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Abstract. The numerical analysis of thermal processes ayid distribution in human skin
is presented. The Kubelka-Munk theory has been fasetiodeling diffused light in tissue,
while the Arrhenius scheme for modeling coagulattbanges in human skin. At the stage
of numerical realization, the boundary element méthas been used. In the final part of the
paper, the results obtained are presented.

I ntroduction

The analysis of interaction between light and hursldn is important because
of the constantly improving techniques to cure masi skin lesions like port wine
stain (PWS), pigment naevi or tattoo removal. Imyneases, the laser treatment of
skin is connected with the necessity of blood essagulation, so the selection of
a wavelength that coagulates the full thicknesghefvessels and simultaneously
minimizes damage of the surrounding tissue is thargoal of researches in this
area[1, 2].

There are many works in which the modeling of tbhagulation phenomenon
based on the Arrhenius scheme, usually via sombeamsttical function describing
the blood perfusion rate is presented [3-5].

Human skin has light-scattering properties, whigtvigles some possibilities to
model light distribution. In the current paper, thebelka-Munk theory is applied,
a quite simple but still useful approach. It shobtl pointed out that this theory
also has a few disadvantages [1, 6]. First oftlai$, theory as almost all theories of
the “multi-flux” class, is restricted to one-dimémsal tasks. Secondly, the theory
is based on the assumption that incidental lighdlieady diffused. No less im-
portant is that the coefficients defining absonptaind scattering in the Kubelka-
-Munk theory are not “classical” absorption andtsréng coefficients introduced
in other approaches, and the relations between #renthe major problem of the
Kubelka-Munk theory [6].
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1. Governing equations

Transient heat transfer in successive layers of 8ksue is described by the
system of Pennes equations in the form [3-5]

Le—l <X< Le : Cel‘gé = )\eue,ii +Qperf e +Qmete +Qlase’ (1)

wheree corresponds to the layers of skin (1 - epidertisdermis)\e [Wm ™ K™]
is the thermal conductivityg, [JM>K™] is the volumetric specific heaQuete,
Qmete aNdQase [WmM™] are the heat sources connected with perfusi@tambolism
and laser radiation, respectively,is the temperature,is the time anc denotes
the spatial co-ordinate. In equation (1):

% z%’ Tei = 0, &)

In the current work, the metabolic heat sourcesgimed as a constant value while
the parameter appearing in the perfusion heat sdiihe perfusion rate) depends
on the tissue injury expressed by the Arrheniusgrdl [3, 4]

8,00 = A}exp{ —ARU—Ee} o, @3)

e

whereA. is the pre-exponential factor fk AE. is the activation energy for the
reaction [J molé] andR is the universal gas constant [J mbk™].
The accepted criterion for complete tissue neciisqi3, 4]

0.(x) >1. 4
The perfusion heat source is as follows [4, 5]

Qperf e = CBGBe(uB _ue) ' (5)

where Gge [(M? booa S /(M 4swe)] is the blood perfusion rateg [Jm*K™] is the
volumetric specific heat of blood whiles denotes the artery blood temperature
[5]-

Regarding the necrotic changes in tissue, the bjmwtlision coefficient is de-
fined as

Ge = Gpe(8e) =GgoeW(.) , (6)

where Ggg is the initial perfusion rate and the function &f is assumed as
a polynomial one [3, 4]
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w(©,) =y m6.’ ™

wherem are the coefficients.
Equation (1) is supplemented by the boundary candion the tissue surface
subjected to laser irradiation (external surface)

x=0: g =0a(u,—-u,,), (8)

wherea [Wm™K™] is the heat transfer coefficient angl, is the temperature of
the surroundings, while on the internal tissueaefi = L) the adiabatic condi-
tion is assumed.
The initial distribution of temperature is also kwo

t=0: u=u 9

e

2. Kubelka-Munk theory

The main assumption of the Kubelka-Munk theoryhiat the whole light is
diffused. Light distribution in the tissue at comatex is indicated by two fluxes:
Jn andJ, (Fig. 1). Because in theory, conventior 0 corresponds to the rear side
of the sample, the fluxek andJ, could be named as the fluxes in a negative and
positive direction respectively [1, 6].

I,
— >
J, J,
“« |
R T
—— >
dz
P>
* z=1L x=0

Fig. 1. Two fluxes in Kubelka-Munk theory

Flux J, corresponds to the forward scattered light, whiile J, to the backscat-
tered light. The forward scattered fldxdescribes the transmission behavior of the
medium represented by transmission coefficienin a similar way fluxJ, gives
information about the reflection of tissue statgddflection coefficienR.
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The following set of differential equations could tormed

_CLJ)Z :_(A(M +SKM)‘]n +S<M‘]p
de (10)
dx :_(AkM +SKM)‘Jp +SuJdn

whereAqy andSqv [m™] are defined for absorption and scattering respelgt but

it should be pointed out that these coefficientsihe distinguished from a nor-
mal coefficient for absorption and scattering whaech defined in other approaches
[6].

For the set of boundary conditions in form [1]

x=0: J,(x)=0 (11)
x=L: J,(x)=1
the solution is [1]
3 ()= asinh(@) +b cosh(p)
" asinh(@® )+b coshfb ) (12)
(X) = sinh(p)
P asinh(@)+b cosh@
where
azm, b=+a%-1 (13)
Sk
while
® =bS,, L, @=bS,,x (14)
and finally
309 =3,(9 +3,(3) = (a+21)sinh@)+b coshfp' (15)

asinh(@®)+b cosh¢ )

On the basis of equation (15), using boundary ¢ in the form of (11), one
obtains the formulas for the reflection and trarssmain coefficient [1]

sinh(@®)

= ‘ (16)
asinh(®)+b coshf '
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and

T= b
asinh(®)+b cosh °

17)

and light intensityt at coordinate is equal to
[(X)=1,J(X) (18)

wherely denotes the light incident irradiation on the aoef of the medium.
For the two-layer model which is under consideratiothe current paper, at first
an additional coefficient must be introduced [1]:

T

6= F;le (19)
)= % (20)
p,=R +% (21)
0, =% (22)

Coefficientst; andp, are the reflection and transmission coefficierftshe epi-
dermis, whilet, andp, correspond to the reflection and transmission faoeits
of dermis, respectively. It should be also pointetthat

Tan =T, (23)
while
Ryin =P (24)

The irradiance inside the epidermis consists of ¢mmponents: the first connect-
ed with light flux entering the tissue from the mumdings, and the second term
connected with light flux reflected from the sudaaf the dermis and entering the
epidermis from the rear side. So, we have

(a, +1)sinh(p, ) +b, coshy )+ 4, + 1)sinh(y Hb, coshj
a sinh@,)+b, coshtp, ) '° a, sinh@, )b, cosl®, )

(%) = Io{ ] (25)
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where
g, = blst 1( L, - X) (26)

The dermis sub-domain is subjected to the lighidient associated with the light
transmitted through the epidermis and then

(a, +1)sinh(, )+b, cosh(p, |

[L(X)=1,T . 27
209 =1oTy a,sinh@, )+b, cosh(, ) 7

Finally, returning to the co-ordinate system usedhapter 2, one has
Qase(x) = A(Mele(Le _X) . (28)

3. Boundary element method

The problem has been solved using tHesdheme of the BEM for 1D transient
heat diffusion [4, 7]. This method for equation &hd transitiort’™ — t' leads to
the formula (for successive sub-domains of skin)

1f
|

e tfl

x=L,
Ue(E,tf)+{ uE, x.t"t)a, (x,t)dt}

X=ley

{ [ €Ext o, (xt)dt} U Ext 1T )k (29)

et x=ley et

+_ J. [Qperfe+Qmae +Qlase J.UD(EX,t t)dth

eLﬁ e

whereu, is the fundamental solution [7]:

Ug (€, x,t"t)= (30)

2,/ma, (t‘ ~t) { 4a,(t' —t)}

whereg is the point in which the concentrated heat soig@pplied ané, = AJcC.
while the heat flux resulting from the fundamersalution is equal to

__ Ae(x— E) _ (x=&°
qe(E Xt t) )\e e|ni 4\/TT[ae(t 3/2 GX{ 4ae(tf _t):| (31)

andge (X, t) = —AeUg,iN;.
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For& - L.s and& - L. for each sub-domain one obtains the system of-equa
tions

|:gfl ng:H:qe(Le—l’tff ):| - |:hil h(:eL2:||:ue(Le—l’tff ):| +|: pe(Le—l):| +|:Ze(Le—1):| (32)
g;l ggZ qe(Le’t ) h;l he22 ue(Le7t ) pe(Le) Ze(Le)
where

I R S
h@EX)=—[d@xt' hd, g €x)x=—[uExt' 1)d (33

while
L Le
P.(8)= [ U, (xt™dX, 2 €)= [ [Qure+ Quue + Quelde(EX)dx  (34)
Les Les

Finally, the temperatures at the internal points lea found using the formula

Ue(z,tf): he(zil—e)ue(l-e’tf )_ he(E’Le—l)Je (Le—l ’tf )_

. . (35)
_ge(E’ Le)qe(Le1t )+ ge (E1Le—1)qe (Le—l’t )+ pe (E)+ Ze (E)

4. Results of computations

The values of the thermophysical parameters focessgive layers of skin are
collected in Table 1, while for the bloods = 3.9962 MJ n* K™ andug = 37°C
[8].

Table 1
Thermophysical parameters of skin

Parameter Unit Epidermis Dermis

A wm k™ 0.235 0.445

c MJ m3K? 4.308 3.96
Ggo st 0 0.00125
Qnet wm3 0 245

L mm 0.1 2

A st 3.1e+98 3.1e+98
AE J mole? 6.27e+5 6.27e+5

The coefficients appearing in polynomial functie®) are as follows [3-5]:

0<0<0.1: m =1 m, =25 m, =- 26!
0.1<6<1: m=1 m=-1, m =0

(36)
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The values of these coefficients for the intervahf O to 0.1 correspond to the
increase of the perfusion rate caused by vasotidatavhile for the interval from
0.1 to 1 they reflect a blood decrease as the \atsca begins to shut down
(thrombosis) [3].

For boundary condition (8) the following input datave been introduced:
a = 10 Wm®* K™ andu,, = 20°C, while the initial distribution of temperaturesha
been assumed as the parabolic between temperal5#C3(external surface of
skin) and 37°C (internal surface of skin) [8].

In Table 2, the values of absorption and scattedoefficients for different
wavelengths are presented [1] as well as the cafignltime of the whole skin
domain predicted for the data assumed and for émtibhtensityl, = 1 Wem™. The
coagulation time is predicted on the basis of tle@d perfusion rate course at the
point corresponding to the internal surface of gkKig. 2).

Table 2
Optical parameters of skin and coagulation time
Epidermis Dermis
Wavelength AKE"l S"f'l AKﬂ SK“_"l teoag
nm cm cm cm cm s
400 85.5 30.5 25.8 0.05 25.8
500 52.5 28.6 12.9 14.9 27.9
600 325 28 3.66 17 334
700 20.5 29 0.38 17.8 53.8
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Fig. 2. Courses of perfusion raBg at internal skin surface
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In Figure 3 the courses of temperature at the nateskin surface for different
wavelengths are shown, while in Figure 4 the caatgart energy density supplied
to the skin domain within the coagulation time cédted as

is shown.

Ecoag (X) =1 (X)tcoag

120

T [°C]
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Fig. 3. Courses of temperature at internal skineserf

.., [Jeur’

AN

VAN

o]

10

20

30

40

50

20

Fig. 4. Coagulation energy distribution in skin
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Final remarks

In the paper the coagulation time of the whole slamain has been estimated
on the basis of the Arrhenius scheme. This timegisal to the time in which the
blood perfusion rate at the internal surface ofdaemis drops to zero (c.f. Figure
2). Shorter coagulation times are the results ofemaolent temperature growth
(c.f. Figure 3): the maximal temperature at thesnmél surface of the skin was
above 100°C for the 400 nm wavelength, while fa& #0 nm about 60°C. It is
obvious that the temperature reached at 700 nmughmore comfortable from
the patient’s point of view, also in order to prevscar formation and other com-
plications that may take place during the healingcess. Furthermore, shorter
times of coagulation denote a lower energy dendilivery into the tissue
(c.f. Fig. 4).

Correct selection of the wavelength to obtain testhresults in blood vessel
damage in skin should take into account the abisworgoefficient for blood [1, 2].
The wavelength selected ought to maximize the giisor of laser light in the
blood and minimize absorption in the epidermis ad.vit is well known that this
coefficient has the greatest values (about few ghnd crif) at about 420 nm,
a quite large value (about few hundreds of¥etween 520 and 580 nm, but for
a wavelength over 580 nm the values drop to abdeweor less than one cfrat
700 nm [1-3]. The most frequently suggested wawglefor blood vessel coagula-
tion in skin are those about 580 nm [2], althougtré are some works which sug-
gest rather a wavelength closer to 420 nm [1].

There are a few estimations in literature, basedxqgerimental data, which al-
low one to estimate the depth of coagulation basedhe energy density value
provided to the tissue. For example in [1] the eaddi about 9 J cfiis indicated
as needed to destroy a vessel of 0.3 mm diameter.

If we use this criterion for the results obtained gresented in Figure 4, we
can say that vessel coagulation is possible talépeh of: 0.08, 0.3, 1.1 and 2 mm
for wavelengths 400, 500, 600 and 700 nm, respagtivhe value for 400 nm
corresponds to the epidermis sub-domain (no bless$els), therefore there is no
coagulation for this wavelength actually. It isarlg visible that these results do
not exactly correspond to those obtained on this léishe Arrhenius formula.

The source of the differences is probably in thpragch used in the current
work. The Kubelka-Munk theory is strictly a one-@nsional theory: it uses for-
ward and backward fluxes of light only. The skintrisated as a two turbid layer
model and some physiological features, e.g. diffees in the melanin concentra-
tion in the epidermis or the influence of the stmatcorneum and fat layer have not
been taken into account.

This paper is part of project NR-13-0124-10/2010.



Modelling of light and human skin interaction usikigbelka-Munk theory 81

References

(1]
(2]
(3]

(4]
(5]

(6]
[7]
(8]

Van Gemert M.J., Hulsbergen Henning J.P., A mogelr@ach to laser coagulation of dermal
vascular lesion, Archives of Dermatological Resed@81, 270, 429-439.

Welch AJ., van Gemert M.J., Lasers in Medicine;][Electro-optics Handbook, R.W. Way-
nant, M.N. Ediger (eds.), McGraw-Hill 2000.

Abraham J.P., Sparrow E.M., A thermal-ablation k&thmodel including liquid-to-vapor phase
change, pressure- and necrosis-dependent perfusiah,moisture-dependent properties, Int.
Journal of Heat and Mass Transfer 2007, 50, 253425

Jashski M., Sensitivity analysis of transient biohegdnisfer with perfusion rate dependent on
tissue injury, Computer Assisted Mechanics and Eggging Science 2009, 16, 267-277.
Jashski M., Numerical modeling of tissue coagulationridg laser irradiation controlled by
surface temperature, Scientific Research of thétlmstof Mathematics and Computer Science
2010, 9, 29-36.

Niemz M.H., Laser - tissue Interactions, Fundamengmd Applications, Springer - Verlag,
Berlin, Heidelberg 2007.

Majchrzak E., Boundary element method in heat teansfubl. of Czestochowa University of
Technology, Czestochowa 2001 (in Polish).

Majchrzak E., Jasski M., Numerical estimation of burn degree of sk#sue using the sensitiv-
ity analysis methods, Acta of Bioengineering and Biohanics, 2003, 5, 1.



