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Abstract. We obtain an integral representation of the classical solution of the conjugation
problem for the second order parabolic equation with derivatives with respect to tangent
variables at the conjugation conditions. Using this solution, we construct the Feller semi-
group to which there corresponds a diffusion process with a piecewise-constant generalized
diffusion matrix and a generalized drift vector.

Introduction

In this paper, we consider the problem of construction of the Feller semigroup
to which there corresponds a multidimensional continuous Markov process such
that in the lower and upper halfspaces its parts coincide with given processes of
Brownian motion and the behavior of the process, after its exit onto the common
boundary of the given domains, is determined by two conjugation conditions given,
that should be satisfied by the required semigroup. Brownian motion processes are
given by their generators differential operators with zero transition vectors and
distinct constants diffusion matrices. Note that the first of conjugation conditions is
an expression of the Feller property of the required process, and the second condi-
tion corresponds to one of the versions of general conjugation condition of the
Wentzel type (see [1, 2]). In the considered case, the given condition is determined
by a linear differential operator with constant coefficients, that contains normal
derivatives and first and second order derivatives with respect to tangent variables.
This means that, among the possible extensions of the process of Brownian motion
at the points of the hyperplanethat separates the upper and lower halfspaces, there
is only their partial reflection acting on the normal directions along with drift and
diffusion along the boundary.

The formulated problem can also be called either a problem on gluing diffusion
processes or a problem of construction of a mathematical model of diffusion phe-
nomenon in the environment with diaphragm [3, 4]. In the paper, we use analytical
methods for its solution. With this approach, the given problem can be practically
reduced to investigate the corresponding conjugation problem for a second order
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linear parabolic equation with discontinuous coefficients. We establish classical
solvability of the latter problem by the method of the limiting integral equation
using ordinary parabolic simple layer potential. Note also that the assumption that
the coefficients of the equation and the Wentzel boundary operator are piecewise-
constant and constant respectively allow us to apply the Fourier-Laplace integral
transformations to the solutions of the system of integral equations to which the
initial problem is reduced.

Recall that a similar problem was already investigated earlier in [4]. However,
a special fundamental solution was used therein which was constructed by the au-
thor, not an ordinary fundamental solution of a uniformly parabolic operator, as one
of the kernels of the simple layer potential in construction of the integral represen-
tation of the regularized semigroup. We also distinguish the paper [5], where the
problem of gluing of diffusion process is considered in martingale setting.

1. Notations, the problem formulation

The following notations are used in this paper: R = R! is a real line; C is
a complex plane; R is a real d-dimensional Euclidean space of points x =

= (%1, 0, xq), x| = (7 + ~--+x§)1/2; D;= RE={xeR%:x; <0}, D, =
= R ={x € R%:x,; >0}, S =R% ! ={x € R%:x; = 0}; points in R4 are
noted as x’ = (x,..,Xq_1), such that x = (x",x5); (x,y) =YY%, x;y; for
.y} <R and (x',y") = SEtxy; for (x,y') € R v(x') = (v, ()] L.
vi(x")=0,i€{1,..,d —1}, v4 = 1 is a unit normal vector to § in the point x’
directed inside the domain D,; points in R%*! are denoted as (t, x) =
= (t,xq, ....,xq) = (t,x',x4), also t is interpreted as time coordinate and xy, ... X4
are spatial values; R% = (0,00) x R%, RE = (0,00) x RE™1, oW = (0, 00) x
D,, 1 €{1,2}; for some fixed T > O0R%*! = (0,T) x R, R% = (0,T) x R4,
Qgp = (0,T) x D, L € {1,2}; Qis a closure of a set Q; D} =D, = %, D; = %,
aZ

D;j = riox;

symbols of the partial derivative of the order r with respect to ¢ and any partial of
the order p with respect to x respectively, where r and p are nonnegative integers;
V'=(Dy,...,D4_1) is a spatial gradient; AZ f(-,x) = f(-,x) — f(-, %), AL f(¢t,") =
= f(t,) — f(£"); €(Q) (C(Q)) is the set of all continuous functions on Q (Q),
where ( is a subset of the region R&1; ¢12(Q) (C¥?(Q)) is the set of all continu-
ous functions on Q () that have continuous on Q () derivatives Df and DY,
r=1,p<2;Cp (Rd) is a space of bounded and continuous in R% functions ¢

with norm |[|@|| = sup,cpal@|. By f(t,0") we will denote the Fourier transform by

. {i,j} € {1, ...,d}, are operator of differentiation; D] and DY are the

variable x’ of the function f(t,x"), and by f (p,d") we will denote a Laplace trans-
form by variable t of the function f(t,c"):
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o' € R41, p € C,, where C, = {p € C: Rep > a}, a is some nonnegative con-
stant that is defined by a function f. Everywhere below C and ¢ are some positive
constants that do not depend on (t, x) and as a rule their values are not important to
us. Other notations will be explained as soon as they have arisen.

Let us continue with the problem formulation. Assume that in the inner points
of domains D; = R% and D, = R%, d > 2, that are divided by a hyperplane
S = R%471, are given generating differential operators of some Brownian motion
processes L, and L, respectively:

=2 Z b(l)(x)

i,j=1

=1,2, @9
J

where bi(;) are real numbers and matrix B; = (bl(]l)) is symmetric positively de-
fined. Assume also that numeric parameters f;;, a; € R, {i,j} < {1,...,d — 1}, and
q,, 1 €{1,2}, with g, >0 and q; + g, # 0 are given, and matrix § = (Bij) is
symmetrical and positively defined. They will be used to describe properties of the
diaphragm that is situated on § and it affects a diffusing particle only when it
reaches the diaphragm. We set up a problem to investigate the existence of a Feller
semigroup T, t > 0, that generates a class of continuous Markov processes in R%
such that their parts in domains D; coincide with Brownian motion processes that
are controlled by the operator L;, [ = 1, 2.

In this paper, one such semigroup will be constructed by analytical methods un-
der assumptions that the function u(t,x) = T;@(x), @ € G, (]Rd), is a solution of
the next parabolic conjugation problem:

Dyu(t,x) — Liu(t,x) =0, t,x) e oW 1 e{1,2}, 2)
u(0,x) = p(x), x € RY, 3)
u(t,x',0 =) =u(t,x’,0+),  (t,x") € RY, (4)
d-1
Lou(t,x',0) = = BiiD;iu(t, x',0) + a;Dju(t,x',0) —
’ ,z Y z 5)

—q1Dgu(t,x',0 =) + q,Du(t,x’,0+) =0, (t,x") € RY,

where u(t,x’,0 —) (Dqu(t,x’,0 —)) and u(t,x’,0 +) (Dqu(t,x’,0 +)) are bound-
ary values of the function u(t,x’,0) (Dgu(t,x’,0)) as x approaches to (x’,0) €
R4~ from inside D, and D, respectively.
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Note that if the semigroup satisfies equation (2) then the sought process coin-
cides with given Brownian motion processes in D; and D,; also the equation (3)
corresponds to the fact that Ty = I, where I is an identity operator. Besides that, the
formulation of the problem (2) — (5) requires that the function u(t, x) and its deriv-
atives D;u(t,x), i € {1, ..., d}, change continuously as it moves through §. Proba-
bilistic interpretation of conditions (4) and (5) and proper comments were stated in
the introduction.

So, we are interested in classical solution of the problem (2)-(5) that is bounded
by a spatial variable and the function u(t, x) belongs to

c12(0®) ne(adt),

and its derivatives D;u(t, x),D;ju(t, x).{i, j} c {1, ...,d — 1}, exist and are contin-
uous in all points of the domain (t,x) € R&,

2. Solution of the parabolic conjugation problemand construction
of generalized diffusion process

We will use a method of boundary integral equations to prove a classical solva-
bility of the problem (2)-(5).

Theorem 1. Let the coefficients of the operators L;, | € {1,2} from the problem
(2)-(5) are real constants that construct a positively defined symmetric matrix B,
and numeric parameters f;;, a;, {i,j} c {1,...,d — 1}, and q;, [ € {1,2}, satisfy the
next conditions: 8;; € R, a; €R, q; =0, q; + q, # 0 and the matrix f = (B;;) is
symmetric and positively defined. Then the problem (2)-(5) has a unique classical
solution for every function ¢ € Cp, (]Rd) and next estimation holds:

lut, )l < Cllgll,  (tx) € RFF. (6)

The proof of the theorem is in receiving an explicit form of the solution as
a sum of Poisson potential and simple layer potential, then a respective estimates
are proved. Let g;(t,x,y), L € {1,2}, t > 0, x € R%, y € R? is a fundamental solu-
tion (f.s.) of the equation (2):

gatxy) =gtx—y)=g{x" -y, xg -y =
d 1 1
= (2mt)"2(detB)) 2 exp <—Z (Bt (x—y),x — y))

Consider the Poisson potential and simple layer potential

ug(t,x) = fRdgz(t,x,y)w(y)dy, (t,x) e RE,  1e{1,2}, (7
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t
(%) = f dr f 9t =0y Wi(n,y' @) dy', (6, %) € REL, 1€ (1,2}, (8)
0 [Rd—l

Here ¢ is the function from (3), and density functions V;,l € {1,2}, are to be de-
fined. Notice that dependence of densities V;, [ € {1,2} on initial function ¢ from
(3) will be defined in the problem by conjugation conditions (4), (5).

Let us note some properties of the potentials wgy;, uq;, [ € {1,2}, that follows di-
rectly from the properties of f.s. gq; (see [6, Ch. IV] and [7, 8]). In particular,
ifp € Cy (Rd),then the functions ug;(t, x), | € {1,2}, satisfy equation (2) in do-
mains (t,x) € QW initial condition (3), and in every domain of next form (t,x)
€ (0,T] X R%next inequality holds

1D} DZuau(t 01 < Cllgple™ 2, ©
where r and p are nonnegative integers.

Further, let us assume a priori that functions V;(t,x’, @) = V,(t,x"), l € {1,2},
arecontinuous in the domain (t,x") € R, and when (¢t,x") € (0,T] x R4 1 next
inequalities holds

1
Vi, x| < Cllgllt™2. (10)

Then the functions uq; (¢, x), | € {1,2}, satisfy the equation (2) in domains (¢, x) €
QWO initial condition u;;(0,x) = 0, x € R%, and next inequality holds

lun &0l < Cllell,  (t,x) € (0,T] x R%. QY

We will also use formulas of jump of conormal derivatives of simple layer po-
tential on the boundary § = R4~1. For this, for x’ € R%™!, we define vectors
N, = B; v, l €{1,2}, that are called conormals. Due to the assumption of the
Theorem 1 (B;v,v) > 0, | € {1,2}, so that both conormals have directions inside
the domain D,. A derivative of some function v(x),x € R%, in the direction of
every conormalN;, | € {1,2}, is defined by a formula

aU(X) d 0
= g )¥ . 12
an, E . b;;/ D;v(x) (12)

In the sought case for conormal derivatives of simple layer potentials uq;(t, x),
1 €{1,2},fort > 0and x = (x’,0) € R4 we will obtain

duq(t,x',0F)

=+ ! . 13
an, e x),  1e{12} (13)

As potentials uy; and uq;, | € {1,2}, satisfy the mentioned conditions then we
can try to find a solution of the problem (2)-(5) in next form
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u(t,x) =y, (t, x), (t,x) € O, le{1,2}, (14)
where
u; (t, x) = ug;(t, x) + uq; (t, x). (15)

Now we have to find unknown functions V; and V, such that conjugation condi-
tions (4) and (5) are satisfied for u(t, x). Substituting expressions for u;(t, x),
[ € {1,2} in these conditions after some transformations we will obtain

2 t
zl 1(—1)Hf drfd 1gz(t—r,X’ =y, 0V (r,y)dy =
= 0 R4-

(16)
:uoz(t,x',O)—u01(t,x',0),
2 1 d-1
Z ”KEZ-- ﬂ(O)DU+Z ”D)um(tx 0) +
=1 i,j=
auol(t, x,, 0) Vl (t, x,) 1 (0)
—1! — _Z D
+(=1) aN, b0 +13 et Bi; ' Dij + (17)

d-1 t
£y af"’Di) [ar]  at-ux-y.00@y dy'] -0
i=1 0 Rd-1

where

)
@ = ¥ (1) i yeeq a1,

i (l)
bia

© _ _ _lma, _ 144 4t
Bij q+q —L{i,j}c{1,. Brn=—r=—. 4=~

So from conjugation conditions (4), (5) we have obtained a system of equations
(16), (17) with respect to unknown functions V;, 1 € {1,2}. As one can see, the first
equation is an integral Volterra equation of the first kind, and the second one is an
integral-differential Volterra equation of the second kind. We will show that the
system of equations (16), (17) can be solved using the integral Fourier transform-
with respect to the variable x'and the integral Laplace transform with respect to
variable t. We have agreed to denote Fourier-Laplace transforms of the function

f(t,x") by f (p,d") (see Ch. 2). Obviously we will consider that this transformation
exists for every function from equations (16) and (17). After application of the
Fourier-Laplace transform to every equation in the system (16) and (17) it trans-
forms into algebraic system of equations with respect to the images V;(p, "),
[ € {1,2}, and we will obtain
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Wi 0" = 2b5)(p + a) [-§i(, 0", )i (p, 0", 0)

= (18)
+G(,aNpa)],  Le(12),
where
T ’ 2y ooag: (p,O",Xd _yd) A
o) =5 [ RN 6 vdye -
by Jo 2
2y, 651(19,0’ X4 = Ya)
b(l) de =0 P(0',ya)dyq,
Gi(p,0") = (2b§2<p+al) (1) @ +a) +7, (2) (p+a)+K|
dd dd
OO
b9
— —(Hl(J' g ) h(l) , h(l) — b(l) id ]d:
l] 1 b(l)

1 1
I ’ ’ . ! ! (0) I (0)
K=3Go0' ) +iha)  fo=() " a=(a”) .

Notice that for obtaining and solving the system with unknown IZ(p, o), le{1,2}
we have used known properties of Fourier and Laplace transforms [9] along with
the next relation for image of f.s. which was established by us g;(t,x) =

=g,(t,x",x4), 1 € {1,2}:

1 d-1 (l)o_ 5 5

I~ ! — Zb(l) 2 1 _

9i(p, o', xq) = (2bga(p + a;) ) “exp{ixy o~ |xal| =y (@ +a)
j=1 Paa baa

From equalities (18) and well-known formula for the Fourier-Laplace transform
of convolution of functions follows that the solution of the system (16)-(17) can be
written in next form

Vi(t,x) = 28 ul(mf drf [~gu(t =, x" = ¥, 0) X uy(z, ", 0)
RA-1 (19)

+ G —1x —y)P(ry)ldy’, 1€{12},

where y; are uniformly parabolic operators,

1
t = D¢ — Ez h(l)DU,
i,j=1

’ 2 2y agl(Tl y,:Z)
YTy = Z (—1)lﬁf — oy @z,
=1 b,g /D l



82 B. Kopytko, A. Novosyadlo

and G;(t,x") are originals of the functions C?l(p, c"). We will use next equality to
find them

[oe]

é@mo=f

1
i 5
exp{—Ku} (2650 +a)) " exp —ul)ﬁ T+ a)
0 dad

2
tV2 [ @+ az)
bdd

G,(t,x") =f duf ) 1GOl(t,x’ -y wgo(w,y)dy', le{1,2}, (20)
0 R4~

Hence we have

where
' (yiw)? '
GOl(t'x"u) = Fl(tlx Iu) = exp {_%}gOl(tlx 10)5
2b;,t
if y3; =0,
’ _bzglfi_l) t ’ ’ 1 ro
GOl(tlx Iu) = Kfo dr fRd—l Fl(t —-T0L,Xx -y :u)DuF3—l(T'y 'u)dy 5 if
Y3-1 # 0,

9o, y") is af.s. of uniformly parabolic operator

1od1 -1
D -—ZE Op.. — 22 @p,.
VAT Bij Dy i=1 %

So we have found the solution of the system of equations (16), (17). Let us es-
tablish the estimation (10). For this purpose we will represent functions V,
[ € {1,2}, in a form of a sum of two terms V;; and V},, where

t
Vll(t,x’) = —Zb((il; ‘Lll(t,x,)f de 4 1gl(t - T'x’ - y’: O)uOI(T' y" O)dy"
0 RA~

and V5 (t,x") is represented by the same formula only we have an integral from the
product of the kernel G; and density 1. Let us investigate functions V;; more pre-
cisely. If we will consider the equality

-1/2
gt—1,x —y',0)= <2nbég(t - ‘L')) h(t—-1,x" —y"),

where h; denotes a f.s. of the operator y;, then it is easy to obtain next form
for Vll
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1
T 2 t/2 1 3
i N = —(t—1) 2dt X
0 V1 (t, x") fo > (t—1) 2dt

dd
t

1 3
X f h(t —7,x" — yDug (t,y',0)dy" + f =(t—1) 2dt X
RA-1 2

L
2

! ! ! ! 21
de 1hl(t_T'x -y )(um('ﬂy IO)_uOl(Tlx ,O)— ( )
Rd-
! ! ! A ! tl _g
—(Vyug(r,x',0),y" —x))dy +ft E(t_T) 2 X
2

1

t\ 2
x (ttgy(, ', 0) — gy (t, x', 0))dr — (E) Ug (£, %", 0).

After we estimate every term in the right part of (21) using inequalities (9) and
known estimations for f.s. h;,l € {1,2}, we assure that inequality (10) holds for
V1 (t, x") with (t,x") € (0,T] x R4"1. Similarly one can investigate functions
Vi (t,x"), L € {1,2},and as consequence obtain estimation (10) for them. This
means that our a priori assumptions on densities V;,[ € {1,2}, that are included in
simple layer potential u,; from (8), holds true. From it and from inequalities (9)
and (10) follows estimation (6) for the constructed solution of the problem (2)-(5).
Theorem 1 is proved.

From Theorem 1 follows that an operator semigroup (T;)¢so, on functions
@ EC, (Rd) can be defined by a relation Ty (x) = u(t, x, ¢), where the function
u is defined by formulas (14), (15), (19). Using these formulas and acting like in
[3, 4, 10], we prove that the semigroup, constructed this way, generates some ho-
mogeneous non-breaking Feller process on R%. Further, an additional investigation
of the semigroup shows that trajectories of the constructed process can be consid-
ered to be continuous and its transition probability P(t,x, dy) satisfies the next
relations:

. 1 J—
lgf(l;l ,fRd(p(x) <?fRd(y - X, G))P(t,x, dY)> dx =

=c(a,9) f p(x',0)dx’,
[Rd—l

1
lim [ @) (—f (y — x,0)?P(t, x, dy)) dx =
tlo ]Rd t ]Rd

- fqu)(x)(B(x)@. 0)dx

+¢(f0,0) fRd-lw(x’, 0)dx',



84 B. Kopytko, A. Novosyadlo

where ® € RY, ¢ is an arbitrary continuous compact function on R%,

(Jb(l) Jb<2)>Jb(1)b(2)
qlw/bfifi +‘J2w/b§1

a= (C_zi)?:pai = a, i € {11 ,d - 1}1 a’d = + q2,

B(X) = Bl' X € Dl, le {1,2},

o, if{i,j 1,..,d — 1},
ﬂ (ﬁu) {ﬁu if {i,j} < { }

111 0, ifi=dorj=d.

Equalities (22) means that for the constructed process its local diffusion charac-
teristics exist only as generalized functions, this means that this process is a gener-
alized diffusion process in the sense of Portenko [10].

So we have proved next theorem.

Theorem 2. Let the coefficients of differential operators L;, [ € {1,2}, from (1)
and L, from (5) satisfy the conditions of Theorem 1. Then an operator semigroup,
constructed by the solution of the conjugation problem (2)-(5), generates a homo-
geneous continuous Feller process on R? with transition probability that satisfies
relation (22).
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