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Abstract. In this paper, the solution of a class of time fractional differential equations by 
using Green’s function method is presented. Green’s functions by using the Laplace trans-
formation with respect to the time variable and the method of eigenfunction expansion with 
respect to space variables are derived. An analytical form of the solution to the problem in 
rectangular, polar and elliptical coordinates has been given.  

Introduction 

The theory of differential equations of non-integer order is widely used in mod-
eling various physical processes [1, 2]. If possible, the analytical methods to solve 
initial-boundary problems with differential equations of non-integer order are ap-
plied and in particular Green’s function method is used. 

Green’s functions for fractional differential operators are of great interest to 
many authors (for instance the book by Podlubny [3] and papers [4-6]). Fractional 
Green’s functions for linear many-term fractional-order differential equations with 
constant coefficients are presented in book [3]. The explicit representation of 
a Green’s function for a space-time fractional diffusion equation is given in paper 
[4]. Fractional Green’s function associated with the fractional reaction-diffusion 
equation is considered in [5]. The fundamental solution for a fractional diffusion-
wave equation is derived in paper [6]. Papers [4-6] concern one dimensional prob-
lems.  

Here we propose the application of Green’s function method to problems with 
partial differential equations including a Caputo derivative with respect to the time 
variable and standard Laplace operator with respect to space variables. Green’s 
functions in the form of a series of eigenfunctions of a Laplace operator in rectan-
gular, polar and elliptical coordinates are determined. Special cases of the present-
ed fractional Green’s function are Green’s functions for a parameter denoting the 
order, which tends to an integer number. The obtained Green’s functions in these 
cases agree with standard Green’s functions [7, 8]. 
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Problem formulation 

The derivative of fractional-order α of function ( )tg  in the sense of Caputo is 
defined by 
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where n = [α] + 1, [α] denotes the integer part of α.  In this paper we consider 
partial differential equations with a fractional-order derivative in the following 
form 

 [ ] fcDt =∇− Φα 22
0   (2) 

where 2∇  is the Laplace operator and c is a real coefficient. This equation com-
pleted with initial and boundary conditions will be considered in rectangular, polar 
and elliptical coordinates. Note that equation (2) for α = 1 is the standard diffusion 
equation and for α = 2 it is the standard wave equation. 

In order to determine the solution of equation (2), in the first step we use the 
Laplace transform with respect to the t variable. For function f(t) and its Laplace 
transform ( )sf  we have 
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where s is a complex parameter. Moreover, we have [3] 
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Taking the Laplace transform in equation (2) and assuming zero initial condi-
tions, we obtain 

 [ ] fcs =∇− Φα 22   (5) 

The solution of equation (5) can be presented in the following form 

 ( ) ( ) ( ) ξξxξx dsGsfs
D
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where G  is the Laplace transform of Green’s function, which satisfies the follow-
ing differential equation 

 [ ] ( ) ( )ξδξτ τα −=∇− − xexsGcs s,,,22   (7) 
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where ( )⋅δ  is the Dirac delta function. Function G  satisfies the same boundary 
conditions as function Φ . The solution of equation (2) on the basis of (6) can be 
obtained in the form of 

 ( ) ( ) ( ) dudutGutft
t

D
∫ ∫ −=
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ξξxξx ,;,,,Φ   (8) 

Our aim is firstly to derive the Laplace transform of Green’s function G  and next 
Green’s function G.  

 
Rectangular coordinates 

Consider equation (7) in a rectangle ( ){ }byaxyxD ≤≤≤≤= 00 ,:, . In this 

case, the rectangular coordinates are applied and the Laplace transform of Green’s 

function is a solution of equation (7) with 
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the boundary of rectangle D, the Dirichlet conditions are satisfied 
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In order to solve equation (7) with boundary conditions (9), we consider at first 
the eigenproblem  

 ( ) ( )yxyx ,, ΦωΦ 22 −=∇   (10) 

 ( ) ( ) 00 == yay ,, ΦΦ ,   ( ) ( ) 00 == bxx ,, ΦΦ   (11) 

Eigenvalues nmω  and eigenfunctions ( )yxnm ,Φ  are 
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We seek the solution to boundary problem (7), (9) in the form of a double series of 
eigenfunctions: 
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We determine coefficients nmA  by substituting function G  given by (13) into 

equation (7), multiplying both sides of the equation by ( )yxlk ,Φ  and integrating 

with respect to x and y in intervals [0,a] and [0,b], respectively. Using the orthogo-
nality condition we obtain: 
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As a result, we have the Laplace transform of Green’s function in the following 
form: 
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Finally, Green’s function, as an inverse transform of (15), has the form of 
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where τ>t  and ( )zE βα  is the Mittag-Lefler function defined by [3]: 
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Polar coordinates 
Differential equation (5) in a circular/annular region should be written in polar 

coordinates. This equation for Green’s function has the following form: 
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the solution of this equation in the form 
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where functions ( )ρτ ,;,rsgm  satisfy the equation 
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We seek a solution of equation (20) in the series form of eigenfuctions of the 
following problem: 
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The solutions to this eigenproblem create a sequence of functions 

 ( ) ( )rJr nmmnm ωΨ =  , (22) 

where mJ  are Bessel functions of the first kind of order, m and nmω  (m - integer,  

n - natural) are the roots of equation 

 ( ) 0=bJ nmm ω .  (23) 

Next we assume that 
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Substituting series (24) into equation (20) and using the orthogonality condition of 
functions (22) in interval [0,b], we obtain coefficients nmA  in the form of 
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Finally, taking into account equations (19) and (24), (25), the Laplace transform of 
Green’s function is 
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Hence, Green’s function has the form 
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Elliptical coordinates 
Differential equation (5) in an elliptical space domain we write in the elliptical 

coordinates.  This equation has the following form [9] 
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 We seek the Laplace transform of Green’s function in the form of a series: 
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where  

 ( ) ( ) ( )nmmnmmnm qmeqMe ,,, ηξηξΦ =  (31) 

are the eigenfunctions of the problem presented in paper [8], nmq  are roots of the 

equation which follows from boundary condition  

  ( ) 00 =nmm qMe ,ξ . (32) 

The angular and radial Mathieu functions ( )qmem ,η  and ( )qMem ,η  were in-
troduced in [9]. Substituting function (31) into equation (30) and using the ortho-
gonality condition we have 
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Green’s function has the form of 
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Note, that for 1=α  and for 2=α , the Mittag-Lefler function has the form of [3] 
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That way, Green’s functions for the standard diffusion equation )1( =α and stand-

ard wave equation )2( =α  as particular cases of the function given by (34) are: 

- for :1=α   
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- for :2=α  
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Green’s function (37) for the standard wave equation in an elliptical region is de-
rived also in paper [8]. 

Conclusions  

The analytical form of solutions to initial-boundary problems with a differential 
equation including a Caputo derivative with respect to time and the Laplace opera-
tor with respect to space variables is presented. Particular cases of the considered 
differential equation are classical diffusion and wave equations. The presented 
solutions, which concern 2D problems in rectangular, polar and elliptical coordi-
nates are expressed by Green’s functions corresponding to associated problems 
with homogeneous boundary conditions. The obtained Green’s functions can be 
used to derive solutions to the considered differential problems with time-
fractional derivatives. 
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