Journal of Applied Mathematics and Computational Mechanics 2016, 15(1), 59-69
www.amcm.pcz.pl
p-ISSN 2299-9965
DOI: 10.17512/jamcm.2016.1.06
e-ISSN 2353-0588

ANALYSIS OF CRITICAL PERCOLATION CLUSTERS
OF MIXTURES OF CONDUCTING AND DIELECTRIC POLYMERS

Andrzej Katunin
Institute of Fundamentals of Machinery Design, Silesian University of Technology
Gliwice, Poland
andrzej.katunin@polsl.pl

Abstract. The paper deals with the analysis of critical percolation clusters that have resulted
from the numerical simulation of mixtures of various conducting polymers in a dielectric
medium. The conducting particles in the electrical percolation problem are modelled following the hard-core/double soft-shell model which considered realistic values of particles
dimensions, electrical conductivity and hopping distances. The new formulation of the
chemical distance distribution in the percolation clusters is developed and several representative examples using this formulation are presented. In order to verify the fractal nature
of the obtained critical percolation clusters the Minkowski-Bouligand dimension formulation was applied. Approximation of obtained results confirms the fractal nature of analysed
clusters.
Keywords: electrical percolation, critical percolation cluster, chemical distance distribution,
Minkowski-Bouligand dimension, conducting polymers

1. Introduction
Since Flory [1] and Stockmayer [2] have discovered the fundamentals of the
percolation theory based on the studies on gelation processes in branched polymers,
this theory has been intensively developed by numerous researchers in various
problems until nowadays. The percolation theory has found an application in the
problems related to chemistry, informatics and communications, materials, soil and
fluid mechanics, and many others. This theory allows for the describing and modelling the phase transitions of jumpwise character in various physical processes as
well as multi-component systems interaction and self-organization.
One of the intensively developed problems of the percolation theory is its application in electrical conductivity of materials and their composites. The percolation
problems formulation can be generally classified into two groups: the percolation
of nodes organized in lattices and the percolation of randomly distributed nodes.
Both groups are characterized by the percolation threshold, which represents
a critical point of transition when the sudden change of a system occurs. In electri-
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cal percolation problems, the percolation threshold represents the critical concentration of conducting particles in a dielectric medium, which causes the whole material to become conductive. When the critical concentration is reached, the conducting particles form a critical percolation cluster (also called infinite cluster), which
has a fractal nature. Since percolation is a kind of geometric phase transition, it is
scale-invariant.
Great attention has been paid to percolation problems in conducting-dielectric
materials over the last decades. These problems have been intensively studied by
Pike and Seager [3, 4], who discussed a large number of conductivity percolation
problems and various methods of modelling of percolation systems, in particular
the specificity of modelling particles and their distributions. The intensive experimental studies on electrical percolation in conductive mixtures of heterogeneous
polymer solutions were performed by Wessling and Volk [5, 6] and Wessling [7],
which describe a jumpwise character of changing the conductivity and confirm
theoretical models used for modelling of such phenomena. Great attention has also
been paid to metal-polymer conducting mixtures, where the metal powders were
dispersed in the polymeric dielectric matrix. Roldughin and Vysotsky [8, 9] described
the mechanisms of percolation in metal-filled polymer films, while Mamunya et al.
[10] studied electrical and thermal conductivity in similar materials. With an increase
of application of polymer composites and a development of new manufacturing
technologies, attention has also been paid to polymer composites with carbon fibre
and carbon nanotubes reinforcement. Several results of experimental studies on
electrical percolation in these materials can be found e.g. in [11, 12].
The author’s work is concentrated on the continuum percolation systems of
mixtures of conducting and dielectric polymers. For the investigation of this problem a numerical model was developed, which allows for the determination of critical percolation thresholds and accompanying clusters for various polymer mixtures
for 2D and 3D problems [13]. Having the obtained results in the mentioned study,
it was decided to analyse the obtained 2D critical percolation clusters in detail,
which is the main goal of the present study. One of the important measures used for
characterization of percolation clusters is the chemical distance which describes, in
the case of electrical percolation, the shortest distance between adjacent conducting
particles. Note that this distance varies from the Euclidean distance. Several studies
on chemical distance in lattice-based percolation [14] and continuum percolation
[15] have been reported. The presented definition of chemical distance distribution
is the natural extension of the classical definition of chemical distance in a continuum percolation medium described in [15], which was inspired by similar formulation used in polymer chain-growth algorithm described in [14]. The chemical
distance distribution is based on the shortest paths between domain boundaries
(particles that belong to these paths equal 0), the values assigned to other particles
outside the shortest paths determine the chemical distance from the shortest paths,
and thus determine the possible paths of electric current in the percolation cluster.
Additionally, the scaling self-similarity was studied based on evaluation of
Minkowski-Bouligand dimension of the critical percolation clusters resulted from
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simulations, which, together with the values of Minkowski-Bouligand dimension,
allows for examination of criticality and the fractal nature of considered clusters.

2. Percolation model
Since many polymers have no organized structure, the lattice-based percolation
model is not suitable for modelling electrical percolation in such materials, therefore
a continuum percolation model should be applied due to the random distribution
of particles. The continuum percolation models can be classified into two groups
according to the method of particles modelling: soft-core- and hard-core-based
models. The soft-core models consist of the Swiss-cheese model, Boolean (or inversed Swiss-cheese) model and several other modifications. The general idea of
these models is to generate points using the Poisson process of the constant concentration rate and place in these points voids (Swiss-cheese) or disks (Boolean)
which, after reaching the percolation threshold by a considered system, constitute
an infinite percolation cluster. Note that interpenetration of voids or disks is allowed
in this class of models, therefore such models are suitable for flow modelling
through the porous media [16] or wireless communication problems [17].
As opposite to soft-core models, in hard-core models the interpenetration
between voids or disks is not allowed and such class of models is more realistic
for modelling of electrical percolation and other percolation problems related
to materials science. When the critical concentration of conducting particles
is reached, the critical percolation cluster occurs and percolation occurs both
in geometrical and conductivity domains. To date, several modifications of the
hard-core model have been developed. The model which is more suitable for electrical percolation modelling was described in [18]. This model assumes that particles do not interpenetrate, but their conducting properties allow for tunnelling, i.e.
the electron transferring between neighbouring particles in the dielectric medium.
This model is called hard-core/soft-shell and was selected for modelling electrical
percolation in the investigated mixture of conducting and dielectric polymers.
This model is a hybrid between statistical and geometrical models, since conducting particles are distributed in a dielectric medium following Poisson distribution,
whereas the conductivity analysis is performed based on geometrical properties
of these particles with consideration of their dimensions and tunnelling properties.
The tunnelling phenomenon occurs at the certain distance between two particles
which is known as hopping distance. This phenomenon is observed in such compositions and described in several publications [19-21]. In order to model various
scenarios of electrical percolation, three conducting polymers were selected:
polypyrrole (PPy), polythiophene (PTh) and polyaniline (PANI). The physical
properties of the considered conducting polymers are presented in Table 1 based on
experimental results of their determination. The dielectric matrix was assumed as
epoxy with a conductivity of σ2 = 7.9×10–16 S/cm [22]. Assuming that the tunnelling
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effect occurs with a probability tending to unity, the conductivity on the hopping
distance R1 around the particle is the same as for the conducting polymer.
Table 1
Physical properties of the considered conducting polymers
Polymer

Particle size
r0 [nm]

Hopping distance
r1 [nm]

Maximum conductivity
σ1 [S/cm]

PPy

35 [23]

181 [26]

1000 [28]

PTh

1000 [24]

5 [24]

190 [28]

PANI

50 [25]

2.04 [27]

60 [28]

The conductivity decreases rapidly on the interphase of R1 and a dielectric
matrix, however, one can assume some distance R2, at which the conductivity
decreases from the value of conducting polymer σ1 to the conductivity value
of dielectric σ2. This leads to the formulation of a two-layer model of a soft-shell
around the particle, as similarly presented in [11]. The decrease of conductivity
in this region is described by the following law:
σ R1 − R2 (r2 ) = σ 2 − σ 1 log r2 , R1 < r2 < R2 , r2 = 0.1 r1.

(1)

The logarithmic character of conductivity decrease is assumed as an inverse of the
exponential temperature-conductivity models presented by Subramaniam et al. [29].
Because the conductivity decreases according to (1) and thus σ R1 − R2 (R2 ) = σ 2 , it is
suitable to define the critical value, below which it can be assumed that there is no
conductivity in a polymer mixture. It was assumed that this critical value is equal to
the conductivity of deionized water: σc = 5.5×10–8 S/cm, which is usually assumed
as a limit value of conductivity [30, 31]. Based on (1) and considering the values presented in Table 1 and assumed limit value of conductivity, it is possible to determine
numerical values of critical radii Rc of the second layer of soft-shell at which the
conductivity is possible: Rc,PPy = 468.2 nm, Rc,PTh = 2011 nm, Rc,PANI = 104.48 nm.
In the constructed model, conducting particles were modelled as a dispersion
in the epoxy matrix following Poisson distribution process. Considering that the
domain should be sufficiently large with respect to dimensions of a single conducting particle, the following dimensions of domains were assumed: for PPy/epoxy
mixture - 0.04×0.04 mm2, for PTh/epoxy mixture - 0.1×0.1 mm2 and for PANI/epoxy
mixture - 0.01×0.01 mm2. The algorithm of search of critical concentration of conducting particles in a dielectric medium was implemented in Matlab® and the
resulting percolation clusters were obtained [13]. The properties of obtained percolation clusters are presented in Table 2. These clusters were then analysed in order
to determine the chemical distance distribution as well as their self-similarity and
fractal dimension.
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Table 2

Properties of critical percolation clusters
Mixture

No. of conducting
particles, ncp

No. of particles in critical
percolation cluster, ncpc

Percolation threshold, η

PPy/epoxy

7901

6452

0.01900

PTh/epoxy

2579

1839

0.81022

PANI/epoxy

9504

5543

0.74644

3. Characterization of critical percolation clusters
In order to investigate the electrical properties of resulting percolation models
of conducting/dielectric polymers at the critical concentrations of conducting particles, it is essential to evaluate possible conductivity paths of current. In percolation
problems, it can be characterized by determination of chemical distance, which
is a measure that describes the shortest paths between certain conducting particles.
In this study, the extension of this measure is proposed, which allows for evaluation
of all possible paths of current with corresponding distances in the entire percolation
cluster.
Additionally, the self-similarity of the resulting percolation clusters was examined based on determination of Minkowski-Bouligand dimension, which is often
used for quantitative characterization of percolation clusters [8, 9, 32, 33].
3.1. Chemical distance distribution
The chemical distance distribution was determined as follows. Firstly, the particles located the closest to the boundaries of a given domain were found, and the
classic chemical distance algorithm was applied in order to determine all shortest
paths between these particles. In order to determine the shortest paths, an adjacency
matrix for all particles that belong to the critical percolation cluster was constructed.
The shortest path is determined for every pair of defined particles that represent
particular boundaries of a domain. For the determined paths the values of chemical
distance distribution are assumed to be equal to zero. Then, for each particle that
does not belong to the determined shortest paths, the chemical distance is determined.
The algorithm considers the shortest distance to a given particle, i.e. if the distance
between the particle p (that does not belong to the shortest paths) and the particle s2
(that belongs to the shortest paths) is lower than the distance between the particle p
and particle s1 the lower value substitutes the higher one. While the distance between
a given particle and the shortest paths grows, the distances between intermediate
particles are added up.
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The obtained chemical distance distributions for the critical percolation
clusters of considered mixtures of conducting/dielectric polymers are presented
in Figures 1-3.

Fig. 1. Chemical distance distribution of the critical percolation cluster
of PPy/epoxy mixture

Fig. 2. Chemical distance distribution of the critical percolation cluster
of PTh/epoxy mixture
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Fig. 3. Chemical distance distribution of the critical percolation cluster
of PANI/epoxy mixture

In the presented chemical distance distributions the shortest paths are marked
in black.
Besides the fact that chemical distance distribution can be considered as a measure
for characterization and distinguishability of percolation clusters in a mathematical
sense (see [34] for instance), it can be useful for prediction of thermo-electromechanical behaviour of materials made of discussed mixtures of polymers and
other multi-component mixtures.
3.2. Self-similarity of critical percolation clusters
In order to prove that the obtained percolation clusters are critical, and thus,
have a fractal nature, the Minkowski-Bouligand dimension dim MB was determined
for them following the next scaling law:
log N (ε )
,
ε →0 log (1 / ε )

dim MB (C ) = lim

(2)

where C is a considered cluster and N(ε) is a number of square boxes of side length
ε required to cover the entire cluster. The calculations are performed iteratively by
changing ε and counting N(ε). The selection of Minkowski-Bouligand dimension
from a variety of formulations of fractal dimension was performed due to its
fundamentality and simplicity of application. Moreover, in the presented study,
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the selected formulation does not influence the resulted values. The resulting values
are plotted in the log-log plot of N(ε) versus 1/ε and then its linear regression is
determined. The slope of a regression line gives dim MB value, while the accuracy
of fitting of estimated values on the log-log plot to the regression line determines
a degree of self-similarity of the considered percolation cluster.
The dim MB was determined for each considered percolation cluster following
the above-described procedure and presented in Figure 4. In order to obtain a better
fit, dim MB was determined for the range of ε from 24 to 27 with a step of 20.1.

Fig. 4. The slopes for the investigated percolation clusters of various mixtures
of conducting/dielectric polymers

As observed, the regression lines fit well to the determined values during calculation of dim MB , which proves the fractal nature of the analysed percolation clusters and additionally shows that they are critical for particular electrical percolation
problems defined previously. The fractal dimensions obtained for these clusters
are as follows: for PPy/epoxy mixture - 1.9417, for PTh/epoxy - 1.782 and for
PANI/epoxy - 1.8811. In contrast to lattice-based percolation clusters, which are
characterized by constant values of dim MB for various configurations of lattices
(see [35]), in the case of continuum percolation the values of dim MB vary and
depend on numerous factors (see e.g. [36, 37]). The obtained values of dim MB
for the considered percolation clusters are in agreement with the values obtained
for similar problems (see e.g. [37-39]).

4. Conclusions
The presented study discusses the quantitative characterization of critical percolation clusters obtained from numerical simulation of mixtures of various conducting polymers with a dielectric one. The chemical distance distribution measure is
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introduced in this paper and applied for mapping of all possible conductivity paths
in the considered percolation clusters with evaluation of a chemical distance of each
particle that belongs to the percolation cluster to the shortest paths of electrical
conductivity. The self-similarity of the analysed clusters was examined based on
their scaling properties obtained using the formulation of Minkowski-Bouligand
dimension. The obtained results confirmed that the considered clusters have
a fractal nature and the obtained values of the Minkowski-Bouligand dimension
correspond to typical values of percolation clusters occurred in a two-dimensional
domain.
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