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Abstract. In the paper, a 2D domain in which the temperafigie is described by the
Laplace equation and the assumed boundary conglii®rconsidered. To estimate the
changes of temperature due to the change of thadawy local geometry, the implicit
approach of shape sensitivity analysis is usethdrfinal part of paper, examples of nume-
rical computations are shown and conclusions aradtated.

Introduction

The steady state temperature fidlg, y) in a 2D domain is described by the
Laplace equation

2
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whereA [W/(mK)] is the thermal conductivityf is the temperature amxly are the
geometrical co-ordinates. Equation (1) is supplaewby boundary conditions, in
particular:
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whereT, is the known boundary temperatugg,is the known boundary heat flux,
a [W/(m?K)] is the heat transfer coefficient afid is the ambient temperature.

To estimate the changes of temperature due todharpation of local geome-
try of the boundary, shape sensitivity analysispplied [1-5]. Here the implicit
variant of sensitivity analysis is used. At firdte boundary element method for the
Laplace equation with linear boundary elementissidered and then the system
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of algebraic equations is created. Next, this systé equations is differentiated
with respect to the shape parameter.

1. Boundary element method
Application of the boundary element method for tiagplace equation leads to
the following system of algebraic equations [6-8]:
Gq=HT 3
whereG andH are so-called influence matricésjs the vector of boundary tem-
peratures and is the vector of boundary heat fluxes.

For the linear boundary elements, the system ot&aps (3) can be written in
the form of

R R
>'G,q =Y H,T, i=12.R (4)
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whereR is the number of boundary nodes.
For single node being the end of boundary elemé&ntaind being the beginning
of boundary elemerit;,;, one has
G, :lej +Gf] |:|ir =HAikj +HAiF}+1 )

b

while for double node, r + 1
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and
. 11 ripd =il
HP=— [N XY _YXd4p 10
b= N 2 (10)
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where
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In the above formulasN =(1-9)/2, N, =(1+6)/2, 60f 1,1] are the shape
functlons;(xp Y P), (x ,yJ )are the co- ordlnates of the beginning and endevheht
M. It should be pomted out that the solution taexys(4) allows one to determine the
“missing" boundary temperatures and heat fluxesxtNthe temperatures in an
optional set of internal nodes can be calculatéthuke formula

R R
Ti :ZHirTr _ZGuqr (14)
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2. Shape sengitivity analysis - implicit differentiation method

It is assumed thdt is the shape parameter, this measrresponds to theory
coordinate of one boundary node. The implicit ddfeéiation method [3, 9-11]
consists in the differentiation of the algebraisteyn of equations (3) and then

DG _,.Dd_DH_ . DT

—_— 15
qu Db Db Db (19)
or
GW = Hu+EﬂT—9§q (16)
Db Db
where:U = DT/Db, W = Dg/Db.
The differentiation of boundary conditions (2) gve
DT,
y) T -— b 0
x, ) Db
Dq,
VT L WE = 0 17
(x,y) , Db (17)
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Hence, this approach of shape sensitivity anaigsi®nnected with the differ-
entiation of the elements of matric8sandH [8, 12].

3. Examples of computations

A square of dimensions 0.05x0.05 m is considerd fhermal conductivity
equalsh = 35 W/(mK). On the bottom and left side of therdan, the Dirichlet
condition T = 400°C is assumed, on the remainimtgpz the boundary, the Robin
condition g = 30(T-20) is accepted. In successive variants of comipugt the
boundary has been divided into 8, 16, 40, 60 anting@r boundary elements re-
spectively. The following set of internal pointsshiaeen taken into account: A =
= (0.0125, 0.0125), B = (0.0375, 0.0125), C = (6,02025), D = (0.0125, 0.0375),
E = (0.0375, 0.0375).
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Fig. 1. DiscretizationN = 40) and position of internal nodes

In Table 1, the temperatures at the internal pdmtsifferent variants of dis-
cretization are presented.

Table 1
Temperatureat internal pointsfor different variants of discretization

N Ta Ts Tc To Te

8 398.437 395.296 392.922 395.296 386.904
16 398.388 394.911 393.672 394.911 386.696
40 398.370 394.817 393.620 394.817 386.653

60 398.369 394.809 393.616 394.809 386.652

80 398.368 394.807 393.615 394.807 386.652
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It can be seen that the internal temperatures Gpi6@ and 80 linear boundary
elements are close. The temperature distributidhéndomain considered is shown
in Figure 2.

Next, the shape sensitivity analysis for 40 linbaundary elements has been
done. Three shape parametéis b,, b; have been taken into account, namely
b1 = Xo0, Do = Y2, B3 = %17 @S shown in Figure 1.
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Fig. 2. Temperature distribution

The distributions of sensitivity functions DR DT/Db, and DT/[b; are shown
in Figures 3-5, respectively.
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Fig. 4. Distribution of O/Db,
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Fig. 5. Distribution of O0/Dbs

Using the expansions of functidninto the Taylor series

T(% y.by + Ay b, + ) =T (x,y by by) + 20 26, + 2T
Db, Db,
(18)
DT DT

T(xy.b — Aby b, = Ab,) =T (x,y b, b,) _D_bl fo, _D_bz 2
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one has

DT DT
AT =2——Ab, +2——Ab 19
Db, by Db, > (19)

whereab; is the perturbation of parameteyr, while Ab, is the perturbation of pa-
rameterb,. For b, the value of the sensitivity function equdls = DTo/Db, =

= 186.46 for b, one hadJ: = DT/Db,= 100.15, while forb;: Uc = DTc/Dbs =
=193.52. Therefore, under the assumption that= Ab, = Abs=0.0005 m, the
change of temperature at node C due to the chang®pe parametdy andb; is
equal to 0.3°C (c. f. formula (19)), while the charof temperature at point C due
to the change of parametgrequals 0.2°C.

The next example concerns the fragment of a hegiamgl. The thermal con-
ductivity is equal ta. = 30 W/(mK). The boundary conditions and discuegitn
are shown in Figure 6. In Figure 7, the temperatlis&ribution in the domain is
presented.

q=10(T-20)

S Y[m]

GEI0(T-20) 010 v B i

10 11 12 13 14 15
0 0.05 0.10 0.15  0.20 0.25 X[m]

q=10(T-20)

Fig. 6. Discretization and boundary conditions

It is assumed that shape parametasrsh, correspond to the co-ordinates of
boundary node 21 (c. f. Figure 6) and thenlfor x,1, one hasJ,g= 49.42, while
for b,= Yo1: U,s= 306.91.

Let Ab; = Ab, = 0.0025 m. Thus, the change of temperature atnatenode
28 due to the change of shape paramditeamdb, is equal to 1.78°C (c.f. formula
(19)).

Figures 8 and 9 illustrate the distribution of sewisy functions DT/Db, and
DT/Db,, respectively.
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Summing up, the implicit approach of shape sersjtanalysis, coupled with
the boundary element method is a good tool to eséirthe change of temperature
due to the perturbation of boundary local geometry.
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