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Abstract. Parabolic equation with source term dependent on the first derivative of unknown 
function is considered. To solve this equation  by means of the boundary element method 
the fundamental solution should be known. In the paper the fundamental solution for 3D 
problem is derived. 

Introduction 

The following parabolic equation is considered 
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where T is the temperature, ca /λ=  is the thermal diffusivity (λ  is the thermal 
conductivity and c  is the volumetric specific heat, respectively), u  is the constant 
velocity, ε  is the porosity, t  denotes time,  },,{ 321 xxxx =  and 
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The equation (1) is supplemented by boundary conditions 
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and initial one 

 ( ) pTxTt == 0,:0  (4) 

where bT  and bq  are the known boundary temperature and boundary heat flux, 

respectively, pT  is the initial temperature, nT ∂∂ /  is the normal derivative 
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where eαcos  are the directional cosines of the normal outward vector n . 

The aim of investigations is to solve the problem formulated by means of the 
boundary element method. It is possible under the assumption that the fundamental 
solution is known. In this paper the fundamental solution is derived for 3D prob-
lem.  

Fundamental solution 

The equation (1) can be written in the form 

 
1

2 ),(
),(

),(1
x

txT

a

u
txT

t

txT

a ∂
∂−∇=

∂
∂ ε

 (6) 

At first, the following approximation with respect to time is proposed 
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this means 
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The weighted residual criterion for equation (8) has the following form [1, 2] 
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where ( )xT ,* ξ  is the fundamental solution. 

Using the second Green formula [1, 2] one has 
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or 
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where ntxTtxq ff ∂∂−= /),(),( λ  and  ( ) ( ) nxTxq ∂∂−= /,, ** ξλξ . 

Finally 
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It is visible that in the case considered the fundamental solution should fulfill 
the following equation 
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where ),( xξδ is the Dirac function. 

Because the fundamental solution for equation  
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and the fundamental solution for equation  
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has the form [3] 
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so for equation (13) the following fundamental solution is proposed 
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where 1C  and 1C  are the unknown constants. 

The adequate derivatives are calculated 
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and 
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Introducing (18), (19), (22), (23) and (24) into (13) one obtains 
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So the searched fundamental solution has the form 
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The heat flux resulting from the fundamental solution is defined 
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and this function can be calculated in analytical way 
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Summing up, the fundamental solution (26) allows one to apply the boundary 
element method for numerical solution of equation (1). 

References 

[1] Brebbia C.A., Telles J.C.F., Wrobel L.C., Boundary element techniques, Springer-Verlag, Ber-
lin, New York 1984. 

[2] Majchrzak E., Boundary element method in heat transfer, Publ. of the Czestochowa University of 
Technology, Czestochowa 2001 (in Polish). 

[3] Klekot J., Boundary element method for elliptic equation - determination of fundamental solu-
tions, Scientific Research of the Institute of Mathematics and Computer Science 2010, 1(9), 61- 
-70. 


