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Abstract. The purpose of this research paper is to find the expected incomes in open 

Markov queueing networks with incomes, positive and negative messages at any time by 

the multidimensional transformations. Investigations were carried out in cases when 

incomes from the network transitions between the states are deterministic functions not 

dependent on network states and time. It is assumed that all network systems are one-line. 

It was proved the theorem on the expression for the multidimensional z-transform. 

An algorithm was proposed for calculation of expected incomes. It is calculated an example 

on the PC. 
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Introduction 

Markov networks with incomes (HM-network) and G-networks are widely used 
as mathematical models of various objects in computer sciences and other fields 
[1-3]. For example, G-network can be used to model the behavior of viruses in the 
information and telecommunication systems and networks for forecasting expendi-
ture when it is in contact with viruses [4, 5]. In this case an important task is to find 
such expenditures in the systems of the considered network. Previously in work [6] 
for finding the expected incomes of systems of HM-network with many-type mes-
sages networks a method was proposed of successive approximations, combined 
with the method of series. In it was considered a closed exponential HM-network 
with limited waiting times in queues queueing messages. In [7], it is proposed 
a method of finding the expected incomes of systems of HM-open queueing 
network (QN) with a one-line systems of QN (QS), positive and negative messages 
in the case, when the incomes from the state transitions are deterministic network 
functions depending on network states does not depend on time. Such a technique 
to find the expected network incomes of systems via PC for an infinite number 
of network states in a reasonable CPU time. 
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In this paper, we consider another method based on the application of multivariate 
z -transforms. If we introduce into consideration multidimensional z-transforms 
for expected network incomes of systems, we obtain for their relations in this way, 
as in [1, 8]. On the basis of these relations we can propose an algorithm for calcu-
lating the expected incomes [9, 10] for the open G-network with incomes. 

1. QN description. Formulation of the problem 

Consider an open QN G-network with n  one-line QS. In QN 
i

S  come from 
outside independent Poisson flows of positive and negative messages with intensi-
ties +

i0λ  and −
i0λ  respectively, ni  ,1= . The service time of positive messages in the 

QS 
i

S  is distributed exponentially with parameter iµ , ni  ,1= . The actions of 
negative messages are described in [2-5]. Positive message serviced in the QS 

i
S , 

with probability +

ijp  is directed to QS jS  as positive message, and with probability 

−

ijp  - as negative message, and with probability ( )∑
=

−+

+−=

n

j

ijiji ppp
1

0 1  message 

leaves the network to the external environment (QS 0S ), nji  ,1 , = . The message 
during the transition from one to another QS brings its system, and some income of 
the first system is reduced by this amount respectively. Consider the case when the 
income from the state transitions are deterministic functions of the network, 
depending on network states. The network state will be the vector 

( ) ( ) ( ) ( ) ( )( )tktktktktk n,...,,, 21== , where )(tki  - the number of messages at the 
time moment t  in system 

i
S , ni  ,1= . 

Let ),( tkvi  - the total expected income, which gets the system iS  during time t, 
if at the initial moment the network is in a state k , and assume that this function is 
differentiable in t. We introduce the following notations: 

i
I  - a vector of dimension 

n, consisting of zeros, except for the component with number of i , which is equal 

to 1, ni ,1= ; 
0

I  - zero n -vector; ( )




≤
>

=
0,0

0,1

x

x

xu  - Heaviside function; ( )kri  - 

income system iS  at a time when the network is in a state k . This means that, for 
example, if the network is in a state k  at moment time tt ∆+ , then the expected 
income of system 

i
S  will be tkri ∆)(  during t∆  plus the expected income ( )tkvi , , 

that the system has received in the previous t  time units. Let ( )
ii

Ikr +
0

 - income 
of system 

i
S , when network makes a transition from state ( )tk ,  in state 

( )ttIk
i

∆++ ,  during t∆ ; ( )
ii

IkR −−
0

 - income of its system, if network makes 
a transition from state ( )tk ,  in state ( )ttIk

i
∆+− , ; ( )jiij IIkr −+  - the income 
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of system 
i
S , when the network makes its transition from state ( )tk ,  to 

( )ttIIk ji ∆+−+ ,  during t∆ ; ( )jiij IIkr −−−  - income of QS 
i

S , when the net-

work changes transition from state ( )tk ,  to ( )ttIIk ji ∆+−− ,  during time t∆ , 

nji ,1, = .  
It has been shown that the system of differential equations for the income 
( )tkv
i

,  has the form [4, 5]: 
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It is necessary to find the expected network incomes of systems during t, if we 
know its state at the initial time. 
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2. Analysis of incomes in network by z-transforms method 

We introduce multidimensional z-tranforms for expected income of system iS : 

∏∑
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l
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1

,1
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),(),(ϕ , { }nizzzzz in ,1,1/)...,,,( 21 =<∈ . 

Multiply the system of equations (2) to ∏
=

n

l

k
l

l
z

1

 and summing over all lk , 

nl ,1= , from 0 to ∞ . Consider some sums included into converted system of 
equations. It can be shown that 
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Thus, using (3)-(10), the system of equations (1) after the above transformations 
we got approval. 

Theorem. The function ( )tz
i

,ϕ  satisfies the relation 
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Consider the last sum in (12). Suppose that incomes ( )kri , ( )krij , ( )kr i0 , 
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Let jiii ≠≠≠ K21
. We introduce some notation related to z-transforms of 

incomes of systems iS : 
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And in the function arguments 
i
v  between 

jik  zeros can not stand, it is only 
important to jiii ≠≠≠ K21 . We present an algorithm for finding the expected 
incomes, using the relation (12). 

3. Algorithm for finding of incomes 
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and taking into account (16), 
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Taking into account (14)-(21), the system of equations (1) after the above trans-
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where )(zR  defined in equation (21). Furthermore, by solving a system of differen- 
tial equations (22) and expanding the functions { }( )tzi
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21

,,0 iilkl ≠= ; expanding the found functions in 

a power series 2

2

1

1

ii k

i

k

i
zz , find the coefficients in these expansions 

( )tkkv
iii

,0,,0,,0,,0,,0,,0
21
KKK ; 

– continuing in this way, on j -th step finding z -transforms { }( )tz
jiii

i ,,,,\ 21 KΩ

ϕ , while 

niii j ,1,,,
21

=K , jiii ≠≠≠ K21 ; expansion coefficients { }( )tz
jiii

i ,,,,\ 21 KΩϕ  in a series 

in powers ji

j
ii k

i
k
i

k
i zzz ⋅⋅K

2

2

1

1
 give us incomes ( )tkkkv

jiiii
,0,,0,,0,,0,,0,,0,,0,,0

21
KKKK ; 

– further, continuing to make such steps, at )1( −n -th step find { }( )tzj
i ,ϕ , nj ,1= , 

and at n-th step - z -transforms ( )tzi ,ϕ , which satisfies (11), expanding of through 
a series in powers n

k

n

kk
zzz ⋅⋅K21

21 , we can find incomes ( )tkkkv
ni
,,,, 21 K . 

4. Example 

Consider an open НМ-network with negative messages, consisting of two 2=n  
QS: 1S  and 2S . The intensity of the input stream of positive and negative messages 
are equals, respectively: 8,0

01
=

+λ , 2,3
02
=

+

λ , 6,0
01
=

−λ , 4,1
02
=

−λ . The intensity of 
service messages at network systems are equals: 21 =µ , 4

2
=µ . Let the transition 

probabilities of messages be equals, respectively: 2,012 =
+

p , 6,021 =
+

p , and prob- 
abilities, that the positive messages served in QS iS , sent to QS jS , as negative 
messages, equals: 1,0

12
=

−p , 3,0
21
=

−p . The probability of escape messages from 
the network to the external environment be equals: 7,010 =p , 1,0

20
=p . Let 

the incomes from network transitions between the states be equals: 5000
21
== rr , 

700010 =R , 400020 =R , 3000
01

=r , 250002 =r , 1000012 =r , 1200021 =r . 
System (1) according to the entered parameters of the network will be: 

 ( )
( ) ( )( ) ( )+++−= tkvkuku

dt
tkdv

, 4,46,24
,

121

1  

 ( ) ( )+++++ tkkvtkkv ,1,2,3,,16,1
211211

 
 

 ( ) ( )( )( ) ( ) ( )( ) ( )( ) ( )+−+−+−−++ tkkvkukutkkvkuku ,1,7.119,0,,114,04
2112121121

 
 

 ( ) ( ) ( ) ( ) ( )+−−++−+−++ tkkvtkkvkutkkvku ,1,12,0,1,14,0,1,18,1
21121112112

 
 

 ( ) ( ) 10001660021600 12 −−+ kuku , (23) 
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 ( ) ( ) ( )( ) ( )+++−= tkvkuku
dt

tkdv
,4,46,24

,
121

2   

 ( ) ( )+++++ tkkvtkkv ,1,4,,18,0
212212

 
 

 ( ) ( )( )( ) ( ) ( )( ) ( )( ) ( )+−+−+−−++ tkkvkukutkkvkuku ,1,4.218,1,,112,02
2122121121

 
 

 ( ) ( ) ( ) ( ) ( )−−−++−+−++ tkkvtkkvkutkkvku ,1,19,0,1,18,1,1,14,0
21221122121

 
 

 ( ) ( )21 2160086009800 kuku −+− .  (24) 

The ratios (12) can be rewritten as follows: 

 

( )
( ) { }( ) { }( ) { }( )

( ) { }( )( ) ( ) { }( )( ) ( ) { }( )( )

( ) { }( )( ) ,11600
)1)(1(

15600,,4,0

,,2,3,,8,1,,6,1

,2,8,7,6,3,2,11,

212

2
111

2

2
11

1

1
112

1

1
11

1
11

2
1

1
11

1

−
−−

+−+

+−+−+−+

++−−=
∂

∂

zzz

tztzz

z

tztz

z

tztzz

z

tztz

tzztztztz

t

tz

ϕϕ

ϕϕϕϕϕϕ

ϕϕϕϕ
ϕ

 (25) 

 

( ) ( ) { }( ) { }( ) { }( )

( ) ( ) ( ) { }( )( )

( ) { }( )( ) ( ) { }( )( )

( ) { }( )( )
,3900

)1)(1(

28400,,4,0

,,2,3,,8,1

,,8,0
,7,12

,7,1,7,6,5,2,9,11
,

212

2

221

2

2

22

1

1

222

1

1

22

221

1

22

2

2

1

22

2

−
−−

−
−

+

+
−

+
−

+

+
−

+++

++−−=
∂

∂

zzz

tztzz

z

tztz

z

tztzz

z

tztz
tzzz

tzztztztz

t

tz

ϕϕ

ϕϕϕϕ

ϕϕϕ

ϕϕϕϕϕ

 (26) 

where: 

12
111

}1{\
1

}2{
1221

}2{\
1

}1{
1 )0,(),(,),0(),(),( kk

zkvtzzkvtztz ====
ΩΩ ϕϕϕϕ , 

12
112

}1{\
2

}2{
2222

}2{\
2

}1{
2 )0,(),(,),0(),(

kk
zkvtzzkvtz ====

ΩΩ ϕϕϕϕ . 

Make use of the algorithm described above to find the expected income of 
system 2S . 

Determine ),0,0(),(
22

tvtz =ϕ . Find z-transforms }{\
2

1iΩϕ . For this we set ,0=jk  

1
ij ≠  and multiply the system of equations (24) to 1

1

ik
iz  and summing over all 

1i
k , 

2,11 =i , from 0 to ∞. Using the sums (14)-(21), taking into account that ,0=jk  

1
ij ≠ , from (22) we obtain relation for z-transforms ),(}{\ 1

tz
i

i

Ωϕ : 
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{ }( ) ( ) ( )++−=
∂

∂ ΩΩ

Ω

tzztz

t

tz
,2,4,3

, }1{\
21

}1{\
2

1\
2 ϕϕϕ  

( ) ( )( ) ( )( ) 11600
11

15600
,0,0,0,

1
8,0

21

2
}1{\

2

1

−

−−

+−+
Ω

zz
tvtz

z
ϕ , 

{ }( )
( ) ( )++−=

∂

∂ ΩΩ
Ω

tzztz
t

tz ,8,2,6,8, }2{\
22

}2{\
2

2\
2

ϕϕ
ϕ  

( ) ( )( )
( )( )

3900
11

28400,0,0,0,16,2
21

2
}2{\

2
2

−

−−

+−+
Ω

zz

tvtz

z

ϕ . 

The solution of this system of differential equations if we specify the initial 
conditions )()0,(),()0,( 2

}2{\
21

}1{\
2 zzzz θϕθϕ ==

ΩΩ , Vv =)0,0,0(2  was obtained in 
Mathematica and has the form: 

( )
( )( )( )
( )

( )
( )

( )( )









×
+−+−−

=
+
+−

+−−
−−+−+

Ω
2
112121

1
4,32,48,0

1
8,012,44,38,0

}1{\
2 4,32,48,01

,
11

2
11

21211

2211

zzzzzz

e
etz

zz

zzt

zzzzz

zzzzt

ϕ  

( )( ) ( )( )[ Vztvzz 8,01),0,0(8,011 1221 +−−−×  
( )( ) ( )( )] })(8,0116008,0111600

122211
zzVVzzzz θ+−+++−+ , 

( )
( )( )

( )

( )
( )

( )( )









×
+−+−−

=
+

+−

+−−

−+−++−

Ω

2
222121

1

6,84,118,2

1

6,84,118,26,84,118,2

}2{\
2 6,84,118,21

,
22

2
22

21212

2
221

2
22

zzzzzz
eetz

zz

zzt

zzzzz

zzzzzt

ϕ  

( ) ( )( ) ( )( )( )([ +−+−+−+−−× Vzzzzzztvz 8,21390011),0,0(8,21 22122122  
( )( ))] })(8,239008,28,2 221 zzVVzV θ+−+−+ . 

Initial conditions )(1 zθ , )(2 zθ  satisfy the following relations 

*
1

1

1

1

0

112
}1{\

21 )0,0,()0,()(
k

k

k zzkvzz αϕθ === ∑
∞

=

Ω , 

where 


 =

=
cases,other  in ,0

,,
)0,0,(

*
11

12
kkkv α  

*
2

2

2

2

0

122
}2{\

22 )0,,0()0,()(
k

k

k
zzkvzz βϕθ === ∑

∞

=

Ω , 

where 


 =

=
casesother in ,0

,,
)0,,0(

*

22

12

kkkv β . 
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Substituting the expressions obtained for 2,1),,( 1
}{\

2
1 =Ω

itz
i

nϕ  in (26), in the 
Mathematica package found an analytical solution of the differential equation 

),(2 tzϕ , with the initial condition )()0,(2 zz θϕ = , 

21

1 2

21

21

0 0

212122
)0,,()0,()(

kk

k k

kk zzzzkkvzz γϕθ === ∑ ∑
∞

=

∞

=

, 

where 


 ==

=
casesother in ,0

,,,
)0,,(

*
22

*
11

212
kkkkkkv γ . 

The expected income ),,(
212
tkkv  of system 2S  are coefficients of expansion of 

the function ),(
2

tzϕ  into a double series of powers 1

1
kz , 2

2

k
z  and it was conducted 

in the Mathematica package of mathematical calculations. 
Let 0=V , 0

*

2

*

1 == kk , 1=== γβα , if the initial conditions are: 1)(1 =zθ , 
1)(2 =zθ , 1)( =zθ . In Figure 1 there is a graph of income 2S  at 2

1
=k , 2

2
=k . 

 

2 4 6 8 10

�1.2 �109

�1.0 �109

�8.0 �108

�6.0 �108

�4.0 �108

�2.0 �108

 
Fig. 1. Income chart ),2,2(

2
tv  on interval [0,10] 

Conclusions 

The practical importance of the results lies in the fact that with the help of 
the proposed method one can find the expected incomes of systems considered 
network with an infinite number of states. 
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