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Abstract. We study the M®/G/1/m and M"/G/1 queuing systems with the function of the
random dropping of customers used to ensure the required characteristics of the system.
Each arriving packet of customers can be rejected with a probability defined depending on
the queue length at the service beginning of each customer. The Laplace transform for the
distribution of the number of customers in the system on the busy period is found, the mean
duration of the busy period is determined, and formulas for the stationary distribution of
the number of customers in the system are derived via the approach based on the idea of
Korolyuk’s potential method. The obtained results are verified with the help of a simulation
model constructed with the assistance of GPSS World tools.
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Introduction

For the purpose of preventing overloads in the nodes of packet-switched
networks (ATM, TCP/IP, etc.) the active queue management (AQM) algorithms
are used. In the queuing system simulating a network node, each arriving packet
can be dropped with a certain probability dependent on the queue length, even if
a buffer is not completely filled. Dependence of the probability of packet dropping
on the queue length is called a dropping function [1].

In AQM algorithms different dropping functions are used, for example in a known
algorithm RED (Random Early Detection) [2], this function is linear. Thanks to
preventive random packet dropping, AQM algorithm indirectly informs the sender
that uses the TCP protocol on the oncoming overload. Application of this algorithm
in the router can bring a lot of beneficial effects, including reduction of queue
and network delay time (more details can be found in [3]).

Studies show [1] that the mechanism of the dropping function is a powerful tool
for parameter control of a queuing system. This mechanism can not only regulate
the queue length, loss probability of customers, waiting time, and queue length
variance, but also regulates several of these parameters simultaneously. The models
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with the dropping also have deep universal meaning. If we can not regulate the
parameters of a queuing system through changes in the input flow or service
process, application of dropping function is a simple and effective way to provide
the required parameters of the queuing system.

The use of the queuing theory to analyze the active queue management
algorithms started in recent years [1, 4-8]. As a rule, the authors restrict the study
of systems with exponential distribution of the service time and in the case of
consideration of the general law of the service time distribution, the assumption
of ordinary input flow is used.

In this paper we consider the M"/G/1/m and M"/G/1 queuing system with the
dropping function of general form. Each arriving packet of customers can be
accepted for service with a probability dependent on the queue length. We assign
this probability according to the rule: if at the beginning of a customer service »
customers are in the system then each packet of customers arriving in the course of
the service of this customer is accepted for service with probability £, and leaves
the system (is discarded) with probability 1- 4, .

In paper [8], we also studied the queuing systems with the dropping function of
general form. In contrast to this article, in [8] we consider the systems of M’/ M/n
and M"/M/1/m types and the probability S, is assigned depending on the queue
length at the time of the arrival of each customer packet.

We use an approach based on the idea of Korolyuk’s potential method [9],
in particular, its modification developed in [10] for the queuing systems with
operating parameters dependent on the queue length.

1. Description of the model and basic notation

Let A be a parameter of the exponential distribution of the time intervals between
moments of arrival of customer packets, S, is the probability of acceptance for
the service of an arriving customer packet appointed at the start of customer service
according to the algorithm described above. If at the beginning of a customer service
n customers are in the system, then in the course of its service the time intervals
between moments of arrival of customer packets received for service are distributed
exponentially with parameter A4, = Af,. Therefore, the functioning of the queuing
system with a dropping function of customer packets can be represented as
a sequence of modes which differ values of the parameters 4, (n>1) of the input
flow. Introducing the notation 4, = A we obtain the sequence A, (n>0).

Consider an M"/G/1/m queuing system, which can formally be described as
follows. Assume that sequences of independent and identically distributed random
variables {c,,}, {6}, {5,} (i=1,n=0) are specified for the n-th functioning
mode. Here ¢, is the time between arrivals of the (i—1)th and i-th customer
packets, 6, is the number of customers in the i-th packets and o, is the service time
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of i-th customer. We assume that P{«,, <x} =]-e ™" (4,>0), P{o, <x}=F(x)
(x=0), F(0)=0; P{6, =j}=aqa,, Zaj =1. If P{6, =1} =q, =1, then customers

J=1
arrive at the system one by one.

Customers are served one by one, a served customer leaves the system, and the
server immediately starts serving a customer from the queue, if one exists, or waits
for the arrival of the next customer packet. The first-in first-out (FIFO) service
discipline is used. A queue inside one customer batch can be arbitrarily organized,
since the characteristics under study are independent of the way in which the queue
is organized. Let m be the maximum number of customers that can simultaneously
be in the queue.

Denote by P, the conditional probability, provided that at the initial time
the number of customers in the queueing system is #>0, and by E(P) the
conditional expectation (the conditional probability) if the system starts to work at
the time of arrival of the first batch of customers. We denote the described system
by Mj /G/1/m.

We introduce the following notations: 7(x,4,) is the number of customers
arriving in the system during the time interval [0;x) under the condition that the
time intervals between moments of arrival of the customer packets are

exponentially distributed with parameter 4 ; a** is the k-fold convolution of the

n>

sequence Clj )
f(s)= _[e_”‘dF(x), M= j XdF(x)<oo, F(x)=1-F(x);

a(z)= ZZ a; a _Zaka P, = Zpka q,= Z%m eazzkak<°°
k=1

k=j

0

Por(s) = fi P e -

" ,+1Ie“”'“)x” G gp) (nx1, 721, ()
k=0

4,/ (5) = je P{n(x,4,) = i} F(x)dx =

- Zi:a,k* fprete (lkx) Fx)dx (n=1, i>0);

1

R =
" P a®
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k-1
R, ()= f(9)Y. pu(R, . (s)
R, a(s)= f(s)l;o ©) (n=1, k=1),
n,—1

pm = llm pm (S)ﬁ qm = llm qm' (S)’ Rni = hm Rm (S) (2)
s—>+0 s—>+0 s—>+0

All dependences on s we consider for values Re s >0 of the argument.

Note that for all ne{l,2,...,m+1} the equality Z p,; =1 holds, therefore
i=—1
sequence p,, can be interpreted as the distribution of jumps in a certain semi-
continuous from below random walk.
Taking into account that

b

& 1= fA(—a()
270 = )

we obtain the equalities
2w =M. (3)
k=0

The sequences ¢,, and R, can be computed using recurrence relations:

1-f(4,) $ Dk
n0 = ‘2—9 an = Zaiqn,k—l - . (f’l, k > 1): (4)
n i=1 n
k-1
1 Rnk - zpniRn,k—i
R,= . Ra= - (n,k>1). (5)
pn,—l pn,—l

2. Distribution of the number of customers in the system during
the busy period

Let z(m)=inf{r>0: £(r)=0} denote the first busy period for the system
Mj, /G/1/m and

o (1.k) =P (1) =k, 7(m) > 1},

D" (s5,k) = j oM (tkydt  (1<nk<m+1).
0
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It is obvious that @{" (¢,k) = 0. The total probability formula implies

m—nl

0" (k)= Y [B, ()= jioit) (6= x. F)dF (x) +

J=00

m

+ an n(x)=m+1-n}" (t - x, k)dF (x) + (P, {n(1) =k —n}+ (6)
0
+Lk=m+1}P (n(O)2m+2-n})F(t) (1<n<m).

Here I{A} is the indicator of a random event A; it equals 1 or 0 depending on
whether the event 4 occurs or not.

Let q,(s,k,m)=q,, ,(s)+I{k=m+1}q,,., ,(s). Then, with allowance for
relations (1), functions @' (s,k) are defined from the system of equations derived
from (6):

D" (5,k) = £($)D Py (D) (s.k) + -
J=0

+ £() Pymn (DL (5.k) + q, (5. k,m) — (1<n<m).
In this case, the boundary condition is written as
@\ (s,k)=0. (8)

The functions @'"(s,k) can be found by solving the system of equations (7)
and (8).
We will use the functions R,,(s) defined by recurrence relations:

Royi(9) =R () R ()= Ry ()R, (5) -

I J ©))
)Y Pt (OR 0 (8) | A<j<m-n-1,0<n<m-1).
i=0

Theorem 1 of [10] implies the following statement.
Theorem 1. For <k <m+1 and Res>0 functions @"(s,k) are defined as

m—-n

¢£nz) (S, k) = [Rnym_y, (S) - f(S)Z 7—\)’m (S)ﬁnﬂ,m—n—l (S)J ¢r(nm) (S’ k) B
i=1

m-n

N Z Rnf(s)qnﬂ(sak:m) (1 <n<m —1),
i=1

(10)
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where

D Ry, (5)q;(s.k.m)
i=1

D (5,k) =

m

Ron (8) = ()3 Roy (8)F, 1 (5)
i=1

3. Busy period and stationary distribution

For a more compact notation of the obtained formulas below, we agree that
R,o(s)=1.

If the system starts functioning at the moment when the first packet of
customers arrives, then for all 1<k <m+1 using the formula of total probability
we obtain the equalities

j e PEW) =k, 7(m)> 1}t =Y a, " (5.k) + @, Dot (5. k). (11)

0 n=l1

Taking into account that

t
PNk = [0l (0~ xk)dF (x) + Ttk = m+1}F (1),
0

o

n+1

(5.0)= D (s, k) + Ttk = m+1}2—L ),
S

and using the relations (10), we can rewrite the equality (11) in the form

0

je_sf P{E() =k, t(m) > £}dt = (Zan [R (s)— f(s)Z_:Rn] (s)ﬁwm_n_j(s)J +
n=1 j=1
‘ (12)

m=1 m-n B
+ 5};1+1)¢r(nm)(sak) - Z a, Z an (S)qn+j (s,k,m)+ am+11{k =m+1 }_1 f_(S) .
S

n=1 Jj=1
To obtain a representation for Ie_” P{z(m)>t}dt we sum up equalities (12)
0
for k running from 1 to m +1. Given the definitions of ¢, (s,k,m) and g,,(s), it is

not difficult to ascertain that

m+1 o _
an(s,k,m)=zan(s)=% (1<n<m). (13)
k=1 k

=0

Thus, (12) confirms the following statement.
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Theorem 2. For the system Mgn /G/1/m the Laplace transform of the distribution

function of the busy period is defined as

fe-“P{r(m)w}dz:(Zan(Rn,m_n(s)—f(s)ZRm(s)ﬁn+f,m-n-f<S> e |X
n=1 J=1

0

iRO” (S) m— m-n (14)
n=1 _ l_f(S)(zlan ZR,U(S)_a,;H_] )

REI0)
Rop)- FO)S Ry @B T 17
n=1

S

To find jP{r(m) > tydt = Er(m) we need to pass to the limit in (14) as s — +0.
0

We use the sequences {p,,}, {g,} and {R}, defined by (2), as well as sequences
{R,}, obtained by limit passage R, = limORnf(s). For R,, (9) implies the recurrence

relations
Ry =Ry
Jj-1 (15)
,R’n,‘/+1 = Rn+1,1 7—‘)’n+1,‘/ - Z pn+1,/Rn+1+/,j—/ (1 Sjsm-n— L,O<n<m-— 1)
i=0
It follows from (5) and (15) that
k
Rue =2 RuPoijs =1 (020, k21). (16)
i=1

Given (3), (13) and (16), using (14) we obtained the following statement.
Theorem 3. The mean duration of the busy period of the queueing system
Mgﬂ /G/1/m is determined in the form

Er(m)=M(i7?ﬂ,—mz_lanmz_'me+c_tm+l). (17)
i=1 n=l1 i=1

We introduce the notation: limP{&(r)=k} =, (m), 1<k<m+1. Reasoning
[—o0

as in paper [11], we obtain formulas for the stationary distribution of the number of
customers in the system M/e," /G/1/m.

Theorem 4. The stationary distribution of the number of customers in the system
Mj, /G/1/m is given by
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1 .
o) = B,

—n

ﬂ'k(m) ﬁ'”o(m)[zRo CItk —i Z_a Z mqn+1,k—n—i) (1 SkSm), (18)

n=1 i=1
m m—1 m—n
72'm+1 (m) = 2”0 (m) z ROqu,m+1—f - z an Z Rniqn+/,m+l—n—/ + Mc_lm+1 .
i=1 n=1 i=1

Using (17) we find the ratio of the mean number of customers served per unit
of time to the mean number of all arriving customers per unit time and obtain

the formula for the stationary service probability for the system Mgn /G/1/m

m—1 m-n

ZROI Za ZR +am+1

P — =1 n=1 i=1
() = e, (1+ AEz(m))

We find the stationary queue characteristics - mean queue length EQ(m) and mean
waiting time Ew(m) - by the formulas

EQ(m)

a sV (m)

RO = k(). Baw(m)=— oL
=1

4. The system M?}n/G/I

Fixing a natural number 4 e{2,3,...,m} we define a set of probabilities 3, by
the equalities

For ne{h,h+1,...,m} we introduce the notation: Rm=7€, (izl), p,=D

(i2-1), ¢, =§, (i20), ,=1=1p.
Using (15) and (5) we obtain the equalities

R,=Ri, n=h-1, ixIl,

from which and the formula (17) imply

— h=1-n

EW@A{Z& Z%ZR a0 57,5455 MJU%

n=1 i=h—n n=h i=1
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In what follows we study the corresponding queuing system with no restrictions
on the queue length (m = ), which we denote by M/e," /G/1.

For the system Mgﬂ /G/1 we introduce the notation: & _(¢) is the number of
customers in the system at time ¢, 7()=inf{>0: ¢ (¢)=0} is the first busy
period, p,=A Me, (1<n<h-1), p=AIMe,; limP{Z, (1) = k} = 7, (). k20.

Reasoning as in [11] to investigate the system Me/Gl,...,Gh/ 1, after passing to
the limit in (19) and (18) as m — o0 we obtain the following results.

Theorem 5. If p <1, then for the system M/ef” /G/1 we have

h-1 h=2 h—1-n
Ez(w) = M(Z Roi— 2. a, Y R+
i=1 n=1 i=1

(20)

h-1 i—1
+1 lﬁ[ea +R01(pl _1)+Z(7201 _za}’IRﬂ,l—nj(p’ _I)J]
- i=2 n=l

Theorem 6. If p <1, then the stationary distribution of the number of customers
in the system M/e," /G/1 is given by

1

) )

k k=1 k-n
”k (Oo) = 1”0 (OO)(Z ROiQ/,k—/ - Z an Z Rni‘]nﬂ',k—n—l J (k 2 1)
i=1

n=1 i=1

To find the stationary values of the mean queue length EQ(), you can use
the approximate formula from [11]

© N-1 = 0
EQ(w) = Zk:rk+1 (0)~EQy, = Z km,, (0)+ [N —1+ Zyn () )}?NH (), (21)
k=1 k=1 7Ty ()

where
N
Ty (0) =1 7,(0).
k=0
The stationary value of the average waiting time Ew(c) we find by the formula

- EO)
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Here, the expression for the stationary service probability of considered system

—. h=1-n

Psv(oo) (l-i-/?,ET(OO) (ZROI Za" ZR +

h-1 i—1
_llb [ea + 7201(p1 - 1) + Z(ROI - Zaan,i—n j(p’ - I)J]
i=2 n=1

is obtained by using formula (20) for Ez(o).

5. The system M,/G/1

Let’s we have the system of M/?”/G/ l-type and B,=1, 4,=A4 for 1<n<h-1
and g, =<1, 4, = A=2f for n> h, then the function of the random dropping of
customer packets applies only when »n > 4. Such a system is denoted by Mz /G/1.

For ne{l,2,...,h—1} we introduce the notation: R, =R, (i=1), p,=p,
(12_1)9 qnlzq](lzo)a pn= .

Reasoning as in [11] to investigate the system M°/G,G/1, we obtain the
following assertion.

Theorem 7. If p <1, then for the system Mg /G/1 we have

i=1 i=1

ET(OO) = M[g R,ah_,‘ +1L~(ea + (p - l)g Riah—i )J (23)
-p

With the help of Theorem 6 of the paper [12] we obtain formulas for the
stationary distribution 7, () (k> 0).

Theorem 8. If p <1, then the stationary distribution of the number of customers
in the system Mg /G/1 is given by

1
1+ AEz(0)’

ﬂ'k(OO) /’f,ﬂO(OO)(Zqu i Z_a anqk n— Ij (ISkSh_l)a

7y (0) =

(24)

— h-l-n

7 (0) = Mo(oo)(ZR,qk, Za > R+ (pR(H) -

n=l1 i=1
k—h+1 k-1

_ah—l) Z ﬁfgk—hﬂ—l - Z(rn (h) + an)z_:jé’Qk—n—/ j (k 2 h)
i=1

i=1 n=h
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With the help of (23) we obtain the formula for the stationary service
probability of the system M/e, /G/1

1 h-1 _ 1 h-1 _
P, () _m(z&% + 1—,3[6" +(p-1)Y Ra,_, D (25)

i=1 i=1

Consider examples of calculation of the stationary characteristics of the system
M/Q; /G/1, using the formulas (21)-(25) and simulation system GPSS World [13, 14].

Let A=2, customers arrive in packets in an amount from one to five, with
probabilities a,=0,2 (1<i<5), the service time is uniformly distributed on the
interval [0,2], hence M =1, e, =3, p=6. Assume that $=0,1, then 4, = A=
=16=0,2 for n>h and p=0,6.

If 4 =3, then the mean duration of the busy period E7(«) found by the formula
(23) is equal to 265.461.

The stationary distribution of the number of customers and stationary
characteristics of the system Mg /G/1, calculated by formulas (21)-(25), are shown
in Tables 1 and 2. In calculating by the approximate formula (21) we use the value
N =10. For the sake of comparison, values of the corresponding characteristics,
obtained with the help of GPSS World, are presented.

Let in the system Mg/G/ 1 the probability /S, be assigned depending on the
number n of customers, that are in the system at the time of arrival of each
customer packet. We denote such a system by Mga /G/1. Let’s specify that for the
system Mga /G/1 the dropping function of customer packets applies only for n> h,
where 8, =<1, A, =1=Ap for n>h.

Table 3 contains a comparison of stationary values of the mean queue length
for the systems MZ /G/1 and MZH/G/ 1, calculated using GPSS World for g=0.1
and different values of %. If 4 is increased, then the mean queue length increases,
and for the same values of & we have EQ, () <EQ(w). Here we denote by
EQ, () the stationary value of the mean queue length for the system Mga /G/1.

A comparison of the stationary values of the mean queue length for the systems
Mg /G/1 and Mga/G/ 1, computed by means of GPSS World for #=35 and different
values of £, is shown in Table 4. If [ is increased, then the mean queue length
increases, and for the same values of § we have EQ, (x0) <EQ(x).



174 Y. Zhernovyi, B. Kopytko, K. Zhernovyi

Table 1
Stationary distributions of the number of customers in the system Mg/G/l forh=3
Number of customers (k) 0 1 2 3 4 5
7 () 0.00188 | 0.00578 | 0.02213 | 0.05977 | 0.06648 | 0.07142
7, (0) (GPSS World, £=10% | 0.00180 | 0.00561 | 0.02153 | 0.05809 | 0.06541 | 0.07003
Number of customers (k) 6 7 8 9 10
7. (o0) 0.07384 | 0.07368 | 0.07024 | 0.06668 | 0.06210
7, (0) (GPSS World, 1= 10%) | 0.07320 | 0.07292 | 0.07043 | 0.06646 | 0.06233

Table 2
Stationary characteristics of the system Mg/G/l forh=3
Characteristic EQ() Ew() P ()
Analytical value 9.778 9.797 0.166
Value according to GPSS World, 1= 10° 9.749 9.768 0.166
Table 3

Stationary values of the mean queue length for the systems MglG/I and Mga/Gll
for = 0.1 and different values of &, computed by means of GPSS World (= 10%)

h 3 5 7 10 15 20 30 100

EQ(x) 9.749 11.839 | 13.519 | 16.586 | 21.587 | 26.589 | 36.585 | 106.584
EQ (x) 5.971 7.895 9.902 12912 | 17913 | 22912 | 32911 | 102.889

Table 4
Stationary values of the mean queue length for the systems M?;/G/l and Mg,,/G/l
for h =5 and different values of £, computed by means of GPSS World (¢ = 2-10%)

yij 0 0.001 0.01 0.1 0.15 0.155

EO(») | 8635 | 8669 | 8752 | 11713 | 26.027 | 36.755
EQ, () | 4796 | 4802 | 4918 | 7.860 | 23.463 | 33.996

Conclusions

In this paper the formulas, convenient for numerical implementation, for the
stationary characteristics of the queuing systems M’/G/1/m and M"/G/1 with the
function of a random dropping of customers have been received. The considered
examples confirm that the use of the dropping function is a simple and effective
way to provide the required values of the queueing system characteristics.
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