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1. Introduction

Let L:C" — R, :=(0,+x) be a continuous function. An entire function F(z),
ze [, is called [1-4] a function of bounded L-index in a direction b e ["XK(},
if there exists M, LI such that

L™ (2)|0FF (2)|/m! < max{ L*(2)|0fF(2)|/k! = 0<k< mo} (1)

for every ML and every ze [, where 03F(2)=F(2), 8} F(z)=0; (05 " F(2))

k=2, 6{,F(Z):=Zn:¥bj = [grad F,bL_ The least such integer m, = m,(b) is
j=1 i

called the L-index in the direction b [TTAKO} of the entire function F(z) and is
denoted by N, (F,L)=m,. Inthe case n=1, b=1, L=1, F=1f we obtain the
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definition of an entire function of one variable of bounded /-index (see [5, 6]). And
the value of the /-index is denoted by N(f,1).

This paper is devoted to three problems in theory of partial differential

equations in C" and differential equations in a complex plane.
At first, we consider the partial differential equation

90 (2)05w+0,(2)05"'W+...+ g, (2)w = h(2), )

where g;, / are entire functions in [ je{0,1,..,p}. There are known

sufficient conditions [1, 2, 4] of boundedness of the L-index in the direction for
entire solutions of (2). In particular, some inequalities must be satisfied outside
discs of any radius. Replacing the universal quantifier by the existential, we relax
the conditions.

Also the ordinary differential equation

w® = £(z,w). 3)

is considered. Shah, Fricke, Sheremeta, Kuzyk [6-8] did not investigate an index
boundedness of the entire solution of (3) because the right hand side of (3) is a
function of two variables. But now in view of entire function theory of bounded L -
index in direction, it is natural to pose and to consider the following question.
Problem 1 [3, Problem 4]. Let p=1, f(z,w) be a function of bounded

L-index in directions (1,0) and (0,1). What is a function | such that an entire
solution w=w(z) of equation (3) has a bounded | -index?
Finally, we consider the linear homogeneous differential equation of the form

f(p)+gl(z)f(p_1)+'”+gp(z)f :O' (4)

which is obtained from (2), if n=1, b=1, h(z)=0, g,(z)=1. There is
a known result of Kuzyk and Sheremeta [5] about the growth of the entire function
of the bounded /-index. Later Kuzyk, Sheremeta [6] and Bordulyak [9]
investigated the boundedness of the /-index of entire solutions of equation (4) and
its growth.

Meanwhile, many mathematicians such as Kinnunen, Heittokangas, Korhonen,
Rattya, Cao, Chen, Yang, Hamani, Belaidi [10-14] used the iterated orders to study
the growth of solutions (4). Lin, Tu and Shi [15] proposed a more flexible scale to
study the growth of solutions. They used [p,q]-order. But, the iterated orders and
[p,q]-orders do not cover arbitrary growth (see example in [16]). There is
considered a more general approach to describe the relations between the growth of
entire coefficients and entire solutions of (4). In view of results from [16], the
authors raise the question: what is a positive continuous function | such that entire
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solutions of (4) with arbitrary fast growth have bounded | -index? We provide an
answer to the question.

2. Auxiliary propositions and notations

For n>0, z [IT, b=e [0} and positive continuous function L: [C=» [_
we define A() = A () = inf iInf{L(z +b)/ L(z)1 t<n [ L(z)},
2

L) =A )= supsup{L(z+tb)/ L(z):|t|gnl L(z)}. By O we denote a class of
[usin}

functions L, which satisfiy the condtion (V7 >0):0< ﬂlb (n) < ZQb (7) < +o0.

For simplicity, we also use a notation Q = Q.

Theorem A [1, 4]. Let L [Q]. An entire in [ function F is of bounded
L-index in direction b if and only if there exist numbers r, and r,,
0<r, <l<r,<+oo, and B, >1 such that for all z° [Cl

max{| F(z° + ) [ |= r, | L(z°)} < B max{| F(° +1b) [ 1]= 1, | L(z,)}.
Let us to write G,(F):=GP(F)= [ _{z}tbiti<r/ L@}, ny(F):= > ot a’ -
zF(z)=0 : =
zeros of the function F(z°+tb) for a given z° [Tl If for all ¢ [
F(z° +1b) =0, then we put No (r)=-1.

Theorem B [1, 4]. Let F be an entire function of the bounded L -index in the
direction b, L [Q]. Then for every r>0 and for every m e L there exists

P = P(r,m) >1 such that for all z [T"RG;(F) |8 F(2)| < PL"(2)| F(2)].
Theorem C [1, 4]. Let F be an entire function in [, L [Q]. Then the

function F is of bounded L -index in the direction b [CI"TNK0} if and only if the
following conditions hold: 1) for every R>0 there exists P=P(R)>0 such that for

each ze G (F) ‘ale(z)‘ <PL(z)F(z); 2) for every r >0 there exists
f(r) e Z, such that for every ze C" n, (r/ L(z), F) < A¥).

Theorem D [1, 4]. Let L [Q]. An entire function F(z) has a bounded
L-index in direction b if and only if there exist p [LLT and C >0 such that

‘L_p-l(z)aé,ﬂ,:(z)‘ <C max{| L (2)0iF(2):0<k < p} foreach ze C".
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Theorem E [17]. Let G be a bounded closed domain in C, 1:C - R, be

a continuous function, f be an entire function. Then there exists m, L_L such
thatforall t LG and forall p LL

7@ F P/ prsmax{ I"®] fO@®)|/k!: 0sk<m}.

Theorem F [5]. Let | be a positive continuously differentiable function
of real ¢ [J0J+w). Suppose that (—I'(t))" =o(l*(t)) as t - +oo, where
a” =max{a,0}. If an entire function f has a bounded I-index then

limsupInM(r, f)/ [1odt<N(E D +1

r —+oo

3. Boundedness of L-index in direction of entire solutions of some linear
partial differential equations

Denote g (2) = h(z)- rl ?:Ogj (2), n(r,g’) =supn, (r/ L(z),2z,11 g"),

zef™M

ny(r F)= Z\a,?|5r1 H(F)= U {z+tb:t LC}, where Z is a zero set of
zeZ

Vie CE{z+tb)=0
the function F. The following theorem is valid.
Theorem 1. Let Le Oy, and g,(2),...,9,(2),h(z) be entire functions of the

bounded L-index in the direction b CCI\{0}. Suppose that there exist
r C{QIr") and 7 >0 such that for each z CCI\G, (g,) and j=1,...,p

19,(2)I<TL ()| 9, (D). )

Then an entire function F satisfying (2) has bounded L-index in the direction b.
Proof: Theorem C provides that n(r,g )<+ and r >0. Denote

G, = (G, () \H(h) [GXg,) I (G,(g;)\H(g)). Suppose that MG # L
Theorem B and inequality (5) imply that there exist 7 [{017"] and T" >0 such
that for all z CTTIG,

0sh(2)| < T [h(D) | L(2). 19,() [T | go(2)| U'(2). j CL2.....p.}
1049,(2)| < P(NL(D) [ 9,() ST (N[ 95(2) | U™ (2), j CELL2,..... .}
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By equation (2), we evaluate the derivative in the direction b:
P P
SN+ Y (OLF )+ 504 (IO F() = 0h(:),
J=1 J=
The obtained equality implies that for all z CTTNIG,
P P
| 80(2)0"F (2) |5 0,(2) | +Z | g,(2)00™ ' F(2)] +Z 0,8, ()0 F(2)I<
J= J=

<T((T" +1)(p+1)+ p)|go(z)|LP”(z)(@%{L-i(z)\agF(z)\}.Thus, there exists

P, >0 such that for all z CTTIG,

L™ (2)|or " F(2)|< P, max{L'i(z)\agF(z)\;()s j< p}. (6)

If 2’ CAl=H(g,)\ [?:l(Gr(gj)\ H(g;)) then there exists a sequence of

points z” [ITVG, satisfying (6) and such that z" —z' with as m - oo.

Substituting z=z" in (6) and taking the limit as M — o we obtain that this
inequality is valid for all z CAICCMG,) If 3 A C(IIMG,) (i.e. all zeros of

g belong to H(g")) then by Theorem D the entire function satisfying (2) has
abounded L -index in the direction b. Otherwise, N(S,g )=1. Since r € (0,7")

and " = SupL)?l(S) then there exists r'=1 such that r < L)):l(r)
= 8(n(s,g") +1) 8(n(r',g ) +1)

Let z° be an arbitrary point from [™and K°’= {ZO +eb:|t|< r'/L(ZO)} Since the

entire functions ¢,,0,..., 9, h have a bounded L -index in the direction b, by
Theorem C the set K° contains at most Nn(r’,g") zeros of the functions or

K’ EZ]g*. Let c° be zeros of the slice function g~ (i.e. 9" (z° +c2b) =0) such
that 2’ +c'b [K1 n ((Z, \ H(h)) ngj)zo(zgj\ H(g;)) where m CLI m<n(r',g’).
Since L € Q, we have L(z° +cyb) > 4, (r')L(z°). Obviously,

K9 = z°+tb:|t—cr?1|§% cK? =120 +tb|t—c? |< r-t —+.
L(z" +c,b) 8(n(r',g')+1)L(z")
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Thus, if z° +tb [CKI°\ Co o m@OK o then (6) holds. Hence, for these points

+
z +cyb

2° +tb the inequality L(z°)= L(z° +th)/ A, (+’) and (6) imply

L7 (2|0 F (2° +th)| < O\ (1) L7 (2° +th) | 9 F (2° +tb) |<

s%[iggjzxm@%{r%fM%Fa“nmu=aqﬁm ®)

where P, =P, (r') Er:; %and g, = maX{L_f (zo)‘ééF(zo +l‘b)‘ 0<j< p}.
r V4

r' -

Let D be the sum of the diameters of K. Then D < 1) Therefore, there
z

exist numbers re[r'/4,7'/2] and rd@r'+1)/4,7] such that if
2’ +theC = {z°+tb:|t|= r /L(zo)}, j [{1,2}, then z°+7b [KI\ [cgﬁKr?z'

We choose arbitrary points z° +£0eC, and z°+t,b [C]Jand connect them by
a smooth curve y ={z° +tb:t=1(5),0<s<1} such that F(z°+t(s)b)=0 and

4

3|b| 7
2)

y [KP \UCO EKOK:;. This curve can be selected such that |y|< . Then on y
m

inequality (7) holds. It is easy to prove that the function g , (#(s)) is continuous on
z

[0,1] and continuously differentiable except a finite number of points. Moreover,

for a complex-valued function of real variable the inequality d£|¢(s)|s|¢'(s)|
S

holds except points, where ¢(S) =0. Then, in view of (7), we have

igzo (1(s)) < max %L_"(ZO)‘aﬁF(ZO +1(s)b)| %

ds 0<j<p

< max {L7()|OLF(° + (YD)} 1£'(s) | L(=°) < Bg,o ((s)) | '(s) | L(=°)

0<j<p+l

where P, =max{l,F,}. Integrating over the variable S we deduce
g0 (t2)|
In =
g0 (tl)‘
g,(t)<g,(t)exp{3|b|r'P}. We can choose f, such that
| F(z° +t,b) |= max{| F(z° + tb) |: z° + tb [CJ}. Hence,

11 d
L@mmm

g0 ((s))ds| < PsL(ZO)Ijl r'(s)lds<RBL(")| yI<3|b| 'R, ie.
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max%(z +tb)||t|——1%F(z +Hb)E g, 1)$,6)epBE b RY ()

Since 2°+tb [CI={z° +th:|t|=r,/ L(z° +t;b)} and r, [IEV4,rY2], for all
j [{1,2,..., p}, by Cauchy's inequality in variable t we obtain

! |0FE +#b)| i % r’ . 3 L
I'max [ (z°+b) [ t-, = |§p!max %(z +tb)[:[t|= L
()l o [ RPN e 4L [
that is g ,(t,) < p!max{1,(4/r")"} max %:(zO +1tb) |:|t|=3—r0% (10)
: 1 4L(z°) O
Inequalities (9) and (10) imply that
ar C
max Z°+tb) [:|t P, max Z’+th) || t|=
%( it )IE %( it o
where P, = plmax{1,(4/r")"}exp{3|b|r'P,}. Hence,
26r+1|j 6r' 6r'+1L
max [[F(z’ +tb :t—— P.max [/ (z° +tb) [{t|=——
TR +0) = g7 ot R ma TR +)itl= g 7P
Denoting L (z) =8L(z)/ (6r' +1), we obtaln
6r'+2 or' L
max (2 )1~ 52 SR ma [+t O
] +HL(E) O 6r'+HL(2)

Therefore, by Theorem A, the function F has a bounded L -index in the direction
b. And by Theorem 3 from [1] the function F' is of the bounded L -index in the
direction b too.

Remark 1. We require validity of (5) for some ¥, but nor for all positive r.
Thus, Theorem 1 improves the corresponding theorem from [1, 4]. The proposition

is new even in the one-dimensional case (see results for the bounded [ -index in [6]
and bounded index in [8]).

4. Boundedness of I-index of entire solutions of the equation w'= f(z,w)

We denote €, = (1,0), e, =(0,1). A:==C*\(G(f) LGP (f))
Theorem 2. Let |, [Qi, f(z,W) be an entire function of bounded 1 , -index
« . «
in the directions € for every | L{1,2}. If there exist C >0 and I LQ such that



24 A. Bandura, O. Skaskiv, P. Filevych

L(z,w)+1,(z,w)| f(z,w)|<Cl(2) for all (z2,W) € A, then any entire solution w(z)
of (3) has a bounded I-index.
Proof: Differentiating (3) in variable z and using Theorem B we obtain that

for all (z,w) e CX(G(F)UG2(F))

0P IZ%%W’ <PLEW W)+, @) )< PCE) | WP .

Hence, 177(z2)|w”*(z)|< PCI™7(2)|w” (z) |< PC max{ ™ (z)| w*® (2) .0 <k < p}.
This inequality is similar to (6). Repeating arguments from Theorem 1, we deduce
that w=w(z) has a bounded /-index. Theorem 2 is proved.

As application of the theorem we consider the differential equation:

k

w? =g(z)+ Z,ajw-", a, (11 (11)

Jj=

Corollary 1. Let Q(z) be entire function of bounded [-index,
1"(2) =1(2)+|9(2)|, |" €Q. Then every entire function satisfying (11) has

a bounded |” -index.

5. The linear homogeneous differential equation with fast growing
coefficients

As in [10], let ¢ be a strictly increasing positive unbounded function on
[1,40), &' be an inverse function to ¢, M(r, f)=max{| f(2)|:| z|=r}. We
define the order of the growth of an entire function & f]= Iimsupw,

r—+oo

a, = Sup{dd_;':[(grj 117=12,...,p} and the function
,(2) = 13ax(¢_1((5§[g,] +&)In| z )",
<Jsp

that ¢ = max(@ " ((d[g,1+€)In7))"” 21. And also we need the greater function
I<j<p ’

z|>r1, where £>0, r, is chosen such

l,(2) =(p_1((0((p +&)In|z]), |z|>r,, where Iy is chosen such that
C, = (I)_l((O(q) +€)Inr)=1. Let K be the class of positive continuously

differentiable on [0,+00) functions | such that 1'(X) = 0(I*(X)) as X — +o0. We
need the following proposition of Bordulyak:
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Theorem G [9]. Let | LK nQ, and entire functions g,, ..., g, satisfy the
condition | g;(z)[< mjlj(|z|), (A< j<p) for all z, |z|=R. If an entire
function £ is a solution of (4) then £ is of the bounded | -index and

limsup In M(r,f)/jorl(t)dts max {1, Z?ﬂmi}'

r—+»

Theorem 3. Let ¢ be a strictly increasing positive unbounded function on
[1,+c). If o, [{@+e), [, €0, every entire function g; has a bounded
l,-index (j C{1,..., p}) then every entire function satisfying (4) has a bounded |,
-index. If, in addition, 1, €Q, ¢ is a continuously differentiable function of real
variable t L[1,+0) then

limsup InM(r, f)/_[:(p'l((a(p +&)ntydt <N(f,1)+1 (12)

¥ —+oo

for every entire transcendental function 7 satisfying (4).

Proof:  Since 0, [(Q)+), the following inequalities  hold
dM(r,g,) < (cf§|[gj]+£)lnr for arbitrary € >0, r>r(e) and j=1,...,p. It
means that M(r,g,) <¢7((G,[g,]+€)Inr). Denote
r'=min{r >r,(¢): ¢ ((d&59;1+ &) Inr) 2 1}. Hence, for | Z |2 " one has

19;@) < 9 ((Glg;1+£)In] z]) < (1,(2))’,

i.e. (5) is valid for |Z|>r". By Theorems D and 1 entire solutions of (4) have
a bounded / -index. It is easy to prove that for all t [T I, (t)<I(t). Thus, by
Theorem 3 from [1], an entire function f satisfying (4) is of the bounded
l,-index, too. The function go_l is a strictly increasing and continuously
differentiable function of a real variable. Then (p~'(t))’>0. Furthermore,
(=1,(t))" =0 as t — +oo. Using Theorem F we obtain (12).

Theorem 4. Let ¢ be a strictly increasing positive unbounded and
continuously differentiable function on [I,+c). If o, e(0,+x), | [Q]
1%9'(2) exp(® () / (o, +€)) —» +eo as ¢ — +oo, then every entire function satisfying

(4) has a bounded /, -index and

limsuplnM(r, f)/J':q)‘l((ad, +€)Int)dt < p.

=+
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Proof: At first, we prove that |, [KI Indeed,

') _ (¢‘1((0(¢ +€)Int))” _ (a, +s)(¢“)’((0(¢ +€g)Int) _ a, +¢

120 @@, +e)InY)’*  t@7 (O, +E)INE)?
y’e * o'(y)

-0,

where y= (p'l((O(q, +€)Int) >+0 as t-—>+w. As above, one has

M(r,g;) <07 (([d1g;1+€)Inr).  Hence, [g;(2)[<0™(G4lg;]1+&)In|z))<(,(2))"
Thus, g; and /; satisfy conditions of Theorem G with m; =1. Therefore, every

entire function satisfying (4) has a bounded / -index.

These theorems are a refinement of results of M. Bordulyak, A. Kuzyk and
M. Sheremeta [6, 9]. Unlike these authors, we define the specific function | such
that entire solutions have a bounded |-index. But the function | depends of the

function ¢@. Below, we will construct functions ¢ and |2 for the entire
transcendental function f of infinite order.

Theorem 5. For an arbitrary continuous right differentiable on [&,+0)
function I(r) such that limsupl(r)/r =+ there exists a convex on [a,+o0)

function W(r) with the properties (i) I(r) <W¥(r), r=a; (ii) /(r) =¥(r) for an
unbounded from above set of values r = a.

Proof: For a given X [[a,+e0) we put o, (y)=(I(y)-1(X))/(y—x) if y>X
and o, (y)=1'(x) if y=x. Clearly, the function «,(y) is continuous on

[X,+00) and [/} (x),+o) is fully contained in a range of this function. For every

A>17(x) there exists » > x such that o (r) = A and a_(y)< A forall y [Tx]r].
Given the above, it is easy to justify the existence of increasing to + o sequence
(r,), for which: 1) r, =a; 2) a sequence (n,) is increasing to + oo, where

n =a, (r.,,) forevery k£ =0;3) a, (y)sn, forall y L[r,7,,;] and every k=0.
Let k20 and Y (t)=n, for t L[r,,1,,,). Clearly, that y/(¢) is a nondecreasing
on [@,+o) function. Hence, a function LlJ(r)=l(ar)+‘rrL|J (Odt, r=a, is convex on

[a,+00) . For this function we have W(r,)=W¥(a)=1(a)=I(r,) and for every k 21

¥(r) —|(r)+Zj‘*'L|J(t)o|t—|(r)+2n(,+1 r)= I(r)+Zor (r)(r, =) =

I I
=1(r) + Z (r’“) Q) ,+1—r,-)=I(r0)+;(l(r,-+l)—l(r,-»:I(rk),
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i.e. (ii) holds. If r L(#,,#,,) for some k>0, then we obtain (i):

W(N-¥(R) = [WOd=n (r-r) >0, (Nr-r) =1 -w().

This follows from Theorem 5 that W’ (r) — +co, r — +o0.

Theorem 6. For an arbitrary entire transcendental function f of infinite order
there exists a convex on L function ®(r) such that 1) InAz, (£) <®(Inr), r=0;
2) InM_(r)=®(Inr) for an unbounded from the above set of values r>0;
3) @' (r)/®(r) - +oo, ¥ - +oo,

Proof: We put I(r)=InInM,(e"), r>a. Since f is of infinite order, it

follows limsupl(r)/r=+o. Let W(r) be a function constructed for the function

[(r) in Theorem 5. Denote Y(r)=exp(¥(r)), r>a. Then Y.(N=e"W (),
r>a. It means that the function Y(r) is a convex increasing on half-bounded
interval [b,+0), where b=a. We put P(r) =Y(r)for r=5 and P(r)=Y(b)
for r<b. By Theorem 5 assumptions 1) and 2) hold. We also obtain
®(r)=0(P’ (r)), »r — +o. Therefore, 3) is true.

Let 1,(z)= ¢_1((d:_2][f]+8) In|z]),|z|>r,, where I, is chosen such that
Co =0 '((Gy[f]+e)Inr) =1.
Theorem 7. For an arbitrary entire transcendental function f of infinite order

there exists a strictly increasing positive unbounded and continuously
differentiable function ¢ on [1,+o0) with oiﬁ[f]II(IHOO). And if

liminf to'(t)exp(d(t) / $) > 0, where s =G ,[f]+e,then [, COI
[ — +oo
Proof: In view of Theorem 6 we choose ¢(t) :=exp{®"(InInt)}, where ®* is an
inverse function to ®. Then 1, (t) = exp(exp(P(In(sIn(t))))). It is obvious that the
function ¢ is a strictly increasing positive unbounded and 0:;1[ f]=1. Besides, ¢

is a continuously differentiable function except for the points of discontinuity of Q.

We estimate a logarithmic derivative of |,:

1250 _ 1@ ()| __ s[@7)(sin)|  _ s .0

HLOL e+l @In] 107 @) (o B

where Yy =@ (sInt) — +oo as 7 — +oo. It implies that |, [Q.
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6. Conclusions

Note that a concept of the bounded L -index in a direction has a few advantages
in the comparison with traditional approaches to study the properties of entire
solutions of differential equations. In particular, if an entire solution has a bounded
index, then it immediately yields its growth estimates, a uniform in a some sense
distribution of its zeros, a certain regular behavior of the solution, etc.
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