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Abstract. We discuss several conjectures proposed recently by A.Z. Kii¢iik and M. Diiz on
the permanent of certain type of tridiagonal matrices. We recall some less known results
on tridiagonal matrices and, at the same time, bring other results together to a common
framework.
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1. Introduction

Laszl6 Losonczi was perhaps the first to study, in [1,2], the matrices of type

a-+v 1

a-+tv

b+v

c b+v nxn

with k x k upper left and bottom right principal submatrices and n — 2k > 0, where
the non-mentioned entries are to be read as zero. Namely, we can find
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Theorem 1 ([1]) Let n =gk +r, withO < r < k. Then

detA, ;= (detAgy11)" (detA, ) . (1)

For n — 2k < 0, the definition is slightly different and it is not a focus of our
attention here.

The band matrices A, ; are a special case of k-tridiagonal matrices. In fact, when
a+v=b+v =y, they are known as k-tridiagonal Toeplitz matrices. For an interpre-
tation of (1) in terms of graph theory, the reader is referred to [3]. The case when the
upper and bottom blocks are not square was analysed in [4]. However, one should
differentiate this notion from the tridiagonal k-Toeplitz matrices, where the diagonals
follow a certain periodic pattern [5].

Naturally we have, in particular,

a+v 1
c v 1
An,l— ¢ ’
1
c v 1
c b+v

nxn

which is a monic Jacobi matrix. For more general perturbations the reader is referred
to [6].
From [1, Theorem 2 (7)], we have

= o (3] 4320 () ()

where {U, },,>0 are the Chebyshev polynomials of second kind of degree n. We recall
that these polynomials satisfy the three-term recurrence relations

2xU,(x) =Uyt1(x)+ Uy—1(x), forallmn=0,1,2,..., 3)
with initial conditions U_(x) = 0 and Uy(x) = 1, and an explicit formula for U, is

_ sin(n+1)0

Un() sin 0

, withx=cos® (0<6<m).

These results and their consequences have largely been ignored in the literature,
rediscovered, and replicated by many authors for the past decades since Losonczi
established them as one can attest in [7, 8]. For instance, from (1) and (2), one can
find the eigenvalues of many perturbed Toeplitz tridiagonal matrices.

Recently A.Z. Kiiciik and M. Diiz proposed in [9] several conjectures on the per-
manent of a certain family of A, ;. In this note, our aim is to prove two conjectures
using Losonczi’s results relating the permanent and the determinant of two families
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of k-tridiagonal Toeplitz matrices. We will reshape the main results of [9] in terms of
the existing literature.

2. The known results

In [9], Kii¢iik and Diiz considered the matrix

2x i

2x

2x i

2x

i 2x
nxn

and proposed several conjectures for its permanent. Recall that the permanent of

a square matrix equals the sum of the weights of all cycle-covers of its underlying

)

directed graph. Since the undirected graph of Tn(k is always acyclic, i.e., cycle-free,

the permanent of Tn(k) is the permanent of the matrix

2x 1

2x

2x 1
2x

—1 2x

nxn

The matrix Tn(k) is convertible (cf. [10]) in the sense that changing the signs of the
subdiagonal of —1’s we get a matrix whose determinant equals the permanent of T,,(k),
ie.,

per Tn(k) = detﬁn,k ,
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where the new matrix, say An,k, isApx witha=5b=0, c =1, and v = 2x. This means,
OF
is

for example, that the permanent of 7,
detA,, = Up(x), o)

which is precisely Theorem 1 in [9]. More generally, we have
detA, | = Up(x)Up(x) — Up_1 (x)Up—1 (x), 5)

when k+ /¢ = n.
A sum decomposition for detAmg is also known. From (1) we have

detA, » = Ugii (x)qu_’(x), (6)

where n = 2g + r, with 0 < r < 2. Then, depending on the parity of n, we combine
22.12.4 or 22.12.5 with 22.7.25 in [11] to readily obtain

q
detA, » = Z Un—20(x).
=0
This result is [9, Theorem 2]. However, the proof presented in [9] is long and inac-
curate.
Of course, from (6), detﬁn,m = Uq’ (x)U qZ_—lr (x). Therefore, one gets for n > 2,

Uz(x) qu (%), ifnis even

detAn,z — detAnfz,Z = { Uq+1( ) (x) Uq _x) (_x)7 ifnis odd.

In any case, from (5) and (4), we always get U, (x). This is the result one can find
in [9, Theorem 3].

3. The conjectures

It results from the discussion above, that [9, Conjecture 4] cannot be posed. In
fact, one should look at (1), (6), and the remainder of the division n by 3. However,
the aforementioned conjecture is posed in terms of the parity of the matrix orders.
On the other hand, the imposition of the condition (n symbol 6) is useless.

The next conjecture is [9, Conjecture 8].

Conjecture 1 Ifn=1 (mod k), withn > k+ 1, then

detA, ; = 2xdetA, | —detA, 2. (7)

This conjecture is true and it can be proved as follows. Let us assume that
n=gqgk+1. Then n—1 =gk and n —2 = (¢ — 1)k+k—1. Thus we have
successively
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detA, ;. = Ugpsi(x) U;‘_l (x)
= (2xUy(x) = Ug-1(x)) Uc],(_l (x)
= 2xU§(x) - qufl(x) Uy—1(x) (&)
= 2 detl&nfl,k — detAn,z,k .

We observe that with this proof, [9, Conjecture 10] is exactly (8) and thus attest its
veracity. Finally we remark that [9, Theorem 7] is the particular case (7) when k = 2.

4. Conclusions

In this note, we discussed the conjectures proposed recently by A.Z. Kii¢iik and
M. Diiz in [9]. We proved positively some of them. The main notions were recapitu-
lated in terms of the existing literature, namely the paper [1].
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