1,11
1

0
tottkttkpt

n

i

iiiii
∆+∆−+−−∑

=

βµϕλ    

If the network goes to the state ( )ttIk
i

∆++ ,  with probability ( ) ( ) +∆+ ttIkpt iiji ,

0
ψλ  

),( to ∆+  then income of system 
i

S  is ( )[ ],),(,
0

tIkvtIkr
iiii

+++  and if in state 

( )ttIk
i

∆+− ,  with probability ( ) ),()(,)( totkutIkt
iiii

∆+∆−αµ  then income of the 

system is ( ) ( )[ ],,,

0
tIkvtIkR

iiii
−+−− .,1 ni =  Similarly, if the network goes from 

),( tk  to state ( )ttIIk ji ∆+−+ ,  with probability ( ) ),()(,)( totkutIIkt jjijij ∆+∆−+βµ   

it brings the system 
i

S  income of ( )tIIkr jiij ,−+  plus the expected net income for 

the remaining time, if the initial state of the network was the state ( ).ji IIk −+  

Described above are summarized in Table 1. 

Then, using the total probability formula for the mean value of the expected 

income of the system 
i

S  a system of difference-differential equations (DDE) can 

be obtained: 

( ) ( )( ) ( ) ( )( )[ ]

( ) ( ) ( )[ ]+−−++++

+−+−−=

∑

∑

=

=

n

j

jijjjjjijijj

i

n

i

iiiii
i

tIkvkutIkttIkvtIkpt

tkvtkttkpt
dt

tkdv

1

0

1

0

),()(,)(),(,

),(,1,1
),(

αµψλ

βµϕλ   
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( )[

( ) ]

( )[

( ) ]

( )

( ) ( ) ( ) ( ) ( ),,)(,)(),(,

),()(,)(

),()(,)(

),()(,)(

),()(,)(

),()(,)(

000

,
1,

1

1

krtIkRkutIkttIkrtIkpt

tIIkvkutIIkt

tIIkrkutIIkt

tIIkrkutIIkt

tIIkvkutIIkt

tIIkvkutIIkt

iiiiiiiiiiiji

isc
sc

scisscscs

jijiijiiji

n

ij
j

jiijjjijij

jiiijiiji

n

ij
j

jiijjijij

+−−−+++

+−+−++

++−+−+

+−+−++

++−+−+

+−+−++

∑

∑

∑

≠

=

≠

=

≠

=

αµψλ

βµ

βµ

βµ

βµ

βµ

 

(1)

 

Table 1 

Possible transitions between network’s states, their probability and incomes 

of the system 
i
S  

Possible transitions 

between network’s 

states 

The transition probabilities 

Incomes of system 
i
S  of 

transitions between network’s 

states 

),(),( ttktk ∆+→  
( ) ( )( )(∑

=

+−−

n

i

ii
tkpt

1

0
,11 ϕλ  

( ) ( )( )) )(,1 tottkt
iii

∆+∆−+ βµ   

),()( tkvtkr
ii

+∆  

,),(),( ttIktk j ∆++→  

ij ≠  
( ) ( ) )(,

0
tottIkpt jijj ∆+∆+ψλ  ),()( tIkvtkr jii ++∆  

,),(),( ttIktk j ∆+−→  

ij ≠  
( ) )()(,)( totkutIkt jjjj ∆+∆−αµ  ),()( tIkvtkr jii −+∆  

→),( tk  

,),( ttIIk
sc

∆+−+  

isc ≠,  

( ) )()(,)( totkutIIkt
sscscs

∆+∆−+βµ  ),()( tIIkvtkr
scii

−++∆  

),(),( ttIktk
i

∆++→  ( ) ( ) )(,
0

tottIkpt iiji ∆+∆+ψλ  ),(),(
0

tIkvtIkr
iiii

+++  

),(),( ttIktk
i

∆+−→  ( ) )()(,)( totkutIkt
iiii

∆+∆−αµ  ( ) ),(,
0

tIkvtIkR
iiii

−+−−  

→),( tk  

,),( ttIIk ji ∆+−+  

ij ≠  

( ) )()(,)( totkutIIkt jjijij ∆+∆−+βµ  
+−+ ),( tIIkr jiij  

),( tIIkv jii −++  

→),( tk  

,),( ttIIk ji ∆++−  

ij ≠  

( ) )()(,)( totkutIIkt ijiiji ∆+∆+−βµ  
++−− ),( tIIkr jiji  

),( tIIkv jii +−+  
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where ( )




≤

>
=

0,0

0,1

x

x

xu  - the Heaviside function. The number of equations in this 

system is the number of states of the network. Relations for the conditional proba-

bilities ( )tki ,ϕ , ( )tkij ,ψ , ( )tk
i

,α , ( )tkij ,β , nji ,1, =  are given at [1]. 

For closed networks, the system of equations (1) can be reduced to the final of 

the system of linear inhomogeneous ordinary differential equations (ODE) with 

constant coefficients, which in the matrix form can be written as 

 ( ) ,)()(
)(

tVtAtQ
dt

tdV
ii

i
+=  (2) 

where: ( )),(...,),,2(),,1()( tLvtvtvtV iii

T

i =  - unknown vector of the system income 

,
i
S L  - number of states of the network. The solution of (1) can be found by using 

the direct method, or the method of Laplace transforms. However, we should not 

forget that the number of states of a closed QN equals ,
1

1

−

−+
=

n

KnCL  where: K  - num- 

ber of messages served by the network, and it is quite large for a relatively small  

n and ,K  i.e. the number of equations in (1) will also be large enough. Experien- 

ce has shown that the method of Laplace transforms can make calculations  

for networks with relatively small state space ( );300<L  the direct method can  

be carried out for networks of larger dimension than the method of Laplace trans-

forms. 

Example 1 

Consider a closed network with the following parameters: ,5=n .10=K  Let 

intensity be ,)( tt λλ = [ ]( ) cos( ) 1 ,
i i i
µ t µ ωt= + .5,1=i  The transition probabilities 

between the QS network are ,1543412 === ppp ,3.04542 == pp === 433431 ppp  

,4.0=  .2.035 =p  Because the network is closed, it equals the number of states 

.1001
1

1 ==
−

−+

n

KnCL  Write down some of them (0,0,0,0,7), (0,0,0,1,6), (0,0,0,2,5), 

(0,0,0,3.4), (0,0,0,4,3), (0,0,0,5,2), (0,0,0,6,1), (0,0,0,7,0), (0,0,1,0,6), (0,0,1,1,5) 

etc. Rename them from 1 to 1001. Assume that the probabilities of the messages to 

join the queue at time t is given by ,1)(
)( iti etf −

−= .5,1=i  Conditional probabili-

ties ( ),t
i

ϕ ( ),tijψ ( )t
i

α  and ( )tijβ  are given at [1]: 
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( ) ( )( ) ( )

( ) ( )

( ) ( )

( ) ( ) ,,1,,,,

,,1,,,

,1,,,)),(1(),(,

,,1,,),(1,

1

1

0

1

)()(

1

0

njitIkptk

nitIkpptk

njitkptkftkftk

nitkpptkftk

n

l

iljilij

n

j

ijijii

n

l

ljil
i

ij
i

ij

n

j

jiji
i

i

=−=

=−+=

=−+=

=













+−=

∑

∑

∑

∑

=

=

=

=

ψβ

ϕα

ψδψ

ϕϕ

 (3) 

where ijδ  - the Kronecker delta. At [2] it was shown that they are cumbersome even 

at .3=n  As the incomes of )(kr
i

 were taken are some integers, .5.1=i  As incomes  

,),(0 tlr
i

( ),,0 tlR
i

,),( tlrij ),( tlrji  were taken linear in t not depending on states k 

functions: ,bat +  where: a  are some real numbers, and b  are some integers, ,5.1, =ji  

.ji ≠  The initial conditions )0(
i
V  - vector, consists of zeros, .5.1=i  

The numerical solution of the DDE (1) is obtained by using the mathematical 

calculations NDSolve package Mathematica, which by default is calculated with 

the help of the Runge-Kutta method of fourth order. The graph of system income 

,3S  on condition that at the initial moment network is in a state (1, 2, 3, 4, 5) is 

shown at Figure 1. 

 

 

Fig. 1. The graph of income change of system 
3
S  at the time interval [ ]50;0  
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3. Finding the expected incomes, when incomes from transitions 

between network states are functions that depend on the random 

variables 

Consider the case when the conditional probabilities ( ),, tk
i
ϕ ( ),, tkijψ ( ),, tk

i
α  

( ),, tkijβ  do not depend on the state of the network, i.e. ( ) ( ),, ttk
ii
ϕϕ =  

( ) ( ),, ttk ijij   ψψ = ( ) ( ),, ttk
ii
αα = ( ) ( ),, ttk ijij ββ = .,1, nji =  As before, we consider 

the case when the revenue from the state transition networks are RV or functions 

that depend on them [3-5]. Let RV 
i
ξ  - service time messages in the system ,

i
S  

distributed exponentially with the distribution function (DF) ( ) ( )
,1
tti

i
etF

µ
ξ

−

−=  

.,1 ni =  Consider the dynamic of system 
i
S  income Suppose that at the initial 

moment income of the system is equal to .0iv  We are interested in income of the 

system )(tV
i

 at time moment t. We subdivide the interval [ ]t,0  into m  equal parts 

of length ,

m

t
t =∆  considering the m large enough to find the income the system 

i
S  

write out the conditional probabilities of the events that may occur in the l-th time 

interval, .,1 ml =  All possible transitions between network states, their probabili-

ties and incomes of system 
i

S  from such transitions are following: 

1. With the probability 
( ) ( ) ( ) ( ) )(,, 0

1
          tottptttlp ijii ∆+∆=∆ ψλ  the system 

i
S  re-

ceived message from the external environment that will bring it an in come of 

,0ir  where: 
i

r0  - RV with the expectation (m.e.) ( ) ,00 ii
arM = .,1 ni =  

2. With the probability 
( ) ( ) ( ) ( ) ( ) ( )

)()(,,
2

          totkuttttlp l

ii

l

iii ∆+∆=∆ αεµ  message 

from the system 
i
S  enters into the environment, with the income of the system 

i
S  reduced by the value ,0iR  where: 0iR  - RV with m.e. ( ) ,00 ii

bRM =
( )l
ik    - the 

number of messages in the system 
i
S  (in a queue and serviced) on l-th time in-

terval, ,,1 ml = .,1 ni =  Value ( )l
iε  means the number of lines of messages for 

employment l-th time interval in the system ,
i
S .,1 ni =  

3. The message from the system 
i

S  transformed into the system jS  with the prob-

ability 
( )( ) ( ) ( ) ( ) ( ) ,)()(,,
3

   
  

tottkutttlp ij
l
i

l
iiji ∆+∆=∆ βεµ ,,1 nj = .ji ≠  Such a tran-

sition gives the system 
i

S  income reduced by the value ( ),iijR ξ  and the income 

of the system jS  increased by this value, in which ( )iijR ξ  - the casual income 

(loss) of the system 
i
S  because of the transition from the message the system 

i
S  
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into system 
,jS  ( ){ } ( ) ( ) ( ) ( )

,

00

ij
ttµ

ijξijiij dtetR td FtR ξR M i

i
γ=== ∫∫

∞

−

∞

 ,,1 ni =  

,,1 nj = .ji ≠  

4. With the probability 

( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )[ ] )(11

)(

)(1,

1

0

1 1

11 1

0

4

tottttpt

tkut

kutttpttt,lp

n

i

iiiii

n

i

n

j

ij
l
i

l
ii

n

i

l
i

l
iii

n

i

n

ij
j

iji

∆+∆



−+−−

−+









−+−=∆

∑

∑ ∑

∑∑ ∑

=

= =

==

≠

=

   

     

βµϕλ

βεµ

εαµψλ

 

at the time interval t∆  network status will not change. 

In addition, for each small time interval t∆  system 
i

S  because of containing 

a message, increases the value of the income ,t
i
∆η  where 

i
η  - RV with m.e. 

{ } ,

ii
M ηη =  .,1 ni =  We also assume that RV ,

0i 
r ,

0i
R
 

( )iijR ξ  are pairwise inde-

pendent, ,,1 ni = .,1 nj =  

Let )( tV
il
∆∆  - changes in the income of system 

i
S  on l-th time interval associ-

ated with the transitions between the QS network applications. Then it follows 

from the above: 

 

( )( )
( )( )

( ) ( )( )
( )( )













∆∆

≠=∆∆+−

∆∆+−

∆∆+

=∆∆

.y probabilit  with the 

  ,    yprobabilit  with the

 yprobabilit  with the

yprobabilit with the

  

  

  

  

ttlpt

ijnjttlptR

ttlptR

ttlptr

tV

i

ijiiij

iii

iii

il

,,

,,1,,,

,,,

,,,

)(

6

3

2

0

1

0

η

ηξ

η

η

 (4) 

The total income of the system 
i
S  is equal to 

 ,)()()(
0

1

0
tVvtVvtV

ii

m

l

ilii
∆+=∆∆+= ∑

=

 (5) 

where ( )∑
=

∆∆=

m

l

ili
tVtV

1

)(  - income of the system 
i

S  from moving messages, .,1 ni =  

We find an expression for the expected income of the system 
i

S  at time t. Us-

ing the formula of total probability for the expectation, for a fixed realization of 

the process )(tk  we can write: 
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{ } ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( )( ) nitttlpttlpt
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iijiij

iiiiiiil
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Further, substituting functions ( )( ),,,

1 ttlp
i
∆

( )( ),,,

2 ttlp
i

∆
( )( )ttlpij ∆,,
3

 and 
( )( )ttlp ∆,,
4

 

for suitable transition probabilities, we obtain 

{ } ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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Then, given that ,ttm =∆  expanding and making some transformations it can be 

written: 

 

{ } { }
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 (8) 

Obtain expressions for the expected incomes { }.)()( tVMtv
ii

=  Averaging over 

)(tk  with the normalization condition ( ) ,1)( ==∑
k

ktkP  for the expected income 

of the system 
i
S  we have 

(7) 
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We denote the expectation 

 ( ){ } ( ) ,,1,))(( nittkutM
iii

== ρε  (10) 

where )(t
i

ρ  - the average number of employed service lines in the system 
i

S  mes-

sages at the time moment ,t .,1 ni =  

At ∞→m  it will be 0→∆t  and: 
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where: )(xk
i

 - the number of messages in system 
i

S  at the time moment x, ( )x
i

ε  - 

number of employed lines in the system messages 
i

S  at the time moment x. 

Аccording to (10) and (11), we obtain the following approximate relationship: 
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To find the value of )(t
i

ρ  you can use the technique, finding the average number 

of occupied lines in network systems, as described in [4]. 

(9) 
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Consider the special case when we have the HM-network without messages in 

[4] the open Multiline HM-network with heterogeneous messages. Mesages in the 

transition between systems network can change its type. Consider the case when 

the incomes from the state transition network are RV or functions that depend on 

them. Expressions were obtained for the expected incomes systems for each type 

of network messages. In the case of similar messages, the expressions for the 

expected incomes systems in the network, obtained in [4], took the form 
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In our case, 1),(
)(

=tkf i
 then the expression for the conditional probabilities 

( ),t
i

ϕ ( ),tijψ ( )t
i

α  and ( ),tijβ  According to [1], there are as follows: 
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Substituting them into (8), we obtain the expression (9). This confirms the 

correctness of the research and the results on an open HM-network with the same 

type messages bypass of systems in this case. 

Example 2 

Consider an open network ,5=n ,100=K  other parameters as in Example 1. 

Let us leave all the initial data the same as in the Example 1. Let the service rates 

be equal ,)(
t

t
i

i

µ
µ = .5.1=i  Vector of the QS network looks like ( )==

n
mmmm ,...,,

21
 

( ).10 1, 7, 30, 10,=  Random incomes systems are: ( ) ,3000 iiijR ξξ = .5.1, =ji  Con-
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sider the time period of 24 hours, [ ],,0 Tt∈ .24=T  Mathematical expectations 

{ } ,

ii
M ηη =  and ( ){ } ,ijiij ξRM γ= ,,1, nji =  are equals respectively: ,100

1
=η  

,200
2
=η ,500

543
=== ηηη .8640003000

24

0

ii edtetij

µµ
γ

−−

== ∫  

Let at the initial moment 0
0
=t  incomes system be zero. Then, using the 

formula (7) and the package of mathematical calculations Wolfram Mathematica, 

expressions were obtained for the changes expected in the incomes systems 
i

S  

,,1 ni =  and the income of the whole network at the time interval. The graph of this 

function is shown at Figure 2, and the graph of the expected income of the whole 

network - in Figure 3. 

 

 
Fig. 2. The graph of change of expected income in the system 3S  

 
Fig. 3. The graph of change of expected income of the whole network 
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Conclusions 

An open HM-network with one-type messages bypass of systems in the transi-

ent behaviour was investigated. Two cases were considered: when incomes from 

transitions between network states are deterministic functions depending on states 

and time, and network systems are single-line, and when incomes from transitions 

between network states are functions depending on the random variables. 

The expected incomes of such a network were found in both cases on condition 

that the probabilities messages bypasses of systems network, parameters of incom-

ing flow of messages and services depend on time. Two examples were considered 

and calculated. 
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