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Abstract. In this paper some properties of functions belonging to the space W, [a,b]
of generalized Holder functions are considered. These functions are r-times differentiable
and their r-th derivatives satisfy the generalized Holder condition. The main result of
the paper is a proof of the fundamental lemma that the recursive model-defined functions
hy:I xR¥' SR, k=0,1,..,rarea special form and belong to the space I/I/;,[a, b].
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1. Introduction

In the paper [1] we introduced a function space W, [a, b] and proved some of its
properties. In the books [2] by Kuczma and [3] by Kuczma, Choczewski and Ger
the existence and uniqueness of the solution of a certain functional equation in vari-
ous function spaces (such as Lip[a, b], C" [a, b], BV[a, b]) were proved. A similar
result for the linear and nonlinear functional equation in the W, [a, b]-space was

obtained in [4, 5]. In our paper we prove a fundamental lemma describing the form
of the functions in W, [a, b]. This lemma can be applied in proof of theorem
concerning the existence and uniqueness of solutions of a functional equation.
Examples of such applications of the introduced lemma will be presented in our
next paper.

2. Main result

We recall the definition of the space W, [a, b].
Let [a, b] be a closed interval, where a,b € R, a < b, d := b — a. We assume
that the following condition is fulfilled:

() y:[0,d] = [0, ) is increasing and concave, y(0) = 0,
limg_,o+ y(t) = y(0), limq- ¥ () =y(d).
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Definition 1. Given r € N, denote by W, [a, b] the set of all r-times differentiable
functions defined on the interval [a, b] with values in R, such that their r-th deriva-
tives satisfy the following condition: there exists a constant M = 0 such that

lo () — M @] < My (Ix — x), %,x € [a,b] @)
where y fulfills condition (I').
It is easily seen that W, [a, b] contains the class of all r-times differentiable

functions ¢: [a, b] —» R, whose r-th derivatives satisfy the Lipschitz condition on
[a, b]. This class is denoted by LipC™ [a, b]. Thus we have

LipC™[a, b] € W, [a, b].
Denote by y4(0) the right derivative of y at t =0. By (I') we have

0 <y4(0) < +oo.
For ¢ € W, [a, b] and by the condition (I") we obtain

9™ () — ()| < My (Ix — %[) < My, (0)|x — %I, %,x € [a,b]
i.e. ™ fulfills an ordinary Lipschitz condition with the constant K = My, (0).
Thus if ¢ € W, [a,b] and y4(0) is finite, then ¢ € LipC"[a, b]. Thus we get
LipCT[a, b] = W, [a, b].
Therefore only the case y{(0) = +oo is of interest.
The functions of the form y(t) = t%, where 0 < a < 1, t € [0,d], fulfill the
assumption (I") and moreover y; (0) = +oo. Therefore the condition (1) is called

the generalized Holder condition or the y-Holder condition.

The space W, [a, b] with the norm

leP @) - @) .

o = kool @] + sup {5 el bl ]

is a real normed vector space. Moreover, it is a Banach space.

Consider the functional equation

@(x) = h(p[f ()] + g(x)
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We assume that the given functions fulfill the following conditions:
(i) f:I1-1, few, (D), supl|f| <1
I

(i) g:1->R, geW, (D).
(iii) h: R — R, h is of the class C” and h™ fulfills the Lipschitz condition in R.

We define functions hy:1 X R**1 - R,k = 0,1, ..., 7 by the formula

ho(x,¥0): = h(yo) + g(x)

2
TE 00 Gy i) @

hes1(X Yoy ooes Vi41): =

fork=0,1,..,r—1.

Lemma 1. If the assumptions (i)-(iii) are fulfilled, then the functions h; defined
by (2) are of the form:
1. forr=1

hy(x,¥0,¥1) = K o)y f'(x) + g'(x); (3)

2. forr=2, k=2,..,r

M (6 Yor 0 Vi) = P Yoo s Viees) + B Go)yie(F' ()" +
+h' o)y f © () + g® (x) 4)

where

! ! k
P (X, Yo, s Vi—1) R o)y (f ()" =
= Z;{:l h(k_Hl) (yo) Za1+---+ai=k—i+1 ual...ai,k (x)ylal yiai (5)

and the functions uy, g,k are of the class C 7=k+1 in I, for all possible natural
numbers a4, ..., a; suchthat ¢y + -+ a; =k—i+1L,k=2,..,7, i =1,...,k,
(some of these functions are identically equal to zero).

Proof: The first part of thesis follows from the definition (2). We prove the second
part by mathematical induction. For k = 2 by (2) we get

ha (%, Yo, Y1, ¥2) = B ()y1 f" () + K" o)y 2(f/ ()" +
+ R We)y2(f () + g"(®).

Putting p,(x, 0, y1) = h"(vo)y? (f (x)) we get the formula (5) for k = 2.
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Indeed

p2(x,¥0,¥1) + h’()’o))’z(f’(x))z = hl'()’o)uz,z(x))&z + hl()’o)(uw,z(x))ﬁ +
Uo1,2 (X)J/z)
where () = (f/())”, t102(x) = 0, ug1.(¥) = (£ ().
Therefore Uy, q,,6C" Yoy + -+ a; =2—i+1,i=12.
Suppose that for [,2 < [ < r the formula (4) is true and that there exist the func-
tions Ug, €CT Y, @y + -+ a;=1—-i+1i=1,.,1, which satisfy the
condition (5). We prove that in such a case the equations (4) and (5) also hold
for [ + 1. By the definition (2) we get
hi1 (%, Y0, o Yi41) = FEDOR )y + gH PV (x) +
+ 3t R (yg) Y +tay=l—it1 W ayayt GOV Ly ¥+
+ 3 R (y) 1 () Yy +otay=l—it1 Yoyl GOV oy %+
+ fO " o)y f (%) +
+ioy R (y) Yoy ttag=toiv1 Uay.apt (O (X) -

et WY1 o Vo1 Y T g 1 Vi Bty T+ FOQOR (o) yf (x) =

= R (y9) Ta, = 1Uay s Of Y191 h D 00) (Bay= 14 a0 (Y] +

+ Yoy +ay= 1-1 Uagapt COf ()Y1Y1%1Y2% + Yoy = 1 Uay 1 (x)f’(x)ly{'lyz) +
o+ R (y0) (B taya= 12 W arg gt )YL™ Vi M+
+ Xyt = 1-i+1 Yoy gl QOf )y, oy +
+ Vg bty = i+ Yy gyt COF () Thelh @eyn @ e Y g et Ly %m1) +
+-t hH()’o)(Za1+---+a1_1=2 Weayap ot Y%y M + FOf ()yi +
+ Yoyt ta=1 Uay .yt COf Y1y ™ oy +
+ Yoty =2 Yy oaygt COF (0 ThTh @eyr @ e Y ypeqq Mottt Ly %1) +
+ 1 @) (FPCOf ()2 + Tyt ta=1 W ay .yt (Y1 7%+

l —
+ Vo, erag=1 Uy agl COF () Dhemg 1D o Yt Yy Gerr ¥t Ly, @),
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We note that the coefficient of the expression h* Dis the (I + 1)-degree monomial
of one variable y; multiplied by the function of the variable x. By the induction
hypothesis u,,; € C™~"1,q, =1 taking ug, 141 (%) = ug () f (),
Br=1+1a, =1, wegetthat ug ;4,1 EC" ", 1=2,..,r,x€L

The coefficient of the expression h(® is the sum of [-degree monomials of the
variables y;,y,. Due to the assumption, the coefficients of the monomials are at

least of the class "~ due to the variable x € I. Thus, the expression at h() can be
written in the form

Zﬁ1+32:1 uﬁl,ﬁz,l+1 (x)ylﬁlyzﬁzl

where ug g 141 € C =1 (some of these functions are identically equal to zero).

Generalizing, each derivative in the form of RU-+2) i =1, .. 1+ 1is multiplied
by the sum of (I —i+ 2)-degree monomials of the variables yj,...,y;, where
i=1,..,1+ 1. The coefficients of the monomials are functions of the variable x,
at least of the class C"~! in I. Denote these functions by ug, .., 1+1 for all possible
numbers f;,...,[0; such that gy + -+ p;=1—i+2,i=1,..,l+1 (some of
these functions are identically equal to zero). Thus

hip1 (X, Yo, s Vir1) =
= NI REHD (3)) DB+t Bi= I—i+2 Uy By 141 @y Py +

+h' o)y f () + g P (),
where the functions ug, g 141 €C"Li=1,.., 1+ 1L1=2,..,r—1

Therefore the equalities (4) and (5) are true for k = 2, ...,r. This completes the
proof.

Remark 1. If the assumptions (i)-(iii) are fulfilled, then the functions
h,:1 x R¥*1 - R, given by

he (X, Yo, - V) = B o)y f P (%) + 97 (x) +
+Xi=1 pr=i+1) (¥o) Za1+~»+ai =r—i+1Uay..a;r Oy ¥y

fulfill the generalized Holder condition due to the variable x in 7 and Lipschitz
condition with respect to the variable y; € R,i = 0,1, ..., 7.
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3. Conclusions

In this paper the fundamental lemma connected with the form of the functions
in W, [a, b] has been proved. This lemma will be applied to the theorem of exis-
tence and uniqueness of solutions to functional equation: @(x) = h(p[f(x)]) +
+ g(x) in the forthcoming papers.
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