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Abstract. The method of a multidimensional generating fuctifor finding time-
dependent state probabilities of a open queuingar&twith unreliable systems is studied.
Assuming that the network functions in the conditaf heavy loading, the flow parameters
of messages, servicing, duration of serviceablekiwgrand duration of restoration of chan-
nels are time-dependent. Such networks can semredsls of the functioning of the Local
Area Network (LAN). Expressions for network statelpabilities at any moment of time are
obtained. An example for finding network state oitities with a central system is con-
sidered.

Introduction

Queueing networks (QN) can be used as stochastielsof various computer
systems and networks, various objects in economoglyetion, insurance, medi-
cine and other fields. QN with unreliable systeme @described in [1], where for-
mulas for their stationary state probability arsufeed. In this article by using
generating functions expressions for time-dependate probabilities, the aver-
age number of messages and serviceable channelbtaneed.

Let us examine an open exponential QN with one tfpeessages that consist
of n queueing systems (QS),S, K ,S,. The Poisson flow of one type of mes-
sages with arrival ratd (t) comes into the network from outside. Let systgm

consist ofm identical service channels, the service time icheaf which has an
exponential distribution with parameter (t) , i =1n.

Let us suppose that the service channels of sySgmre absolutely reliable.
At the other QS,S,S, K ,S, service channels are exposed to random failude an
serviceable work time of each channel of the syst§nmhas an exponential distri-
bution with paramete (t) , :1,_n. After failure, the service channel immediate-
ly starts to be restored and the restoration tilee laas an exponential distribution
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with parametery, (t) i :1,_n. Let us consider that the service times of message

durations of serviceable work of channels and ragtm time of service channels
are independent random variables. The state of auwtwork could be described
via vector

Z(t)=(zt) =(d,k,t) =(d;,d, K d, k k,K ki, 1),
where: d, - number of serviceable channels in syst§m 0<d, <m, k - the

number of messages in systednat momentt, tD[Otoo ) i =1,_n. Let py,; - the

n
probability of a message entering from outsideysiean S; , Z Po; =1; the prob-
j=1

n —
ability of message transition from systef to systemS;, Z p; =1, i=1n,
i=0

is the matrix of
(n+1)x(n+1)

1, x>0 i i [
u(x) = - the Heaviside function. Matri® =“ B
0,x<0 ”

passage probabilities of irreducible Markovian okaiThe service rate of a mes-
sage occurs according to discipline FIFO.

Thus, the case when the flow parameters of messagescing, duration of
serviceable working and duration of the restoratibohannels are time-dependent

is considered. In time interv:{xt,t +At) a message will arrival in QN with proba-
bility A(t)At+o(At); if at momentt a message is detected for service in the
channel of - s QSthen in time interva[t,t +At) it will be serviced with probabil-

ity 4 (t)Aat+o(At), i=1,n: in time interval [t,t+At), the channels of - s QS
with probability 3 (t)At+o(At), breakage occurs or starts to be restored with
probabilityy; (t) At +o(At), i =1,n.

Lemma. The state probabilities of the network under reviews$gtthe system
of difference-differential equations (DDE):

dP(d,k.t) _

d£ 1 [ +Z['“| min(d;, k) +5, (t)d +y; (t)(m —di)ﬂP(d,k,t) +
t); pou(k )P(d,k=1,,t) +
+an/Ji (t)min(d;, k +)poP(d k+1; t) +

+Z,u, Jmin(d,, k +1) pu(k; )P(d k+1, =1, ) +

i,j=1
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é%(t)(m - +L)u(d,)P(d -1, ki) *gﬁ (1)(dh +2P(d +1; kt) (@)

Finding state probabilitieswith help of generating function method

Let denoteW,,(zt), where z=(z,2,K ,z,,2,,,K ,z,), 2n - dimensional
generating function

ZK ZZK ZPdK A kK k1) 2K ZhPeK 2 =

dn=0k=0 kn=

—ZKZZKZPdkt”Z, ziq, |7 <1. 2
di= dy=0k;=0 Kk,

Let us suppose that all network systems functiorhéavy loading [2], i.e.
k (t)>d,(t) Ob 0, i=1n. Then system (1) will take the form

dP(d,k,t n

P =120 130 #.) -1 0)e, +x()m] [Pl +

n

+A(0)3 PuP(dk=1,0) + 4 (1) noP(d K +1, 1) +

i=1

+Zn::l,u.( )d, of (d,k+|i —Ij,t) +iyi(t)(m —d, +)u(d,)P(d -1, kt) +
+i,8i (t)(d, +1)P(d +1, k t). 3)

Note that the equation number of system (2) is tahla when the network is
open and certain when it is closed.
Theorem 1. Generating functionW, (zt) satisfies the partial differential

equation (PDE):
oV, (zt)

a0 1S | S Om 1) 21 -
S+ 0)a a0 2o L0 |Pale],

Zi 2 0z,

+Z/'I| plj Z|"I+] # (4)
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Proof. Multiply (3) by ” z%Z and the sum by all possible valuds from 0 to

m and k from 1 to+e, | =1,n. Here the summation on & is accepted from
1, since all terms in (2), for which in the stafenetwork Z(t) there are compo-
nentsk, =0, because the network systems function in heawyithgg for example,

P(d, Ky k1,0K 41 s Ky 1) = G 1=2,n. Then
° 2 dP(d k,t) o

P MISI IS
=120 [(4 (0 +A0) 1 W) +x(Om]
XZK ZZK ZP (d,kt) l‘Jz,'z;“+,+

ZOMNHIC )ZKl 20;2K 2 P(ak-1 ]2+
+iZ:,ﬂ.( )d poZK ZOEK nZP (dik+1,.t) ”a'zri. +
> k() pyu( )ZK zogK > Pty =1 )] 22+
3 A)(m =4 +1)a(d) 2K 33K 5Pl -1 k) []2 +
SA0E Dum-a)2K X5k Se@eko[]F a6

Let us examine some sums that enter the rightgbaetation (5). Let
3 (20) =20+ 3 (0 +400) (0)d +x(0)m ]
XZK ZZK ZP (d.k.t) ”z,'zgt,.

Okl—l n =1

Then

2202 A0 Enm [ Sk 35k S plaro] -
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2 (u(t)+4 )dZK ZZK ZPdkt”;d';';'+I:

{ 3y } t)—iz;(m(t)+,(t)_yi(t))4wzg_z(_z,t)

For sum Y’ (zt)= Zpo, iK iZK > P(d.k-1, t)ﬂq yak

we have
m o ) Z|d|Z||”|(|-i-I
2..(zt)= ()Zpo.zn+.2 2. > 2 P(dk=1t)= =
4=0 dy=0 k=1 k=1 Zns
i=Ln.j#
Zp0|zn+|ZK Z Z P d kt l_lz| zn+ A Zp0|zn+| 2n(Zt)
Ok =1 =1 i=1
J—ln
For sum 3 (zt)= 4 (t)d pOZK zzK zp (d,k+1, 1) nqlzga,
i=1 n=0k =1 k=
looks like:

HCOE WACERLS I ii <3P (@K1 O[] 42~

zn+i 4=0 dy=0k =
n Pl e @
=242 KD DK Z (d.k.t) |'J4 Zi =
i=1 Zoi =0 dp=Oig=1 k=1
n p m M o _Jz|dlzr|?+l
S a0 TS S dP(dky ks Ok ko 1) =
=l Zoti =0 dp=0 k=1 Znyi
j=1n,j#i

SRR ® g ok (== _
Z,u,(t) ZKZkz_:le(d,kl,...,Ig_l,O,lqﬂ,...,knI) :

= Zn: i (t)&awzn (1) :

Y2
i=1 Znyi aZ|
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For sum

2.2 Zn:ﬂ. (t)d: pyu(k )ZK ZZK ZPdk+| -1, tﬂ;lz'nqﬂz

ij=1 dn=0k;=1 k=

=3 ()dp.,;"”ZK ZZK ZPdk+| -1 tl_lz| 2, +n_:

i,j=1 AN d1=0 dy=0k;=1 k=1

n

. oW n zt n "
:Z'ui(t)puzn] 2 Z,ul Z"Jx
i’j:]- Zn+i |J1 Zn+i

my M oo
XD KD D dP(dk, kg, 0k knxrla 24, o

- Snm =S xue)o -1)}% > 3K Se(a-1k) I'J“*““ -

{Zn:y.()(m ~u(d;)(d 1)}42K > Yk ZP ~1, ko) ”Z|Zn+| -

i=1 dn=0k=1 k,=1
[ n 7 m m-1 e ©
= Z%(t)(m-di) Z ZZK ZPdkt l_lz|d'zn+l_
Li=1 4 dj=0 di=0kA k=
j=Lnj#
= 2n(t)(m -a)] ZK ZZK ZP (d.k.1) |‘|a'z§+.—
Li=1 i dn=0ky =1 ky=

-[zyi( m-m }; > S P(dn o e k)] 12 -
i=1 dj=0 k=1 k=1 =1
j-an:tl

=Mz, (20) -3 (1) a2l

i=1 i=1 62|
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And finally for the last sum we will have

Ze(z’t):gﬂi( )(d +1ZK ZZK ZP (d+1; k) ”;d'zr'jﬂ =

n=0ki=1 k=

M-
o)
Mvs
M§
|| M8
i M8

(d +1)P(d +1, 1k't)u 224,z =

:Zn:ﬂl(ti ZZKZdektﬂazm > Zl alIJZn(zt)'

Oky =1 0z,
Thus, considering the kind of generating functi@, ve will have the first-
order PDE.
Let us examine the case when
m =1, k(t)>0 Ot, i=1n. (6)
The number of serviceable channels in systgncan be equal to 0 or 1. If the

state of network(d,k,t) is (d,...,d,;,0,d,.;....,d,.k,t), then the right system of
equations

n

dP(d,k.t) _

d { +Z[M ) +ni(t )}}P(d,k,t) +
+ (t)Z PoP(d.k-1t) +Z,Ui (t)poP(d Kk +1;.t) +

+Zn:,ui(t)pijP(d,k+Ii—Ij,t)+zn:,8i(t)P( oG, 10,0k 1),

i,j=1 i=1

and if (d,,...,d._;,1,d;,y,...,d,,k,t), then

dP(d,k.t) _

c { +Z[ﬂ. V()ﬂp(d,k,t)+
me P(dk=1.t) +Zu. P(dk+1t) +

n

+'Z,ui(t) p;P(d.k+1, —Ij,t)+Zn:yi(t)P(dl,...,di_l,Qdi+i ..... dy.k.t).

i=1
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They can be combined into one system

dP(d,k.t) _

& { +Z[ﬂ. +V()}}P(d,k,t)+
me P(d.k~ 't+Zﬂ. PoP(d.k +1,.t) +

i=1

n

£ (€ P(A K+, =1,8)+ g (O)u(c )P (A0 k) +

i,j=1 i=1

+ilgl(t)(l—u(di))P(dl,...,di_l,ldi+i ..... d,.k.t). (7)

Let
t)=[A(t)dt, M, (t) =[x (t)d

t)=[A(t)dt, G (1) =[x (t)d (8)

Theorem 2. If QN at the initial moment is in statfa,,a,,....a,,,0), a; 20,

i >0,i= 1,n, then generating function (2) can be written as

n+

n

(2 =200 () -N(0) S 2 o350 (0w, 922

i=1 Z|"|+i

e 3 (), (9] 2} exd £ 610 6 ) )

vexof (6, ()-8 (Q)u(e )] # ©

where

—Z[(Mi(t)—mi<o))+(si(t)—si(o))+(e.(t)—q(c>)}} (10

Let us set out the exponents in (9) in a Maclawenies to transform it to
a form which is suitable for finding the state paibbities of the network. Then the
following statement is true.
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Theorem 3. The expression for generating function (9) hadonm

N
N po.po{l_lqu |
Al Trtarad [0, @] (606 (0) el

(B, (0)-B (O)u(e) #0zp |y

whereH = Zn:h .
i=1

Example 1. Let us examine the LAN model which is represerteligure 1. Sys-
tems S, S, K ,S,_; correspond to the data terminal equipment (pefighcomput-

ers), systenS, —local server. Remember that LAN often functionsiinondition

of heavy loading [2]. An inquiry (packets, messages enter the server not only
from terminals but from outside the medium via aébatation.

Expression (11) in this case takes the form
an'i

Uan(2) =5 (0 56 3 3k 5 3% 33K 523K S (M-

G0  Gq=0G=0 u=01=0 Iy=0,=0 ry=0;=0 h, =0

FT PRI g [0 (0 [(6(9- 6 (9) -u(a)) ]
[ (81(1)-B,(0))u(a) " 2o o 2

Let, for example,
A(t)=Acos(at +w) +b, 4 (t) = sin(at+q) +c ,
B (t)=Bsin(@t+v)+a, y(t)=ycog gt +4d)+g,i=1n
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then
/\(t):m.ﬂﬁ, A(o):/]smw
a a
M, (t)= 4 cos(at+a) +gt, M, (0)= -4 cosw
& )
B (t)=-A3 cog(gt+v) +pt, B,(0)= ,8%
é 8
Gi(t):—%m+qt’ Gi(o):_yi COSJI ’ Izﬁ
B ~ Asin(at +w) _Asinw)
ao(t)—exp{ [bt + a 5 j
_Z”:th iy cofat+«) +/Ji coscq} .
i=1 a a
_coqnt+d)  cosd cogat +v) cos
{qtyi n, +%,7|J(gt/3 o P |l
AP
P
A (E) Py
Fu
A1 () P00

Frd

Fig. 1. Model of LAN

From (12) we have
Won(zt) =39 (t)x

[ +w sma)ZI
DDA HIPHIS )3} z£ (Asin(at ) }

=0 g,=04=0 @, =0,=0 I, =01=0 1= a a
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n-1 n i Afi ! i+h
all p?épﬁ}“[l[—p“p'" {C.t-ﬂi codat+a) Cosﬂ x

j=1 i i'r'h!g! g g 8
Gi
O ) S GV
i i
X|:(plt _I[gl COS(H; +Vi) COS/ :| z|a| +G gl n+| Hi iy +H ]
State  probability P(d,... k.t) is a coefficient at

z%...z.%z ..z, in the decomposmon of functiow,,(zt) in multiple

series (12), if QN at the initial moment is in stdw,,a,,....a ,,,0). Hence the
degrees atz should satisfy relationa; +q —g, =d;, and at z,;, relation
a,, +l. -t —h +H =k, i=1n.Then

Aoy =1, +Zhj =k, i=1n

=
J#i

r+h=a., +l +Zh -k, i =1n
i=1
and state probabilityd,...,d, k... .k, t) can be calculated:

P(d,....d, K. K ) =ag(t)x
A&, &S, &S, 2 sin(at +w smco%'”"l
OYDINSNIDN1 S i S B

00 4n=01,=0 a

n
Ay +i+ ) hy =k

=

xlil Pipo 7 y

!
-,

LRt gl o +, +Zhj -k |

j=1
j#i
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X

cos(at+«) 4y 0S4
&

An+i Hi +Zh ki
i=1
oo

at-a

xHQt ~y coS(fZi; +3), MCO%J(l-U(ﬂi +q _@,i))}qi x

1 ,7I

XK’” _peodary) , cow, J” o+ _gi)ﬂ )

8 a

Example 2. Let A1=40, a=12, w=1, b=6, K =p=2, [, =/,=8,

a=a,=15 a=9,=2, y=w=4g=¢=01 c=c¢,=3, c=c,=-2,
B=1.7, B,=05, B,=p,=1, 6,=6,=6,=6,=0.1, v,=v,=v,=v, =06,
PL= Py = P3= Py =3, =23, Vo=Va= V=35, I =n0,=N03=N,4=1,
6=06,=0=9=0, ¢=6=6=6,=0, py =Y4, i=14, p,=2/5 i=13,
Po=12, p, =16, =13, p,=3/5,i=13, p, =0, i=0,4. In Figure 2, the
plot of state probabilityP(0,1,1,1,6,2,7,10) is represented, if QN at the initial
moment is in stat¢1,0,0,1,3,8,6,%

P(01,1,1,6,2,7,10.1)
3107 1
2107

1107 A

0 02 04 06 08 1 t

Fig. 2. Plot of probabilityP(0,1,1,1,6,2,7,10)

Conclusion

In this article the method of generating functies®bserved. This method is
used for the investigation of a queuieng networthwinreliable systems of arbi-
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trary topology in a transient regime and conditidteavy loading. Such networks
can serve as models of the functioning of LAN. Egsions for the network state
probabilities are obtained. Furthermore it is siggabto receive expressions for
time-dependent average characteristics of the mitwo
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