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Abstract. The method of a multidimensional generating function for finding time-
dependent state probabilities of a open queuing network with unreliable systems is studied. 
Assuming that the network functions in the condition of heavy loading, the flow parameters 
of messages, servicing, duration of serviceable working and duration of restoration of chan-
nels are time-dependent. Such networks can serve as models of the functioning of the Local 
Area Network (LAN). Expressions for network state probabilities at any moment of time are 
obtained. An example for finding network state probabilities with a central system is con-
sidered. 

Introduction 

Queueing networks (QN) can be used as stochastic models of various computer 
systems and networks, various objects in economy, production, insurance, medi-
cine and other fields. QN with unreliable systems are described in [1], where for-
mulas for their stationary state probability are resulted. In this article by using 
generating functions expressions for time-dependent state probabilities, the aver-
age number of messages and serviceable channels are obtained. 

Let us examine an open exponential QN with one type of messages that consist 
of n  queueing systems (QS) 1 2, , , nS S SK . The Poisson flow of one type of mes-

sages with arrival rate ( )tλ  comes into the network from outside. Let system iS  

consist of im  identical service channels, the service time in each of which has an 

exponential distribution with parameter ( )i tµ , 1,i n= . 

Let us suppose that the service channels of system 0S  are absolutely reliable. 

At the other QS, 1 2, , , nS S SK  service channels are exposed to random failure and 

serviceable work time of each channel of the system, iS  has an exponential distri-

bution with parameter ( )i tβ , 1,i n= . After failure, the service channel immediate-

ly starts to be restored and the restoration time also has an exponential distribution 
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with parameter ( )i tγ , 1,i n= . Let us consider that the service times of messages, 

durations of serviceable work of channels and restoration time of service channels 
are independent random variables. The state of such a network could be described 
via vector 

( ) ( ) ( ) ( )1 2 1 2, , , , , , , , , , ,n nZ t z t d k t d d d k k k t= = = K K , 

where: id - number of serviceable channels in system iS , 0 i id m≤ ≤ , ik  - the 

number of messages in system iS  at moment t , [ )0,t ∈ +∞ , 1,i n= . Let 0 jp - the 

probability of a message entering from outside to system jS , 0
1

1
n

j
j

p
=

=∑ ; the prob-

ability of message transition from system iS  to system jS , 
0

1
n

ij
j

p
=

=∑ , 1,i n= , 

( ) 1, 0

0, 0

x
u x

x

>
=  ≤

 - the Heaviside function. Matrix 
( ) ( )1 1ij n n

P p
+ × +

=  is the matrix of 

passage probabilities of irreducible Markovian chains. The service rate of a mes-
sage occurs according to discipline FIFO. 

Thus, the case when the flow parameters of messages, servicing, duration of 
serviceable working and duration of the restoration of channels are time-dependent 
is considered. In time interval [ ),t t t+ ∆  a message will arrival in QN with proba-

bility ( ) ( )t t o tλ ∆ + ∆ ; if at moment t  a message is detected for service in the 

channel of i - s QS then in time interval [ ),t t t+ ∆  it will be serviced with probabil-

ity ( ) ( )i t t o tµ ∆ + ∆ , 1,i n= ; in time interval [ ),t t t+ ∆ , the channels of i - s QS 

with probability ( ) ( )i t t o tβ ∆ + ∆ , breakage occurs or starts to be restored with 

probability ( ) ( )i t t o tγ ∆ + ∆ , 1,i n= . 

Lemma. The state probabilities of the network under review satisfy the system 
of difference-differential equations (DDE): 

( ) ( ) ( ) ( ) ( ) ( )( ) ( )
1

, ,
min , , ,

n

i i i i i i i i
i

dP d k t
t t d k t d t m d P d k t

dt
λ µ β γ

=

 
 = − + + + − +  

 
∑

( ) ( ) ( )0
1

, ,
n

i i i
i

t p u k P d k I tλ
=

+ − +∑  

( ) ( ) ( )0
1

min , 1 , ,
n

i i i i i
i

t d k p P d k I tµ
=

+ + + +∑  

( ) ( ) ( ) ( )
, 1

min , 1 , ,
n

i i i ij j i j
i j

t d k p u k P d k I I tµ
=

+ + + − +∑  
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( )( ) ( ) ( ) ( )( ) ( )
1 1

1 , , 1 , ,
n

i

n

i i i i i i i
i i

t m d u d P d I k t t d P d I k tγ β
= =

+ − + − + + +∑ ∑   (1) 

Finding state probabilities with help of generating function method 

Let denote ( )2 ,n z tΨ , where ( )1 2 1 2, , , , , ,n n nz z z z z z+= K K , 2n  - dimensional 

generating function 

 ( ) ( )
1

1 1

1 1

2 1 1 1 1 2
0 0 0 0

, , , , , , ,
n

n n

n n

mm
d kd k

n n n n n n
d d k k

z t P d d k k t z z z z
∞ ∞

+
= = = =

Ψ = =∑ ∑ ∑ ∑K K K K K K  

 ( )
1

1 10 0 0 0 1

, ,
n

i i

n n

mm n
d k
i n i

d d k k i

P d k t z z
∞ ∞

+
= = = = =

=∑ ∑ ∑ ∑ ∏K K , 1z < . (2) 

Let us suppose that all network systems function in heavy loading [2], i.e. 

( ) ( )i ik t d t>  0t∀ > , 1,i n= . Then system (1) will take the form 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )
1

, ,
, ,

n

i i i i i i
i

dP d k t
t t t t d t m P d k t

dt
λ µ β γ γ

=

 
 = − + + − + +  

 
∑  

( ) ( ) ( ) ( )0 0
1 1

, , , ,
n n

i i i i i i
i i

t p P d k I t t d p P d k I tλ µ
= =

+ − + + +∑ ∑  

( ) ( ) ( )( ) ( ) ( )
, 1 1

, , 1 , ,
n n

i i ij i j i i i i
i j i

it d p P d k I I t t m d u d P d I k tµ γ
= =

+ + − + − + − +∑ ∑  

( )( ) ( )
1

1 , ,
n

i i i
i

t d P d I k tβ
=

+ + +∑ .   (3) 

Note that the equation number of system (2) is countable when the network is 
open and certain when it is closed. 

Theorem 1. Generating function ( )2 ,n z tΨ  satisfies the partial differential 

equation (PDE): 

( ) ( ) ( ) ( ) ( )2
0 2

1 1

,
1 1 ,

n n
n

i n i i i i n
i i

z t
t p z t m z z t

t
λ γ+

= =

 ∂Ψ  
= − − + − Ψ −  ∂    

∑ ∑  

( ) ( )( ) ( ) ( ) ( )20

1
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i ni

i i i i
i n i i i

t z tp
t t z t

z z z

β
µ β µ

= +

  ∂Ψ
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∑  

( ) ( )2

, 1

,n
n j n

i ij
i j n i i

z z t
t p

z z
µ +

= +

∂Ψ
+

∂∑ .   (4) 
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Proof. Multiply (3) by 
1

l l

n
d k
l l

l

z z
=

∏  and the sum by all possible values ld  from 0 to 

lm  and lk  from 1 to +∞ , 1,l n= . Here the summation on all lk  is accepted from 

1, since all terms in (2), for which in the state of network ( )Z t  there are compo-

nents 0lk = , because the network systems function in heavy loading, for example, 

( )1 1 1, , , ,0, , , , 0l l nP d k k k k t− +… … = , 2,l n= . Then 

( )1
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z z
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Let us examine some sums that enter the right part of relation (5). Let 

( ) ( ) ( ) ( ) ( )( ) ( )
1
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( ) ( ) ( )( ) ( )
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For sum 
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And finally for the last sum we will have 
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Thus, considering the kind of generating function (2), we will have the first-
order PDE. 

Let us examine the case when 

1im = , ( ) 0ik t >  t∀ , 1,i n= .   (6) 

The number of serviceable channels in system iS  can be equal to 0 or 1. If the 

state of network ( ), ,d k t  is ( )1 1 1,0, , , , , ,,i i nd d k td d− +… … , then the right system of 

equations 
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i i i i i
i i

t p P d k I t t p P d k I tλ µ
= =

+ − + + +∑ ∑  

( ) ( ) ( ) ( )
, 1 1

1 1, , , ,0, , , ,, ,
n n

i ij i j i
i j i

i i i nt p P d k I I t t P d d k td dµ γ
=

− +
=

…+ …+ − +∑ ∑ . 
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They can be combined into one system  

( ) ( ) ( ) ( ) ( ) ( )
1

, ,
, ,

n

i i i
i

dP d k t
t t t t P d k t

dt
λ µ β γ

=

 
 = − + + + +  

 
∑  

( ) ( ) ( ) ( )0 0
1 1

, , , ,
n n

i i i i i
i i

t p P d k I t t p P d k I tλ µ
= =

+ − + + +∑ ∑  

( ) ( ) ( ) ( ) ( )1 1
, 1 1

, , , ,, ,0, , ,,i

n n

i ij i j i i i i n
i j i

t p P d k I I t t u d P d d kd d tµ γ −
=

+
=

+ + … …− + +∑ ∑  

( ) ( )( ) ( )1
1

11 , ,1, , ,,, ,i i i i i n

n

i

t u d P d td kddβ − +
=

+ − … …∑ .  (7) 

Let 

( ) ( )t t dtλΛ = ∫ , ( ) ( )i it t dtµΜ = ∫ , 

 ( ) ( )i it t dtβΒ = ∫ , ( ) ( )Gi it t dtγ= ∫ .   (8) 

Theorem 2. If QN at the initial moment is in state ( )1 2 2, , , ,0nα α α… , 0iα ≥ , 

0n iα + > , 1,i n= , then generating function (2) can be written as 

( ) ( ) ( ) ( )( ) ( ) ( )( ) 0
2 0 0

1 1

, exp 0 exp 0
n n

i
n i n i i i

i i n i

p
z t a t t p z t

z+
= = +

  
Ψ = Λ − Λ Μ − Μ ×   

   
∑ ∑

 

( ) ( )( ) ( ) ( )( ) ( )( )
, 1 1

exp 0 exp G G 0 1
n n

n j
i i ij i i i i

i j in i

z
t p t u d z

z
+

= =+

    × Μ − Μ − −   
    

×∑ ∑  

( ) ( )( ) ( )
2

1 1

1
exp 0 l

nn

i i i l
i i l

t u d z
z

α

= =

 
Β − Β 

 
× ∑ ∏   (9) 

where 

( ) ( ) ( )( ){0 exp 0a t t= − Λ − Λ − 

 ( ) ( )( ) ( ) ( )( ) ( ) ( )( )
1

0 0 G G 0
n

i i i i i i
i

t t t
=


 − Μ − Μ + Β − Β + −  


∑  (10) 

Let us set out the exponents in (9) in a Maclaurin series to transform it to 
a form which is suitable for finding the state probabilities of the network. Then the 
following statement is true. 
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Theorem 3. The expression for generating function (9) has the form 

( ) ( ) ( ) ( )( ) 1

1 1 1 1 1

2 0
0 0 0 0 0 0 0 0 0 0

, 0

n

i
i

n n n n n

l

n
g g q q l l r r h h

z t a t t =
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

= = = = = = = = = =

∑
Ψ = Λ − Λ ×∑ ∑ ∑ ∑∑ ∑∑ ∑∑ ∑K K K K K  

( ) ( ) ( ) ( )( ) ( )( )
0 0

1

1

0 G G 0 1
! ! !! !

i

i i

ii i

h
n

l r
i i ijn qr hj

i
i

i i i i
i i i ii

p p p

t t u d
l r h q g

+=

=

  
        × Μ − Μ − − ×    




∏
∏  

( ) ( )( ) ( )0
i

i i i n i i i i
g q g l r h H

i i i n iit u d z zα α ++ − + − − +
+



 × Β − Β  



,  (11) 

where 
1

n

i
i

H h
=

=∑ . 

Example 1. Let us examine the LAN model which is represented in Figure 1. Sys-
tems 1 2 1, , , nS S S −K  correspond to the data terminal equipment (peripheral comput-

ers), system nS − local server. Remember that LAN often functions in a condition 

of heavy loading [2]. An inquiry (packets, messages) can enter the server not only 
from terminals but from outside the medium via a base station. 

 

Expression (11) in this case takes the form 

( ) ( ) ( ) ( )( ) 1

1 1 1 1 1

2 0
0 0 0 0 0 0 0 0 0 0

, 0

n

i
i

n n n n n

l

n
g g q q l l r r h h

z t a t t =
∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

= = = = = = = = = =
= ×

∑
Ψ Λ − Λ∑ ∑ ∑ ∑∑ ∑∑ ∑∑ ∑K K K K K  

( ) ( ) ( ) ( )( ) ( )( )
1

0 0

1 1

0 G G 0 1
! ! ! ! !

i i
ii ij n

l rn n qr hh h i i
jn nj i i i i

j i i i i
i

i i

p p
p p t t u d

l r h q g

− +

= =


  Μ − Μ − −    


× ×∏ ∏  

( ) ( )( ) ( )0
i

i i i n i i i i
g q g l r

i
h H

i i i n it u d z zα α ++ − + − − +
+


 Β − Β 


×


  (12) 

Let, for example, 

( ) ( )cost at bλ λ ω= + + , ( ) ( )sini i i i it a t cµ µ ω= + + , 

( ) ( )sini i i i it tβ β θ ν ρ= + + , ( ) ( )cosi i i i it t eγ γ η δ= + + , 1,i n=  
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then 

( ) ( )sin at
t bt

a

λ ω+
Λ = + , ( ) sin

0
a

λ ωΛ =  

( ) ( )cos i i
i i i

i

a t
t c t

a

ω
µ

+
Μ = − + , ( ) cos

0i i
i

ia
µ ωΜ = −  

( ) ( )cos i i
i i i

i

t
t t

θ ν
β ρ

θ
+

Β = − + , ( ) cos
0i i

i

i

νβ
θ

Β = −  

( ) ( )cos
G i i

i i i
i

t
t e t

η δ
γ

η
+

= − + , ( ) cos
G 0i i

i

iγ
η

δ= − , 1,i n=  

( ) ( )
0

sin sin
exp
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a t bt

a a

ωλ ω λ  += − + − − 
  

 

( )
1

cos cos i
n

i i
i i i

i i i

a t
c t
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µ ωω

µ
=

 +
− − + + 

 
∑  

( ) ( )cos coscos cosi i i i
i i i i i i

i i

i i

i i

t t
e t t

δ νη δ θ ν
γ γ ρ β β

η η θ θ
   + + + − + + − +     
    

. 

 

 
Fig. 1. Model of LAN 

From (12) we have 

( ) ( )02 ,n z t a tΨ = ×  

( ) 1

1 1 1 1 10 0 0 0 0 0 0 0 0 0

sin sin

n

i
i

n n n n n

l

g g q q l l r r h h

at
bt
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λ ω λ ω =
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= = = = = = = = = =

∑ +
+ − × 

 
×∑ ∑ ∑ ∑∑ ∑∑ ∑∑ ∑K K K K K  
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( )1
0 0

1 1

cos cos
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i i
i i

j n

r hl rn n
h h i ii i
jn nj i i i

j i i i i i i

i

i i

a t cp p
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l r h q g a a

ωµ µ
+−
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  +
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∏ ∏  

( ) ( )( )cos cos
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i
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i i i
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i

t
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γ γ

η η
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( ) ( )cos cos
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i i i n i i i ii
i
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i i i i n i
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ρ β β
θ θ
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State probability ( )1 1, , , , ,n nP d d k k t… …  is a coefficient at 

1 1
1 1 2· · · ·n nd kd k

n n nzz z z+… …  in the decomposition of function ( )2 ,n z tΨ  in multiple 

series (12), if QN at the initial moment is in state ( )1 2 2, , , ,0nα α α… . Hence the 

degrees at iz  should satisfy relation i i i idq gα − =+ , and at n iz + , relation 

n i i i i ir h kl Hα + − − + =+ , 1,i n= . Then 

1
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j
j

n i i i i

ij

r h klα
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≠
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i
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=
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and state probability ( )1 1, , , , ,n nd d k k t… …  can be calculated: 
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( ) 1cos cos
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a t
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t
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+  

( ) ( )cos cos
ig
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i
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ii ii i
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t
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θ ν

ρ β β ν α
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  +
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+   (16) 

Example 2. Let 40λ = , 1 2a = , 1ω = , 6b = , 1 3 2µ µ= = , 2 4 8µ µ= = , 

21 1.5a a= = , 3 4 2a a= = , 1 2 3 4 0.1ω ω ω ω= = = = , 1 2 3c c= = , 3 4 2c c= = − , 

1 1.7β = , 2 0.5β = , 3 4 1β β= = , 1 2 3 4 0.1θ θ θ θ= = = = , 1 2 3 4 0.6ν ν ν ν= = = = , 

1 2 3 4 5ρ ρ ρ ρ= = = = , 1 2.3γ = , 2 3 4 3.5γ γ γ= = = , 1 2 3 4 1η η η η= = = = , 

1 2 3 4 0δ δ δ δ= = = = , 1 2 3 4 0e e e e= = = = , 0 1 4ip = , 1,4i = , 0 2 5ip = , 1,3i = , 

40 1 2p = , 4 1 6ip = , 1,3i = , 4 3 5ip = , 1,3i = , 0iip = , 0,4i = . In Figure 2, the 

plot of state probability ( )0,1,1,1,6,2,7,10,P t  is represented, if QN at the initial 

moment is in state ( )1,0,0,1,3,8,6,4 
 

 

Fig. 2. Plot of probability ( )0,1,1,1,6,2,7,10,P t  

Conclusion 

In this article the method of generating functions is observed. This method is 
used for the investigation of a queuieng network with unreliable systems of arbi-
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trary topology in a transient regime and condition of heavy loading. Such networks 
can serve as models of the functioning of LAN. Expressions for the network state 
probabilities are obtained. Furthermore it is supposed to receive expressions for 
time-dependent average characteristics of the network. 
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