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Abstract. In the paper we apply the modified powers of algebraic quasinuclei to construc-
tion of determinant systems for quasinuclear perturbations of Fredholm operators. Given

—

two pairs (: , X ), (.Q,Y ) of conjugate linear spaces, an algebraic quasinucleus
Fean(2—>5,X >Y) and a determinant system for the Fredholm operator
Seop(2— Z,X - Y), we obtain algebraic formulas for terms of a determinant system
for S+7,.
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Introduction

Determinant systems for operators acting in infinite dimensional Banach spaces
provide important tools for solving linear equations. The determinant system for
linear operator 4 gives full information on solving the equation Ax = y,, where
¥, belongs to the range of 4. The Sikorski’s and Buraczewski’s formulas [1-3]
for the solution are generalizations of the famous Cramer’s rule for solving finite
systems of linear equations.

The first theory of determinants in arbitrary Banach spaces was developed
by A.F. Ruston [4] and A. Grothendieck [5] and another one by T. Lezanski [6],
R. Sikorski [1] and A. Buraczewski [2]. A general approach to the theory of determi-
nants was proposed by A. Pietsch [7], [. Gohberg, S. Goldberg and N. Krupnik [8].

The study of determinant systems leads to the study of concrete classes of Fred-
holm operators. In this approach we consider the class of quasinuclear perturba-
tions of Fredholm operators. Algebraic quasinuclei play an important role in the
theory of determinant systems; if (Dn) is a determinant system for a Fredholm
operator S and 7, is the quasinuclear operator determined by an algebraic
quasinucleus F, then we can obtain effective formulas for a determinant system
for the operator S+7,. in Banach spaces. The purpose of this paper is to give
purely algebraic formulas for terms of the mentioned determinant system. The for-
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mulas were first given by Plemelj [9] for endomorphisms of the form 7+ 7, where
T is an integral endomorphism, in the space C [a, b]. These formulas were obtained
on the basis of the Fredholm theory of integral equations. They were modified by
Smithies [10], also in the case of endomorphisms [+ 7, where T is integral.
R. Sikorski [1] generalized the formulas over the endomorphisms 7 + 7', where T
is quasinuclear. A. Buraczewski [2] made further generalization of these formulas
in the case of operators of the form S + 7', where S is a fixed Fredholm operator of
order zero and 7 is quasinuclear. Later contribution was made by D.H.U. Marchetti
[11] who presented an alternative to Plemelj-Smithies formulas in the case of
endomorphisms 7+7, where T belongs to the trace class of endomorphisms in
a separable Hilbert space. In this paper we generalize Plemelj-Smithies formulas
over the operators of the form S+7, where S is an arbitrary Fredholm operator
and T is quasinuclear. The result is formulated by means of the modified powers
of quasinuclei.

1. Terminology and notation

We begin with a brief review on the terminology used in the determinant theory.
We follow the notation of [1-4].

Let (£,X), (22.Y), (A,Z) denote pairs of conjugate linear spaces over K
(K=RorK=C). A bilinear functional 4. Q2x X — K, whose value at a point
(w.x)€ 2x X is denoted by wAx, satisfying the condition wAx = w(Ax)=(wA)x,
where AxeY and wde 5, is called (Z,Y)-operator on 2x X; the space of all
(E Y ) -operators on (2x X is denoted by 0p(!2—> XY ) For fixed
non-zero elements x, € X, @, €2, x,-®, denotes the bilinear functional on
ExY, defined by §(x0 ~a10)y =&, o,y for (§,y)e ExY. An operator
Be op(E —->0Y->X ) such that ABA= A, BAB=B is said to be a generalized
inverse of an operator Ac op(2— 5,X —Y). The value of a (u+ m)-linear

functional D:E*xY" > K, umeNU{0}, at a point
( ) =4 "o Spoeees 95/1

eeer S Viseens Yy )€ EN XY™ is denoted by D y o) A (u+m)-
JEEERS) m

-linear functional D on 5* xY™ is said to be bi-skew symmetric if it is skew

—

symmetric in variables from both =, and Y. A (,u+ m)-linear functional
D:E"xY" K is said to be(Q, X)-functional on E*x¥™", if for any fixed
elements &,,....& 1,86, €5 (i=1,...1), y.....y, €Y there exists an ele-

S GG S Sy

ment x; € X such that &, = D(
BT cee Ym

J for every £e€ 5 and
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for any fixed elements &,....5, €5, y,....¥, . V-V €Y (j=1...m)

. f,,J

there exists an element @, € £ such that @,y =D
Yiseeos y_/'—l’y’y‘/+1""’ Ym

forevery yet .
A sequence (D )neNuO is called a determinant system for operator

Aecop(2—> E,X >7Y), if for ne NU{0} D, is bi-skew symmetric (£2,X)-
-functional on 5" x Y™ where g, = 1, +n,m, =my +n, min(u,,my,)=0, there
exists » € N U {0} such that D, #0 and the following identities hold:

A, G £ j 5 .
("’ g J $C 1) on [‘5 fj,

Yor e Vu, ) S Yoseoor Vit Vit Vi,

DMFO, j Sy D(&; o G fJ where

A%, Vi Y, ) 1S Vi,
Ees (i=1.. ,,un)y/eY( =1,...m,), xe X,wc Q. The least re Nui{o},
such that D, #0 is called the order of determinant system (D, )nE vuoy - The integer
fy—m, is called the index of determinant system (D, )nE vopy- 1f

Aecop(2—>E,X—>Y) is a Fredholm operator of order r=min{n’,m'} and
index d=n'-m', Beop(Z > Q2 Y > X) is a generalized inverse of A,

{Zl,...,zn,} , {gl,...,gm,} are complete systems of solutions of the homogenous
equations Ax=0 and w4 =0, respectively, then the sequence (D, )nE vuloy defined

by the formula

');:lByl ');:lByan'—r §121 glzn'
D [é:l"“’ é:rH'n’_rJ: §"+"’_rByl Tt é:”“'"'_”Byn'Fm,—r §VI+V!’—I’ZI R §n+n’—rzn'
! Yoo Vpwm'—r SN SV nem'—r 0 0
gm'yl see gm'yn+m'—r 0 .. 0

for & e & (i=1,...,n+n'—r),yj €Y (j=1,...,n+m'—r), is a determinant system
for the operator A.

A linear functional F:op(5 — QY - X)— K is said to be an algebraic
quasinucleus on op(5 — Q.Y — X), if there exists T, cop(2—>5,X >Y)
such that F(x-w)=wT}x for (0,x)e 2x X. T, is called a quasinuclear operator
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determined by F. The space of all algebraic quasinuclei on op(E ->0Y->X ) is

denoted by an(.Q—) XY ) If y,eY, £, €& are fixed, then algebraic

quasinucleus &£, ® y, an(Q > 52 X-5Y ) such that (cfo ® yo)(B)z &,By, for

Beop(E ->QY->X ) is called one-dimensional. Every finite sum z; dy,
i=1

of one-dimensional quasinuclei is called finitely dimensional quasinucleus. By the

trace of an algebraic quasinucleus F e an(E > 5 X->X ) we understand the

number TrF = F(I). For Fean(2—5,X ->Y) and Cecop(A— Q)Y - Z)
we define CF ean(A— 5, X - Z):

(CF)4)= F(4C) for Acop(E > A, Z - X). (1)

Let D be a bi-skew symmetric (£2,.X)-functional on Z*“x¥ ™", y,me N, and
Fean(2— E,X - Y). Fixing all the variables $e$ €5,y y, €Y

and interpreting D as the function of variables &,y, only, we define (,u +m —2)-

-linear functional F. , D on E*'x Y™ by
S

Yy Ym
where
.flAyl:D(é:l’ S20nee gﬂJ for e Z, yeY.
Yo Vasreeos Ym

We can iterate the procedure & times, k = min{,u,m} , provided

F,

S

D, F

$2y2

F,

w D, o F., ..F., F. D

ke Tt S22t S

are (.Q,X )-functionals [12]. By a reasoning similar to that in [6], since
R "'FéélyélD does not depend on the choice of permutation 7 of integers
l,....k, we denote by Fo...oFgD the common value of all F, , .
R [72¢74

k—times

" Fyy D

We also use the notation suitable for the formulation and the proof of the main
theorem of the paper. A matrix M =[a,/ ]&gﬂ over the field K, is denoted by

1< j<m

(M1 ..... Mﬂ)r , where M, :[all,...,a (i=1....1),ie. M, isthe i-th row of M.

iml>
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2. Algebraic formulas for terms of determinant systems
for quasinuclear perturbations of Fredholm operators

We present the theorem, which gives a generalization of Plemelj-Smithies
formulas for operators of the form S+T7, where S is Fredholm and T is quasi-
nuclear.

Theorem. Let Scop(Q2—>E,X —>Y) be a Fredholm operator of order

r=min{n’,m'}, index d =n"—m'>0 and determinant system (D, )neNu{O

pose that U € op(Z — Q.Y — X) is a generalized inverse of S and {z,,...,z,},

- Sup-

{gl ..... gm'} are complete systems of solutions of the homogenous equations Sx =0
and oS =0, respectively. Then for any F € an(!) > EZX-5Y ) which determines
T,=Te op(Q > E5,X->Y ) the following formulas hold:

T’k 0 0
' o, k-1 .. 0
Fo.oFoD,  -| : : : P (2)
k—times T;,k_l Gk . O-k_z O_l 1
Tnk Or  Op 0, O
for n,ke NU{0}, where
c, = Tr[(UT)”"lUF] (m=1,...k) 3)
T’ =D, and T" is the (2n+n'+m'-2r)-linear functional 4)
Tm(gl"“’ §n+n'—r j —
! Yireeos Ynem'—r
suryuy o GUT) W, &(Ur) = &r)Z,
=3 s OTY Uy oo &y, OTY ™ Uy, & UTY™ 2 &, (UT) " 2,
gl (TU)’n+n'—r+l yl . gl (TU)’n+n'—r+l yn+m'—r gl [T((]T)](wa’—r+l)Z1 . gl [T(UT)](7n+n’—r+l):n'
G (TU)Imn’—rm’ Ve Gy (TU)Imn’—rm’ Vovinior gm’[T(UT)](an’—rm’):l . gm’[T(UT)](Imn’—r+m’):n’

where for s=1,...m', t=1,...n
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(’n+n’—r+x) 0 U(‘ in+n/—r+s =0
\r\uor =
Sy [ ( )] Z {gST(UT)’nJrn'Hs -1 z, lf‘ i — 1’ .

n+n'=r+s

and Z is extended over all finite sequences of non-negative integers

Boeeidyp > SUCh that &) + .. 40, . .. =m, Iie.
Tnm (gl [ARRE] §n+n'—r j _
Yiseess Vowm'—r

e L R

4. iy g s p=m Viseees Yotm'—r / Zppenes Zy
where
5 (é:l (UT)’I e §n+”,_r (UT)’n-HI’—r / gl [T(UT)](’}JHI'—rH )’ o gm, [T(UT)](’H+n’—r+m’)J 3

! Viseees yn+m'—r/Zl""’ Zy

Ul n+n'—r
_ Dn(.fl(UT) yeees §n+n'—r(UT) \] lf il 4o+ in+n’—r =m,
Yiseeos Yoim'-r
andif i +...+i,,,_, <m, then
Dn[:l U1 v i TV IO, [r(w)]"wwmj o0t Y,
Viseeos Yinicr ! Ztrenes Zy

where
DO =g U1 Upyreenn & UTY Uy o & UTY 2000 UTY 2 21t 1)

D;S’::—)n’—r+j :[gjyl""’gj'yn+m’—r’0"'”0] lfin+n'—r+j =0 (j:L""m')’

n'

1

D’(:_:_)”r_r_'_] _ I.g] (TU)in+n'—V+_/ Vireons gj (TU)In+n'—r+_/ Voremtrs gj T(UT)InJrn'—H_/* Zyeens g] T(UT inen'—r+ =1 z, J

i iy =Loom(j=1...,m)

Proof. We shall use an induction argument on & to establish the formulas. If
k=0, then D, =T, forany ne NU{0}. Let k be any fixed positive integer.
Assume that forany ne N U {0} the formulas (2) hold. For fixed »
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é:,..., é:n n—r 5, ’é:""’ é:n n'—r
[Fn...nFnDnJrkHj( ! " =F; .| FO...0F0D, ., {{H 1 ’ i

(k+1)—times Ve Vo' k—times YVisv:Yveeos Vorm'—r

Since the formula is valid for ¥ and 7+1, expanding the determinant in the
formula (2) in terms of its first column, we obtain

Fo..ofaD,,, (fl,..., é:"”"_rJ: (5)
(k+1)-razy Yiseess Voum'—r

9(:1: l’é:l""’ é:n n'-r m m 9512 l’é:ll“" étn n'-r
:F§k+1y}f+1 |:A0D"+1[ : : +Z(_ 1) Aan+1 '+ " ’

k
’
YVisvrVieoos Voow'—r ) mml YVistrYireoos Vorw—r

where (~1)" 4, (m=0,...,k) is the cofactor of the element 7", of the matrix

T, k0 .. 0 0]
T, o k-1 0 0
qu:ll Or1 Oy o 1
L Tnk+1 Oy Oy, O, Oy
ie.
o, k-1 0 0 k 0
A() = : h) Ak = h)
Oy Ok 0, O Ok1 Ok o 1
k 0 0 0 0 0
o, k-1 0 0 0 0
A4,=0,4 OC,2 O,; k-m+1 0 0 0
O il O, O o, 0 k—m—1 0 0
Or Ok O Ok-mit Ok-m  Og-m- 0, O

(m=1,..k-1).
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!
§k+1’§1""’ §n+n'—r

. along
Yisv:Viseeos Vosm—r

its first column, bearing in mind that 7" is the operator determined by the algebraic
quasinucleus F,

'):ZIL l’é:l""’ '):Zn n'-r ' ' '):Zl""’ '):Zn n'-r
Fglywly}cHD”“'l[ ’ : :F§I'c+ly}c+l [é:k“'lUyk“'lD” y : + (6)

By the Laplace expansion of the determinant DM[

'
Vet Viseoor Vorm'—r oeees Vorm'—r

+ Z r 1y £Wy,.\D, [fiwéﬂ,--u Sim1sSistre s Snini—r J +
10 seey Yism'=r
1 n+n'—r+ j §k+1’§1’ ) §n+n'—r/g1""’ gj—l’gj+l""’ Sm' _
+ Z S YinD, / -
J=1 | ERRAN YVosm'=r/ 215 tees Zy
:F(U)Dn[é:l;un n+n' rJ nir( [é::UT’écl""’ é:z—l’étwl""’ §n+n'—rj+
Lseves Vaem'—r Yis RE) Yoem'=r
+ i(_ 1)n+n’—r+j5 (gl 'é:l """ §n+n'—r / gl """ gj*l’g_nl """ gm] _ F(U)D (é:l """ §n+n'—r J+
= Uy Vsmr ! 71 z, Deees Vosmrr
o [; ..... EEUTE ey Evon J iﬁ [gﬁ ..... Enewr/ G 606 G s gmvj _
i=1 ! Y tey Yo' —r Jj=1 ! Yireeos yn+m'—r/zl’ Tt Zn
=F(U)D, [51 ,,,,, Erurrr j -y pl® (G N (2 A A S |
" Yiseees Yosm'—r Nty =1 ! Yireeos YVoimi—r /Zl ----- Zy

Setting m =1,...k , by the induction hypothesis,

QEILH’%CI’“" §n+n’—rJ (7)

1V n+1[ Y
YVisvr:Viseoos Voywr—r

can be presented as the sum of elements

O T L D e R 1 e
Sk J’;m:)ﬁv-' Vsmi—r ! Ziseees Zy

where i, +...+1i

nen'—pem’ — 10 -

Therefore, (7) can be expressed by the sum of elements

F., 5 é:l:?+l (UT)] ’61 (IJT)Il """ §n+n'—r (UT)I'H"L" /gl [T(UT)](InMLrH) """ gm’ [T(UT)](IIHWLHW)
Skt 1 VhotsVirens Voawtr/ Zrrenes z,
where /=0,...m and i, +...+i =m—I.

n+n'—r+m'
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By expanding

(;“M wrY.¢ (UT)’%..., Eronr UTYr e g [T D)) g, [T(UT)](’“"'-“"")]
yk+1 Vi yn+m’—r/Zl """ z

"

along the first column, we obtain

Yiseees Yovm'—r / Zpreens P

gk I(UT)/ Uyk . (fl (l]T)]1 A n+n r(UT)]n+n - /g [T(UT)] e Hl LR gm' [T(UT)](IWMV_HM/)] +
+ +1n

nn'=r

+ Z UT) Uy ¥

Xﬁ(gm(ur)zl(wr ..... L
! Vireees Yusnizr ! Zpoeees Z

n

N R R

Jj=1
P (G G0 S (07 e (070 K 14 ) K 11070 S .gm,[r(nr)lww]_

Yosmi—r / Z1reees Zn

It follows from the definition of F, that (7) can be transformed into the form:

m

$ v {F[UT)IU] [a(m b TP T, g,,,[f<vr)]<ww]+

120 i bt =mi-] Viseoes Yoty Zreees Z
+"+" _r(— 1)’ X
=l
e AL (5
Vi Vs Zrreee Zy

' i
+ (_ l)n+n Ty

J=

R[N O Nl [r(ur>1<*w~fﬂw)....gmv[r(zn)]ﬁwww‘)ﬂ

Voo Yusmiey ! 210 By

Hence, (7) can be written as the sum

m n+n'—r ((A——} ((—
Fllur lU §l UT """ rz+n r(UT) /gl [T(UT)] vvvv S [T(UT)]
;'l+"'+1n+§+m':m 1 [( ) ]B ( vvvv Ynvm'—r /‘l """ Zn "
_(m + 1) Z 5 [fl (UT)II """ §n+n'—r (UT)I.M”'_’- /gl [T(UT)](IIWMV_HI) """ gm' [T(UT)](I.M”V_MWV)}
ey gy =M1 ! Yiseeo YVoim'—r /Zl """ Zy

Since (UT)" 'Ueop(E—>02Y—>X) for m=1..k, in view of (I),

wry'vUrean(s >=5X—>X) and o,= F[(UT)'"“U]= Tr[(UT)'"-IUF]_
By (5), (6), (7), bearing in mind (3), we obtain
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[Fu...nFnDnJrkH}(glw" é:"”,_rJ: (8)

1reeor Voew'—r

(k+1)-razy
- A001Dn(§1 """ Snri-r j—AOT,}F1 """ ] Z( 1)" (m+1)4 T;"*‘[f‘ """ S J+
Viseeos Vosm'—r Yiseees Yusm'—r m=1 Viseess Yosm'—r
: S 5 S : g Snint
m - | ERRAE} n+n'-r m | ERRAE n+n'-r
+Z(_ l) AmZO-ZHTnm ( j Z( 1) m m+1D ( +
m=1 1=0 YViveeor Vom'—r m=0 Yiseees Ynm'—r
k k
+ Z (_ l)p PA,H + z (_ 1)m+p Amo-m—pﬂ np [51 """ §n+n —r j ( l)k+l (k +1 Aka+1 [§ ””” §n+n —r j
p=1 m=p Yireeos n+m'=r Yireeos Yosm'=r
Expanding the determinant
T k+1 0 0 0
1
T O k 0
: : (9)
k
Lign Or Oy oo o
k+1
Tiin Ora Op - O3 O

in terms of its first column, we get

z:f[i(—l) _— jmk“[(—l)k“(kﬂmk] Sy ke, ao

m=0 p=I1
Moreover, for p=1,...k
g k—p 0 ... 0 0
o, o, k-p-1
(k+1)Apl_ (k ) . (11)
Otp Ohpi Oppa - 07 1
Ohpr1 Okep Opp1 - Oy O
Since
k- 0 0 0
o P o 0 o o, k-p-1 0 0 0
o o —p-
’ : P G, o  k-p-2 0 0
: - N
Ck-p Ok-p-1 Ok-p-2 o |
Ok-p+1 Ok-p  Ok—p-1 G, O Ckop Ckopt Okop o2 %
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k=p 0 ... 0 0
o, k-p-1 .. 0 0
. : : Do
+ Z C0'0p0ms GTus o O 0|+ (1T (k=) Oy
(o o, 0
Crp Oipi - Oy O

by (11) and algebraic properties of a determinant, (10) can be transformed in the
following way:

T[ﬁ J+nk+l[(—l)k*l(k+1)Ak]+

0
[ k0 .. 0 0 0 0 .. 0 0
o, k-1 ... 0 0 0 0 .. 0 0
K o O,, .. O k-p+1 O 0 .. 0 0
+ 3 TPA(=1)"] pa, , +(=1)7 A 4o T ' +
; " ( ) pAa,, ( ) O—pnd + 0, 6,0 O, .. o o, o, k-p-1 .. 0 0
G2 Opn o, o, o, o, .. 0 0
L Or Ok v Okpir Okpn Opp  Oppa +-- O O
k 0 .. 0 0 0 0 .. 0 0
o, k-1 ... 0 0 0 0 .. 0 0
[ 2 o, k—-p+1 0 0 0
- o, O o, o, k-p 0 0
n
+Z(—1 O | Opui o, e Oy o, o, k-p-1 ... 0 0ff;=
el . . . . . . . .
O-p+m—l O-p+m—2 O-m+l O-m O-m—l O-m—Z 0
O-p+m+1 O-p+m te O-m+3 O-m+2 O-m+1 O-m 0
O Okt o Oppia Oppi Okp  Okpa -+ 02 Oy
: k k+1
0 +1 + p
=T S oy |+ T ) zT 1| oA, 1+z
m=0

Hence, in view of (8), Fo...oFoD, ., is of the form (9). This proves the induc-
(k+1)—times
tion thesis and completes the proof.
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