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Abstract. In this paper the variant of the boundary elenmathod called dual reciprocity
BEM is presented. On the stage of numerical contipmis the DRBEM application for
the Poisson equation allows to avoid the discrétineof the interior of the domain consi-
dered. In the final part of the paper the resuitsomputations are shown.

1. Governing equations

We consider the Poisson equation
(xy)® : TT(x¥W Qxyy 0 (1)

whereA [W/mK] is the thermal conductivityT is the temperature, y are the
geometrical co-ordinate§(x, y) [W/m?] is the source function. The equation (1)
is supplemented by boundary conditions:

(xy)OT ,: T(x,yF T,

(xy)OT ,: a(x,yF-anDd T(x, ¥y a,

where T, is known boundary temperaturse, is the normal outward vector at
the boundary pointx( y), g, is given boundary heat flux.

(2)

2. Boundary element method for the Poisson equation

The integral equation for problem (1), (2) is feliog [1, 2]

B(&, )T (&) + [T" (& m, x y)a(x, y)dr =

fo T+ [T nxjoln@

r
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where E, n) is the observation point (source point),(&n)0r then B(&n) is
the coefficient connected with the local shape ofiriglary, if (£,n)@ then
B(&.n) =1, T (& n, x, y) is the fundamental solution, while
g (&mn xy)=-An T (&, % y) (4)
and
q(x, y)=-in MT(x,Y) (5)
Fundamental solution has the following form

1
r

T (8.0, %, y)%xln ®)

wherer is the distance between the poirgsn) and &, y)
r=(x=8)" +(y -n)° 7)

It should be pointed out that the functi®n(&, n, x, y) fulfills the equation

AOPT (&, m, %, YE = 3(&,m, %, Y) ©)

where (&, n, X, y) is the Dirac function.

Heat flux resulting from the fundamental soluti@nde calculated analytically
and then

q (&m, xy)= ©)

2nr?

where
d =(x-¢§)cosu+(y—mn)cos} (10)

while co®t, cog are the directional cosines of the boundary noxeatorn.

3. Dual reciprocity BEM for the Poisson equation
The solution of Poisson’s equation (1) can be emiths a sum [3]

T(xy)= 'I:(x, y) +U(x,y) (11)
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where the first function is the solution of Laplacequation

(xy)@ : TT(xy O (12)

while U(x, y) is a particular solution

(xy)@ : T U(xy- Qxvy) (13)

It is generally difficult to find a solutiotJ(x, y), so in the dual reciprocity
method the following approximation fQ(x, y) is proposed [3]

N+L

Qx.y)= 2 af(xy) (14)

where a, are unknown coefficients andk(x, y) are approximating functions
fulfilling the equations

20U (% yF f (%) (15)

In equation (14)N+L corresponds to the total number of nodes, wheiethe
number of boundary nodes ahds the number of internal nodes.
Putting (15) into (14) one obtains

N+L

Q(x y) = -2 a0, (x ) (16)
k=1
We consider the last integral in equation (3)

D=([T"(&n. x y)Q(x y)d =
N+L i (17)
2 a [ (YT (@ n x y)@

Q

Using the second Green formula one has

Ntak” AT (&, %, y) JU, (%, y) @~

N+L

akI[AT &, X, y)nuU, (x, y» (18)

AU, (x, y)nOT (&, n, X, y)]ﬂ
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Because (c.f. formula (8))

[T (& n %, y) Ui (x, )@=

(19)
_J.J.é(é’ m X, y)Uk (X’ y) dQ = _B(é’n)uk (i’ﬂ)
SO
D=Ya[B(En)U, (&n)+
k=1 (20)
J.T* (év m X, y)Wk (X1 y)d_ - IUk (XV y)q* (é! n X, y)dr
where
W, (x, y)==2an DU, (x Y) (21)

Taking into account the formula (20) the equati®hdan be written in the form

B(&,n)T(& )+ [T (&, x y)a(x y)dr =

N+L

[a (& m % y)T(x y)dr+ 2. a[B(E Uy (e )+ (22)

T

[T (& m % Y)W (x, y)dr = [a" (& m, x, y)U, (x y)dr

r r

4. Numerical realization of DRBEM

In order to solve the equation (22), the boundaiyg divided intoN boundary
elements and in the interior of the domaininternal nodes are distinguished.
In the case of constant boundary elements we asthane

(xy)T |- T(x ) :T(Xj’yj) =T, (23)
T alxy) =alxy) =g
and
o [Ui(x y)=Uk(xJ y;)=U,
(X’ y)Er - {Wk(x y) =Wk(XJ yl) = Wi, )
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So, the following approximation of equation (22)nche taken into account
(i=1,2,..N,N+1,...N+L)

N
Bi-I-i +quJ-T*(E.>i1ni1Xl y)dr] =
=T

N N+L

ZTjj.q*(e”;i,ni,x, y)dr;+ > a[BU, + (25)
j=1 r k=1
N N
ZijJ.T*(énni’ X, y)drj - Zujqu*(&i’ Ni» X y)drj]
j=1 r i=1 r
or
N N N+L N N
BT, +2Gijqj :ZHijTj +Zak£BiUik +2Gijwjk _ZHijUjkj (26)
=1 i=1 k=1 =1 =1
where
G, = [T (&, m,,x y)dr, (27)
rJ
and
HAij =J-q*(éi’ni’xl Y)drj (28)

T

while B =B(&, n;) . We define [3, 4]

S
U ik = 7 +E (29)
where (Figure 1)
2 2
rho= (% =x) +(ve -y;) (30)
Using the formula (21) one obtains
JU
W, = -A[cosa; cosB | %% =2d (1 +1 j (31)
jk i i ank ik 2 3 ik
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where
d, = (xk —xj)cosaj +(yk —yj)cosﬁj (32)
Because
2
DZusk: a U2'5k+ aZU;k_ 1+ rsk (33)
0, Y,

so on the basis of equation (15) one has

fsk = fk(xs1 ys) = _)\’(1 +rsk) (34)

source
point

point

Fig. 1. Vectors;; andr;j for boundary and internal source points

The equation (16) can be expressed as follows
N+L
Q =Q(x, ¥,) =) a(l+ry), s=12..N+L (35)

k=1

The system of equations (35) can be written imtlagrix form
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Ql fll f12 f1N+L al
Q, _ f,, foo oo T || &
QN+L fN+L,l fN+L,2 fN+L,N aN+L
or
Q=fa
The following matrices of dimensionhl ¢L) x (N +L) can be defined
[ G, G, ... Gy 0 ... O]
G - GNl GN,Z GN,N O 0
GN+1,1 GN+1,2 : GN+1N O 0
_GN+L,1 GN+L,2 . GN+L,N O 0_
[ H,, H,, H.y 0 0]
H — HNl HN,Z HN,N O O
HN+1,1 HN+1,2 HN+1N -1 0
_HN+L,1 HN+L,2 . HN+L,N 0 - ];
where
_ {Hij, I £ ]
ij ~ _
Hij -1/2, i=j
and
U, U, ... U, Uy o Uyl ]
U= UN,l UN,Z UN,N UN,N+1 UNN+L
UN+l,l UN+1,2 UN+1N UN+1N+l UN+JN+L
_UN+L,1 UN+L,2 UN+L,N UN+L,N+1 UN+LN+L_

(36)

(37)

(38)

(39)

(40)

(41)
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W, W, s Wiy W, o W

W - WN,l WN,Z WN,N WN N+1 =" WN N+L (42)
0 o ... 0 o ... ©
| 0 0 0 0 0 |

So, the system of equations (26) can be writtahérmatrix form

Gq=HT +(GW -HU )a (43)
or (c.f. formula (37))
Gq=HT +(GW —HU)f‘Q (44)
where
T Q|
T
T=| V| gq=|M (45)
TN+1 O
_TN+L_ L O .

5. Results of computations

The square of dimensionsxll has been considered. Thermal conductivity
equalsh = 1. On the left and bottom parts of the boundagyNeumann condition
0o = 0 has been assumed, on the remaining partseobdlindary the Dirichlet
conditionT, = 0 has been accepted.

The problem has been solved using classical algordf the BEM (c.f. chapter
2) and then the boundary has been divided intocoP@tant boundary elements and
the interior has been divided into 25 constantrirdkcells. The results obtained
for Q = 100 (variant 1) an® = 1000¢’ + y®) (variant 2) are shown in Figure 2.

The same problems have been solved using dualroedip BEM for 20
constant boundary elements and different numbenstefnal points. In Figures 3,
4, 5 and 6 the results of computations are shown.

It is visible that in the case of constant functf@the number of internal points
is not especially essential, but in the c&e Q(x, y) even for big number of
internal points the results are still not accepdbigures 2 and 6).
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4
y 0 0 0 0 0 y 0 0 0 0 0
g g g < < g < g A g A g
6 6 5 4 2 21 22 23 22 14
6o @ L 4 * * ¢ &0 2l ¢ [ 4 L 4 ¢ &0
16 15 13 9 4 44 45 45 41 22
169 & * * * ® @0 44¢ & L J L 4 * 0
23 21 18 13 5 52 52 52 45 23
3¢ @ * . * * 90 52¢ (Y . . ® &0
27 25 21 15 G 54 54 52 45 22
279 & * * * * &0 549 & L * * 0
29 27 23 16 6 55 54 52 44 21
29 * * * ®* &0 55¢ & * * * ® &0
* * * * * - * - * * >
29 27 23 16 6 35 54 52 44 21
Fig. 2. BEM solution foQ = 100 (variant 1) an® = 10004 + y®) (variant 2)
A 4
¥ 0 0 0 0 0 y 0 0 0 0 0
<+ < * +- * \ g < A A d *
X3 €0 309 €0
164 €0 544 €0
18 63
224 * €0 63e ° €0
269 €0 669 *0
8¢ €0 e €0
X
* * * - * - - ° * * >
28 26 22 16 6 72 66 63 54 30
Fig. 3. DRBEM solution for variants 1 and 2 - oneemial point
4
y 0 0 0 0 0 y 0 0 0 0 0
. * . e b * . e e .
+ + <+ > * + + + + >
2 14
6 o 40 304 o &0
9 46
169 . €0 529 . %0
18 59
234 . €0 Gle . ¢0
25 63
279 * *0 [t 4 * ®0
28 68
259 ¢ €0 709 @ %0
X
- > o . - * * - * *
28 27 23 16 6 70 64 61 52 30

Fig. 4.

DRBEM solution for variants 1 and 2 - fivéemal points
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A 4
y 0 0 0 0 0 y 0 0 0 0 0
+ * - * + * . * * *
6 2 25 14
ce * @0 299 @ * 90
15 9 49 44
169 . . €0 494 . . 40
18 55
234 . €0 564 . €0
25 15 59 49
274 * * €0 599 * * *0
28 6 64 25
299 @ * &0 659 @ ¢ 40
X X
- * o * . > * * - * -
29 27 23 16 6 65 59 56 49 29
Fig. 5. DRBEM solution for variants 1 and 2 - nineenmal points
A 4
y 0 0 0 0 0 y 0 0 0 0 0
+ + g <+ <+ + <+ + <+
6 6 5 4 2 25 23 23 23 14
ce . - ¢ &0 200 @ . 40
16 15 13 9 4 48 47 47 42 23
169 & L J * * * €0 i13¢ & * * * 90
22 21 18 13 5 56 55 54 47 23
3¢ & * ° * o o0 e e * . . o &0
27 25 21 15 6 59 58 55 47 23
279 & L * * ¢ &0 500 & * * * * 90
28 27 22 16 6 63 59 56 48 25
299 ¢ * * * &0 659 & * * * * 40
X X
> - ° * * - - * - -
29 27 23 16 6 65 59 55 48 29
Fig. 6. DRBEM solution for variants 1 and 2 - twefite internal points
y 0 0 0 0 0
L 4 .- 8 * o & LI I . &+
224+ 202 * 202 LR 202 . 4 202 + & 104 + 40
+* + * * * + o ¢ * * . LI I
+* o+ +* + 9 + * * * LI
44 44 45 il 22
441+ + + 4 8+t s s e+ e s 410
£ d * * * £ * * * * £ d * A4 * *
+* + * +* * * ;0 * * ’; * A4 * *
514+ '01 - 02 . . '01 . e 40' + . 202 0
+* + * * * + * * * - + * * +
* : * +* - +* ; * * * +* * * *
534 “03 . 33 . o ‘02 . e 404 PO 202 P
+* 0+ L N + & * * LI 4 LI B
L 4 .-+ 0 + : . - L 4 LI
544+ “04 + Lia .+ ‘01 . o 404 + . 202 +40
+*+ + . + * . o * *. o . * @ X
54 33 51 44 22

Fig. 7. DRBEM solution - variant 2§ = 60,L = 225
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It should be pointed out that for source functi@x, y) = 10004 + y°) and
N = 60 constant boundary elements & 225 internal points the results obtained
using DRBEM are almost the same as in the caséae$ical BEM application -
Figure 7.

References

[1] Brebbia C.A., Domingues J., Boundary elementsjraroductory course, CMP, McGraw-Hill
Book Company, London 1992.

[2] Majchrzak E., Metoda elementow brzegowych w eptywie ciepta, Wyd. Politechniki
Czestochowskiej, Cgstochowa 2001.

[3] Patridge P.W., Brebbia C.A., Wrobel L.C., The drediprocity boundary element method, CMP,
London, New York 1992.

[4] Majchrzak E., Drozdek J., tadyga E., DRBEM foetRoisson equation, Scientific Research of
the Institute of Mathematics and Computer Scien@520(4), 129-136.



