
Journal of Applied Mathematics and Computational Mechanics 2022, 21(4), 40-51 

www.amcm.pcz.pl p-ISSN 2299-9965 
 DOI: 10.17512/jamcm.2022.4.04 e-ISSN 2353-0588 

MATHEMATICAL MODELING OF THE PHENOMENA THAT 

OCCUR IN A BIOLOGICAL TISSUE CONTAINING 

PHOTOSENSITIZER 

Marek Jasiński, Maria Zadoń 

Department of Computational Mechanics and Engineering 

Silesian University of Technology 

Gliwice, Poland 

marek.jasinski@polsl.pl, maria.zadon@polsl.pl 

 

Received: 22 April 2022; Accepted: 7 October 2022 

Abstract. The aim of the study is to analyze photothermal and photochemical phenomena 

that occur during photodynamic therapy (PDT). In this type of therapy, under the influence 

of the laser, reactions take place related to the transformation of triplet oxygen form into its 

singlet form which is cytotoxic to the tissue. The increases in temperature resulting from 

the laser-tissue interaction during PDT are not big; however, they can lead to changes in 

tissue perfusion, which can affect oxygen delivery to the tissue. The proposed model uses 

optical diffusion equation, Pennes bioheat transfer equation, and reactions equations for 

PDT. The main findings of the analysis show the impact of temperature on the value of the 

perfusion coefficient and triplet oxygen distributions at the end of the treatment procedure. 
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1. Introduction  

Some medical procedures use lasers to produce desired effects in tissue.  

An example of such a widely used therapy is photodynamic therapy (PDT), which 

involves the introduction of a special substance, a so-called photosensitizer, into 

the body, and then photochemical reactions are induced through the action of the 

laser. They are mainly associated with the transition of the basic form of oxygen in 

the body, the triplet form, into the singlet form of oxygen. The latter form is highly 

cytotoxic to cancer cells, so it eventually induces their necrosis. In Type I PDT  

reactions, direct interaction of the excited photosensitizer is used. In Type II reac-

tions, the photosensitizer interacts with triplet oxygen, which is then transferred  

to an excited singlet state [1-4].  
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There are many varieties of PDT, including some that use photothermal effects 

that occur at slightly higher temperatures in addition to photochemical effects [4]. 

It is important to note that even with the small temperature increases achieved in 

PDT, some of the parameters of the biological tissue may change. 

So far, to the authors’ knowledge, models related to PDT and bioheat transfer 

have only been considered separately; the current work attempts to fill the gap in 

this regard. This will allow simultaneous observation of phenomena occurring  

during PDT as well as during tissue heating. This constitutes a novelty of the work. 

In the first step of the current analysis, the laser energy deposition in the 2D  

tumor tissue domain  was determined on the optical diffusion equation. Two types 

of laser impulses were considered: continuous and controlled by maintaining a set 

temperature on the tissue surface. Next, the results of the calculations were entered 

into in the PDT model consisting of coupled reaction equations for triplet oxygen, 

singlet oxygen, and photosensitizer, as well as in the laser heat source function in 

bioheat transfer equation. Additionally, in the bioheat transfer model the perfusion 

coefficient was assumed to be dependent on tissue damage. In the stage of numeri-

cal implementation, the first scheme of the boundary element method was used to 

solve the bioheat transfer problem and the finite difference method was applied  

to solve the optical diffusion equation and PDT model. 

2. Governing equations  

As already mentioned, Type II photodynamic therapy is a medical treatment 

that uses the interaction of light, photosensitizer, and oxygen. Complex reactions 

that occur during this process can be described by a set of coupled differential reac-

tion equations. The transition of oxygen and photosensitizer from the ground state 

to the excited state is accompanied, among others, by the phenomena of absorption, 

fluorescence, energy transfer, and photobleaching, which are incorporated in these 

equations by appropriate coefficients. Mostly due to the complexity of the reactions 

during PDT, the full set of equations is simplified to a form that takes into account 

the concentration of the three main components, i.e., triplet oxygen, singlet oxygen, 

and photosensitizer [2, 3, 5] 
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where [S0], [
3O2] and [1O2]react of unit [M] are the sensitizer, triplet state oxygen 

and singlet state oxygen concentration, respectively (capital M in the unit means 

molar: [M] = [mol dm–3]), parameters  [M],  [M–1] and  [cm2 mW–1 s–1] are 

the PDT photochemical parameters defined as oxygen quenching threshold concen- 

tration, specific photobleaching ratio and specific oxygen consumption rate, respec- 

tively,  [M] is the low concentration correction term, sup [M s–1] is the oxygen 

supply rate and sup,max [M s–1] is the maximum oxygen supply rate. 

In (1)  [W m–2] denotes the total light fluence rate, which is defined as the sum 

of its collimated part c and diffuse part d . For most soft tissues the value of d is 

generally dominant, so sometimes c is neglected, especially in models related to 

singlet oxygen generation [2, 3, 5]. However, since in the current work combined 

photochemical and photothermal reactions are considered, the collimated part was 

taken into account, and it was defined as [4, 6] 
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The diffuse part is estimated by using various approximations of the radiative 

transport equation including the modifications of discrete ordinates method, the 

statistical Monte Carlo method, or the optical diffusion equation [7-10]. In the pre-

sent work, the last of these approaches has been applied in the form 
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In equations (2)-(3) 0 [W
 m–2] is the surface irradiance of the laser, d [m] is the 

laser beam diameter, a , ′s and ′t [m–1] are the absorption, effective scattering  

and attenuation coefficients while D is the diffusion coefficient. The impact of la-

ser on temperature is considered through the internal source function Qlas [W
 m–3]  

 las aQ     (4) 

which is introduced into the equation describing the bioheat transfer in the tissue 

domain [6, 7, 9]. In the current work, a description based on the Pennes bioheat 

transfer equation with adequate boundary initial conditions is used [11-15] 
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where  [W m–1 K–1] is the thermal conductivity, c [J m–3 K–1] is the volumetric  

specific heat, T denotes the temperature while Tɺ  is its time derivative, q [W m–2]  

is the external heat flux, Qperf  and Qmet [W
 m–3] are the heat source functions related 

to perfusion and metabolism,  [W m–2 K–1] is the convective heat transfer coeffi-

cient, Tamb is the surrounding temperature and Tinit is the initial tissue temperature.  

The boundary 0 is the external surface of the tissue, which is subjected to laser  

irradiation while c is the remaining part of the boundary. 

The definition of the perfusion heat source function is as follows [16-18] 

  perf B BQ c w T T   (6) 

where w [s–1] is the perfusion coefficient, cB [J m–3 K–1] is the volumetric specific 

heat of the blood and Tb corresponds to the arterial temperature. 

In tasks involving the analysis of the effects of external impulses on the temper-

ature field in tissue, one of the tissue damage models, such as the thermal dose, 

heat shock protein model or probably the most popular Arrhenius integral, is usually 

used. In the current work, simulations were performed for small temperature in-

creases, which are most often not associated with permanent thermal damage to the 

tissue. However, based on the above-mentioned models, functions of thermophysi-

cal parameters of tissue are formulated, which allow relating real effects occurring 

in the tissue to the values obtained from the thermal damage model. An example  

of this is that the polynomial function relates the perfusion coefficient w to the  

Arrhenius integral of the form [6, 13, 19] 
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where Arr denotes the Arrhenius integral, A [s–1] is the preexponential factor, 

E [J mol–1] is the activation energy, R [J mol–1 K–1] is the universal gas constant,  

w0 is the initial perfusion coefficient. The polynomial coefficient for [0, 0.1] respond 

to the increase in the perfusion coefficient caused by vasodilation, while for (0.1, 1] 

reflect the decrease in blood flow associated with the vasculature damage. 

The value Arr = 1 is the tissue necrosis threshold. As already mentioned in the 

current work, the temperature increase was kept at a fairly low level, which even 

with prolonged exposure to laser irradiation does not necessarily mean thermal 

damage of the tissue. Thus, the introduction of (7) into the model is primarily to  

allow observation of changes in the tissue perfusion value. It should be noted that 

the perfusion coefficient is often treated as an indicator of tissue thermal damage.  

 The Arrhenius scheme assumes that the achieved value of the damage parameter 

cannot decrease, in other words, irreversible tissue damage is assumed. Therefore, 



M. Jasiński, M. Zadoń 44 

the damage model has been complemented with the TTIW algorithm, which gives 

the possibility to reduce the damage parameter value, provided that its value does 

not exceed a certain threshold value defined as Arrrec . After exceeding this value, 

the damage is estimated based on the Arrhenius integral [10]. 

3. Method of solution 

At the stage of numerical realization the first scheme of boundary element 

method (BEM) and finite difference method (FDM) have been used.  

 

 
Fig. 1. The domain considered, discretization and five-point stencil 

For the transient 2D bioheat diffusion problem described by (5), assuming  

constant time step t, for transition t f–1  t f, the boundary integral equation takes 

a form [20] 
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where T* and q* are the fundamental solution and the heat flux resulting from  

fundamental solution, B() is the coefficient from the interval (0, 1) while  is  

the observation point. 

The discrete form of the equation (8) that is used in numerical realization is  

as follows (N – number of boundary elements, L – number of internal elements): 
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After determining the “missing” boundary values of the temperatures and heat 

fluxes, the values of the temperatures at the internal points i for time t f are calcu-

lated using the appropriate formula (i = N+1, ..., N+L). Detailed information on 

BEM can be found in [20]. 

In order to solve the steady-state optical diffusion equation (3), the finite differ- 

ence method was used. The following differential quotients for the five-point stencil 

are used (l is the grid step; cf. Fig. 1) [6, 10] 
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then the form of equation (3) is as follows (i = 1, 2, ..., N, j = 1, 2, ..., N) 
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Also, for solving the PDT model (1) the finite difference method was used.  

In this case, the difference quotients are substituted in the place of derivative with 

respect to time [21-23], so the final form of difference equations takes a form 
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4. Results of computations 

The analysis was performed on a 44 cm square area of tumor tissue (Fig. 1). 

For BEM analysis, the interior of the domain was divided into 1600 internal constant 

elements, while the boundary was divided into 160 boundary elements. The following 

thermophysical and optical tissue parameters and values in boundary-initial condi- 

tions were assumed:  = 0.75 W m–1 K–1, c = 3e+6 J m–3 K–1, cB = 3.9962e+6 J m–3 K–1, 

w0 = 0.00125 s–1, Qmet = 250 W m–3, TB = 37°C, a = 1.03 cm–1, ′s = 13.46 cm–1,  

  =  10 W m–2 K–1, Tamb 
 =  20°C, Tinit 

 =  37°C. For the tissue damage model:  

A = 1.98e+106 s–1, E = 6.67e+5 J mol–1, R = 8.314 J mol–1 K–1, Arrrec = 0.05 [5, 6, 13]. 

The photosensitizer parameters corresponding to Photofrin at 630 nm were  

assumed for the PDT model:  = 11.9 M,  = 7.6e-5 M–1,  = 3.7e–3 cm2 mW–1 s–1, 

 = 33 M, and initial concentrations of [S0]init = 7 M and [3O2]init = 83. Two values 

of the maximum oxygen supply rate sup,max = 0.7 and 2 M s–1 were considered  

[2, 5]. The first value of the assumed maximum oxygen supply rate is therefore  

a more typical value for tumor tissue; the second can be regarded as a value  

for healthy tissue or tissue with partial presence of tumor cells. It should be noted 

that the values given for healthy tissue often exceed this value several times [5]. 

PDT treatments have different durations, most of which range from a few 

minutes to several minutes, but in this study a simulation time of 3600 seconds was 

chosen [5]. Results in the form of parameter histories are presented at two selected 

points in the tissue domain: N1(0.05, 0) and N2(0.45, 0) [cm], lying near the main 

optical axis of the laser beam. 

In the first step, a series of simulations were carried out, in which dependence of 

the achieved temperature and thermal damage of the tissue on the laser irradiation 

0, for a constant impulse and laser beam d = 2 mm was considered (Fig. 2). Based 

on these results, two values of 0 were selected for further analysis: 0 = 1500 W m–2 

for the constant laser impulse and 0 = 2000 W m–2 for the impulse controlled by 

temperature on the external surface of the tissue 0 (the impulses are marked in the 

figures as “const 1.5k” and “sc 2k”, respectively). In both cases the choice of 0 

was guided such that the temperature reached in the tissue was equal to maximum 

40°C. For the surface-controlled impulse, it was also assumed that Tctrl = 39.5°C 

0.5°C. This means that the laser is turned off when the temperature exceeds 40°C 

and switched on again when the temperature drops below 39°C. 

Figures 3 and 4 present the histories of temperature, Arrhenius parameter, and 

perfusion coefficient at two points of the tissue domain considered. As can be seen, 

the obtained temperatures have similar values, although, as is obvious for the sur-

face-controlled impulse, there are oscillations around Tctrl 
. For this type of impulse, 

very small values of the Arrhenius parameters were obtained, slightly affecting the 

value of the perfusion coefficient. For the constant impulse, the Arrrec value was 

exceeded at point N1, which is associated with the phase of the beginning of the 

vascular damage, equivalent to a decrease in perfusion below the maximum value. 
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Fig. 2. Dependence of temperatures and thermal damage on laser irradiation at point N1 

 

Fig. 3. History temperature at nodes N1 and N2 

Figure 5 shows the history of [3O2], [S0], and [1O2]react for the case sup,max =  

= 0.7 M s–1. Rapid decreases can be observed for [3O2] and [S0], and an increase 

for [1O2]react in the initial phase of the process. For the constant impulse and [3O2], 

a return to the initial concentration is seen as the photosensitizer burns out. It can 

also be seen for the surface-controlled impulse that during periods when the laser  

is off, there is a fairly rapid increase in triplet oxygen concentration, although the 

initial state is not reached. It should also be noted that the results obtained are com-

parable to those obtained in [3] for 0 = 1500 W m–2, corresponding to our impulse 

“const 1.5k”. The results in [3] correspond to a simulation time of about 670 s,  

and as they relate to energy profiles on the tissue surface they were comparable 

with the results in point N1. 

Figures 6 and 7 compare the concentration of triplet and reacted singlet oxygen 

for 3600 s (the end of the simulations). It can be seen, obviously, higher [3O2]  

values for sup,max = 2 M s–1, close to the initial values and that for both cases of  
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surface-controlled impulses, the areas with reduced [3O2] are smaller than for  

constant impulse. The final [1O2]react levels are higher for sup,max = 2 M s–1. 

 

    

Fig. 4. History of Arrhenius parameter and perfusion coefficient at nodes N1 and N2 

    

    

Fig. 5. History of [3O2], [S0], and [1O2]react, sup,max = 0.7 M s–1  
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Fig. 6. Comparison of triplet oxygen concentration [3O2] for 3600 s  

 

Fig. 7. Comparison of reacted singlet oxygen concentration [1O2]react for 3600 s  

5. Conclusions 

This paper presented the results of calculations for a model that makes it possible 

to simultaneously observe the reactions occurring during the PDT process as well as 

the accompanying thermal phenomena. So far, this type of analysis has been done 

separately for each chemical and thermal effects. It should be noted that although 

the temperature increases obtained in the simulations performed are not large and 

do not lead to thermal damage to the tissue, there is a noticeable change in the  

perfusion coefficient. Since blood is a carrier of oxygen, the presence of which is 

essential for the reactions occurring during PDT, it can be inferred that the change 

in perfusion is coupled with changes in oxygen supply to the tissues. Thus, it would 

be necessary to take into account the connection between bioheat transfer and  

PDT models that allow for such phenomena. 

It was also found that, in the case of a constant impulse, there may be a small 

amount of thermal damage to the vascular network, which may be considered 

a desirable effect, occurring in addition to the main effect of PDT that produces 

a cytotoxic environment in the tissue. However, the use of a surface-controlled  

impulse can help to protect areas of tissue that are close to diseased cells. The results 
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of the comparisons of the final triplet and reacted singlet oxygen concentrations 

(Figs. 6 and 7) also show that faster photosensitizer consumption occurs in a higher 

value of the oxygen supply rate, which is associated with a faster return of the  

tissue to the initial triplet oxygen concentration, despite the higher singlet oxygen 

value generated. 

It should be pointed out, that several issues were not considered in the current 

work. The tissue domain was treated as homogeneous, although many models  

for various cancer therapies have subdomains corresponding to healthy and tumor 

tissue. The fact that tumor tissue generally has a different perfusion value than 

healthy tissue was not taken into account. Furthermore, differences in the optical 

parameters of healthy and diseased tissue, and the possible change in these values 

as a result of photothermal phenomena, were not taken into account in a similar 

way as was done for the perfusion coefficient [10]. 

It has already been concluded that in the work of combined bioheat-PDT models, 

the interface to take into account the effect of temperature on oxygen transport  

to tissues should be taken into account. In current work the value of the oxygen 

supply rate sup,max was taken in a simplified way as a constant value. This value 

could be derived from an appropriate model of oxygen distribution in the tissue. 

Such models are generally based on the concept of the Krogh cylinder and include 

parameters related to the presence of oxygen in the tissue and in hemoglobin, 

which is responsible for oxygen transport [24, 25]. Note that models of this type 

are considered in conjunction with thermal models, which allows, one to observe 

the phenomenon of hypoxia occurring as a result of thermal damage to tissue. 

Thus, this type of model should also become a supplement to the description of 

thermochemical phenomena that occur during PDT. 
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